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XVI.	ARISTARCHUS OF SAMOS
XVI. ARISTARCHUS OF SAMOS
(a) General
Aet. i. 15. 5 ; Doxographi Oraeci, ed. Diels 313. 16-18
Άρίσταρχος Σάμιος μαθηματικός ακουστής Στ ρότωνος φως είναι τό χρώμα τοΐς ύποκειμενοις επιπιπτον.
Archim. Aren. 1, Archim. ed. Heiberg ii. 218. 7-18
Άρίσταρχος 8ε 6 Σάμιος ύποθεσίων τινών εξ-ε8ωκεν γραφάς, εν αΐς εκ των υποκείμενων συμβαίνει τον κόσμον πολλαπλάσιον εΐμεν του νυν ειρημενού, υποτίθεται γαρ τα μεν άπλανεα των άστρων καί τον αλιον μενειν ακίνητον, τάν 8ε γαν περιφερεσθαι περί τον αλιον κατά κύκλου περιφέρειαν, ος ἐστιν εν μεσω τω 8ρόμω κείμενος, τάν 8ε των άπλανεων άστρων σφαίραν περί το
° Strato of Lampsacus was head of the Lyceum from 288/287 to 270/269 b.c. The next extract shows that Aristarchus formulated his heliocentric hypothesis before Archimedes wrote the Sand-Reckoner, which can be shown to have been written before 216 b.c. From Ptolemy, Syntaxis iii. 2, Aristarchus is known to have made an observation of the summer solstice in 281/280 b.c He is ranked by Vitruvius, De Architectura i. 1. 17 among those rare men, such as Philolaus, Archytas, Apollonius, Eratosthenes,
XVI. ARISTARCHUS OF SAMOS
(a) General
Agtius i. 15. 5 ; Doxographi Graeci, ed. Diels 313. 16-18
Aristarchus of Samos, a mathematician and pupil of Strato,® held that colour was light inrpinging on a substratum.
Archimedes, Sand-Reckoner 1, Archim. ed. Heiberg ii. 218. 7-18
Aristarchus of Samos produced a book based on certain hypotheses, in -which it follows from the premises that the universe is many times greater than the universe now so called. His hypotheses are that the fixed stars and the sun remain motionless, that the earth revolves in the circumference of a circle about the sun, which lies in the middle of the orbit, and that the sphere of the fixed stars, situated
Archimedes and Scopinas of Syracuse, who were equally proficient in all branches of science. Vitruvius, loc. cit. ix. 8. 1, is also our authority for believing that he invented a sun-dial with a hemispherical bowl. His greatest achievement, of course, was the hypothesis that the earth moves round the sun, but as that belongs to astronomy it can be mentioned only casually here. A full and admirable discussion will be found in Heath, Aristarchus of Samos : The Ancient Copernicus, together with a critical text of Aristarchus’s only extant work.
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αυτό κέντρον τω ἀλίω κειμέναν τω μεγέθει ταλι-καύταν εΐμεν, ώστε τον κύκλον, καθ' ον τάν γάν υποτίθεται περιφέρεσθαι, τοιαύταν εχειν αναλογίαν ποτι τάν των άπλανέων αποστασίαν, οιαν εχει τό κέντρον τάς σφαίρας ποτί τάν επιφάνειαν.
Plut. De facie in orbe lunae 6, 922 f-923 a
Και 6 Αεύκιος γελάσας, “ Μόνον,” ειπεν, “ ω τάν, μη κρίσιν ημΐν άσεβείας έπαγγείλης, ώσπερ *Αρίσταρχον ωετο δεΐν Κλεάνθης τον Σαμιον άσεβείας προσκαλεισθαι τους "Κλληνας, ως κινοΰντα του κόσμου την εστίαν, ότι τα φαινόμενα σωζειν ανηρ έπειράτο, μένειν τον ουρανόν υποτιθέμενος, έξελίττεσθαι δε κατά λοξού κύκλου την γην, άμα και περί τον αυτής άξονα δινουμένην ”
(b) Distances of the Sun and Moon
Aristarch. Sam. De Mag. et Dist. Solis et Lunae, ed. Heath (Aristarchus of Samos : The Ancient Copernicus) 352. 1-354. 6
('Υποθέσεις1}
α'. Ύην σελήνήν παρά του ήλιου τό φως λαμβά-νειν.
β'. Ύην γην σημείου τε και κέντρου λόγον έχειν προς την τής σελήνης σφαίραν.
γ'. *όταν ή σελήνη διχότομος ημΐν φαίνηται, 1 υποθέσεις add. Heath.
• Aristarchus’s last hypothesis, if taken literally, would mean that the sphere of the fixed stars is infinite. All that he implies, however, is that in relation to the distance of the 4
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about the same centre as the sun, is so great that the circle in which he supposes the earth to revolve has such a proportion to the distance of the fixed stars as the centre of the sphere bears to its surface.®
Plutarch, On the Face in the Moon 6, 922 r-923 a
Lucius thereupon laughed and said : “ Do not, my good fellow, bring an action against me for impiety-after the manner of Cleanthes, who held that the Greeks ought to indict Aristarchus of Samos on a charge of impiety because he set in motion the hearth of the universe ; for he tried to save the phenomena by supposing the heaven to remain at rest, and the earth to revolve in an inclined circle, while rotating at the same time about its own axis.” b
(b) Distances of the Sun and Moon
Aristarchus of Samos, On the Sizes and Distances of the Sun and Moon, ed. Heath (Aristarchus of Samos : The Ancient Copernicus) 352. 1-354. 6
HYPOTHESES
1.	The moon receives its light from the sun.
2.	The earth has the relation of a point and centre to the sphere in which the moon moves.0
3.	When the moon appears to us halved, the great
fixed stars the diameter of the earth’s orbit may be neglected. The phrase appears to be traditional (υ. Aristarchus’s second hypothesis, infra).
•	Heraclides of Pontus (along with Ecphantus, a Pythagorean) had preceded Aristarchus in making the earth revolve on its own axis, but he did not give the earth a motion of translation as well.
•	Lit. “ sphere of the moon.”
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νευειν εις τήν ήμετεραν όφιν τον δι ορίζοντα τό τε σκίρον και το λαμπρόν της σελήνης μεγιστον κύκλον.
δ'. "Οταν ή σελήνη δι χότομος ή μιν φαίνηται, τότε αυτήν άπεχειν τοΰ ήλιου ελασσον τεταρτημόριου τω του τεταρτημόριου τριακοστω. ε' . Τό της σκιάς πλάτος σελήνών είναι δύο. ς-'. Τήν σελήνην υποτείνειν υπό πεντεκαιδεκατον μέρος ζωδίου.
Έπιλογίζεται οΰν τό του ήλιου απόστημα από της γης τοΰ τής σελήνης αποστήματος μεΐζον μεν ή όκτωκαιδεκαπλάσιον, ελασσον δε ή είκοσα-πλάσιον, δια τής περί τήν διχοτομία ν ύποθεσεως· τον αυτόν δε λόγον εχειν τήν τοΰ ήλιου διάμετρον προς τήν τής σελήνης διάμετρον. τήν δε τοΰ ήλιου διάμετρον προς τήν της γής διάμετρον μεΐζον α μεν λόγον εχειν ή ον τα ιθ προς γ, ελάσσονα δε ή ον μγ προς Γ, διά τοΰ εύρεθεντος περί τα αποστήματα λόγου, τής (τε1') περί τήν σκιάν ύποθεσεως, καί τοΰ τήν σελήνην υπό πεντεκαι-δεκατόν μέρος ζωδίου υποτείνειν.
Ibid., Prop. 7, ed. Heath 376. 1-380. 28 To απόστημα ο άπεχει ό ήλιος από τής γής τοΰ 1 re add. Heath.
° Lit. “ verges towards our eye.” For “ verging,” ν. vol. i. p. 244 n. a. Aristarchus means that the observer’s eye lies in the plane of the great circle in question. A great circle is a circle described on the surface of the sphere and having the same centre as the sphere; as the Greek implies, a great circle is the “ greatest circle ” that can be described on the sphere,
6
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circle dividing the dark and the bright portions of the moon is in the direction of our eye.0
4.	When the moon appears to us halved, its distance from the sun is less than a quadrant by one-thirtieth of a quadrant.6
5.	The breadth of the earth’s shadow is that of two moons.®
6.	The moon subtends one-fifteenth part of a sign of the zodiac.·*
It may now be proved that the distance of the sun from the earth is greater than eighteen times, hut less than twenty times, the distance of the moon—this follows from the hypothesis about the halved moon ; that the diameter of the sun has the aforesaid ratio to the diameter of the moon ; and that the diameter of the sun has to the diameter of the earth a ratio which is greater than 19 : 3 hut less than 43 : 6—this follows from the ratio discovered about the distances, the hypothesis about the shadow, and the hypothesis that the moon subtends one-fifteenth part of a sign of the zodiac.
Ibid., Prop. 7, ed. Heath 376. 1-380. 28
The distance of the sun from the earth is greater than
6 i.e., is less than 90° by 3°, and so is 87°. The true value is 89° 50'.
* i.e., the breadth of the earth’s shadow where the moon traverses it during an eclipse. The figure is presumably based on records of eclipses. Hipparchus made the figure for the time when the moon is at its mean distance, and Ptolemy a little less than for the time when the moon is at its greatest distance.
d i.e., the angular diameter of the moon is one-fifteenth of 30°, or 2°. The true value is about J°, and in the Sand-Reckoner (Archim. ed. Heiberg ii. 222. 6-8) Archimedes says that Aristarchus “ discovered that the sun appeared to be about ^th part of the circle of the Zodiac”; as he believed
7
GREEK MATHEMATICS αποστήματος ον άπεχει ἡ σελήνή από τής γής μεΐζον μεν εστιν ή όκτωκαιδεκαπλάσιον, ελασαον δε ή είκοσαπλάσιον.
"Εστω γάρ ήλιου μεν κέντρον τό Α, γής δε το Β, καί επιζευχθεΐσα ή ΑΒ εκβεβλήσθω, σελι]νης δε κέντρον διχοτόμου ονσης τό Γ, καί εκβεβλήσθω δια τής ΑΒ και τ ου Γ επίπεδον, καί ποιειτω τομήν εν τή σφαίρα, καθ' ής φερεται τό κέντρον του ήλιου, μεγιστον κύκλον τον ΑΔΕ, καί επ-εζενχθωσαν αι ΑΓ, ΓΒ, καί εκβεβλήσθω ή ΒΓ ειτί τό Δ.
"Εσται δή, διά τό τό Γ σημεΐον κέντρον είναι τής σελήνης διχοτόμου ονσης, ορθή ή υπό των
that the sun and moon had the same angular diameter he must, therefore, have found the approximately correct angular diameter of £° after writing his treatise On the Sizes and Distances of the Sun and Moon.
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eighteen times, hut less than twenty times, the distance of the moon from the earth.
For let A be the centre of the sun, Β that of the earth ; let AB be joined and produced ; let Γ be the centre of the moon when halved ; let a plane be drawn through AB and Γ, and let the section made by it in the sphere on which the centre of the sun moves be the great circle ΑΔΕ, let ΑΓ, ΓΒ be joined, and let ΒΓ be produced to Δ.
Then, because the point Γ is the centre of the moon when halved, the angle ΑΓΒ will be right.
9
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ΑΓΒ. ήχθω δή άπό του Β τῆ ΒΑ προς ορθάς ή BE. εσται δἡ ή ΕΔ περιφέρεια τής ΕΔΑ περιφέρειας Χ' ύπόκειται γάρ, όταν ἡ σελήνη διχότομος ή μιν φαίνηται, άπεχειν από του ήλιου ελασσον τεταρτημόριου τω του τεταρτημόριου λ'· ώστε και ή υπό των ΕΒΓ γωνία ορθής ἐστι λ'. συμπεπληρώσθω δἡ τό ΑΕ παραλληλόγραμμον, καί επεζεύχθω ή ΒΖ. εσται δἡ ή υπό των ΖΒΕ γωνία ἡμίσεια ορθής. τετμήσθω ή υπό των ΖΒΕ γωνία 8ίχα τή ΒΗ ευθεία· ή αρα υπό των ΗΒΕ γωνία τέταρτον μέρος εστίν ορθής, άλλα καί ή υπό των ΔΒΕ γωνία λ' εστι μέρος ορθής· λόγος αρα τής υπό των ΗΒΕ γωνίας προς την υπό των ΔΒΕ γωνίαν (εστίν1} ον (εχει2} τα ϊε προς τα δι)θ· οΐων γάρ ἐστιν ορθή γωνία ξ, τοιούτων εστίν ή μεν υπό των ΗΒΕ Γε, ή δε υπό των ΔΒΕ δυο. καί επεί ή HE προς την ΕΘ μείζονα λόγον εχει ήπερ ή υπό των ΗΒΕ γωνία προς την υπό των ΔΒΕ γωνίαν, ή αρα HE προς την ΕΘ μείζονα λόγον εχει ήπερ τα ϊε προς τα β. καί επεί ιση εστίν ή BE τή ΕΖ, καί εστίν ορθή ή προς τω E, τό αρα από τής ΖΒ του από BE διπλάσιάν εστίν ως δε τό άπό ΖΒ προς τό άπό BE, ούτως εστί τό άπό ΖΗ προς τό άπό HE* τό αρα άπό ΖΗ του άπό HE διπλάσιάν εστι. τα δε μθ των κε ελασσόνα ἐστιν ή διπλάσια, ώστε τό άπό Ζ H προς τό άπό HE μείζονα λόγον εχει ή (ον τα®) μθ προς κε- καί ή Ζ H αρα προς τήν HE μείζονα λόγον
1 ἔστιν add. Nizze.	* ἔχ« add. Wallis.
* ον τὰ add. Wallis.
e Lit. “ circumference,” as in several other places in this proposition.
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From Β let BE be drawn at right angles to BA. Then the arc α ΕΔ will be one-thirtieth of the arc ΕΔΑ ; for, by hypothesis, when the moon appears to us halved, its distance from the sun is less than a quadrant by one-thirtieth of a quadrant [Hypothesis 4]. Therefore the angle ΕΒΓ is also one-thirtieth of a right angle. Let the parallelogram AE be completed, and let BZ be joined. Then the angle ZBK will be one-half of a right angle. Let the angle ZBE be bisected by the straight line BH ; then the angle HBE is one-fourth part of a right angle. But the angle ΔΒΕ is one-thirtieth part of a right angle ; therefore angle HBE : angle ΔΒΕ = 15:2; for, of those parts of which a right angle contains 60, the angle HBE contains 15 and the angle ΔΒΕ contains 2.
Now since
HE : E0> angle HBE : angle ΔΒΕ,6 therefore HE : Εθ> 15:2.
And since BE = EZ, and the angle at E is right, therefore
ZB2 = 2BE2.
But	ZB2: BE2 =ZH2;HE>.
Therefore	ZH2 = 2HE2.
Now	49<2.25,
so that	ZH2 : HE2> 49 : 25.
Therefore	ZH : HE> 7 : 5.
* Aristarchus’s assumption is equivalent to the theorem
where /J< α <;£«·. vol. i. pp. 502-505.
tan α α tan β>β'
Euclid’s proof in Optics 8 Is given in
11
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έχει ή {ον1') τα ζ ττ ρος τα έ· και συνθέντι ή ΖΕ άρα ττ ρος την E H μείζον α λόγον έχει η ον τα ιβ προς τα έ, τουτέστιν, η ον {τα2) λς ττρός τα ΐε. έδείχθη και ἡ HE ττρός την ΕΘ μείζονα λόγον έχουσα η ον τα ιε ττρός τα δυο* δι’ ίσου άρα ή ΖΕ ττρός την ΕΘ μείζονα λόγον έχει η ον τα Λτ ττρός τα. δυο, τουτέστιν, η ον τα νη ττρός α* η άρα ΖΕ της ΕΘ μείζων έστιν η νη. η 84 ΖΕ ίση έστιν τη BE* και ή BE άρα της ΕΘ μείζων έστιν η νη- ττολλω άρα η Β H τής ΘΕ μείζων έστιν ή νη. ἀλλ* ώς ή ΒΘ ττρός την ΘΕ, ούτως έστιν ή ΑΒ ττρός την ΒΓ, διά την ομοιότητα των τριγώνων και ή ΑΒ άρα της Β Γ μείζων ἐστιν ἡ νη. και έστιν ή μεν ΑΒ τό άττόστημα δ απέχει ό ήλιος από τής γής, ή δέ ΓΒ τό απόστημα δ απέχει ή σελήνη από τής γής· τό άρα απόστημα δ απέχει 6 ήλιος από τής γής τον αποστήματος, οδ απέχει ή σελήνη από τής γής, μεΐζόν έστιν ή νη.
Αέγω δη δτι και έλασσον ή κ. ήχθω γάρ διά τον Δ τή ΕΒ παράλληλος ή ΔΚ, και περί τό ΔΚΒ τρίγωνον κύκλος γεγράφθω ό ΔΚΒ* έσται δη αυτόν διάμετρος ή ΔΒ, διά τό ορθήν είναι την προς τω Κ γωνίαν. και ενηρμόσθω ή ΒΛ εξαγώνου. καί έπεί ή υπό των ΔΒΕ γωνία λ' έστιν ορθής, καί ή υπό των ΒΔΚ άρα λ' έστιν ορθής· ή άρα ΒΚ περιφέρεια ζ' έστιν του δλου κύκλον. έστιν δε καί ή ΒΛ έκτον μέρος του δλου κύκλον ή άρα ΒΛ περιφέρεια τής ΒΚ περιφέρειας ϊ έστιν. καί έχει ή ΒΛ περιφέρεια προς την ΒΚ περιφέρειαν μείζονα λόγον ήπερ ή ΒΛ
1 όν add. Wallis.	* τὰ add. Wallis.
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Therefore,	componendo,	ZE :	EH> 12 : 5,
that is,	ZE :	EH> 36 : 15.
But it was also proved that
HE : E0> 15 : 2.
Therefore,	ex aequali,a	ZE :	Εθ> 36 : 2,
that is,	ZE :	Εθ> 18 : 1.
Therefore ZE is greater than eighteen times ΕΘ. And ZE is equal to BE. Therefore BE is also greater than eighteen times ΕΘ. Therefore BH is much greater than eighteen times ΘΕ.
But	Βθ : ΘΕ = AB : ΒΓ,
by similarity of triangles. Therefore Α Β is also greater than eighteen times ΒΓ. And Α Β is the distance of the sun from the earth, while ΓΒ is the distance of the moon from the earth ; therefore the distance of the sun from the earth is greater than eighteen times the distance of the moon from the earth.
I	say now that it is less than twenty times. For through Δ let ΔΚ be drawn parallel to EB, and about the triangle Δ KB let the circle ΔΚΒ be drawn ; its diameter will be ΔΒ, by reason of the angle at Κ being right. Let ΒΛ, the side of a hexagon, be fitted into the circle. Then, since the angle Δ BE is one-thirtieth of a right angle, therefore the angle ΒΔΚ is also one-thirtieth of a right angle. Therefore the arc BK is one-sixtieth of the whole circle. But ΒΛ is one-sixth part of the whole circle.
Therefore	arc ΒΛ = 10 . arc BK.
And the arc ΒΛ has to the arc BK a ratio greater
• For the proportion ex aequali, v. vol. i. pp. 448-451.
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ευθεία ττ ρος την BK ευθείαν ή apa ΒΛ ευθεία της BK ευθείας ἐλάσσων ἐστιν η ϊ. καί εστιν αυτής διπλή ή ΒΔ· ή apa ΒΔ της BK ἐλάσσων ἐστιν ἡ κ. ως 8e ή ΒΔ προς την ΒΚ, ή ΑΒ προς (τἡν1) ΒΓ, ώστε και ή ΑΒ τής ΒΓ ἐλάσσων ἐστιν ἡ κ. και εστιν ή μεν ΑΒ το απόστημα ο άπεχει 6 ήλιος από τής γής, ή δε ΒΓ τό απόστημα ο άπεχει ή σελήνη από τής γής' τό αρα απόστημα ο άπεχει ό ήλιος από τής γής του αποστήματος, ου άπεχει ή σελήνη από τής γής, ελασσόν εστιν ή κ. εδείχθη 8e και μεΐζον ή νη.
(c) Continued Fractions (?)
Ibid., Prop. 13, ed. Heath 396. 1-2
Έχει δε καί τα ,ζ^\κα προς ,δν μείζονα λόγον ήπερ τα πη προς με.
Ibid., Prop. 15, ed. Heath 406. 23-24
£poe	^ £poy	· ^
Έχει δἐ και ό Μ ,εωοε προς Μ ,εφ μείζονα λόγον ή ον τα μγ προς Λζ.
1 Τήν add. Wallis. * 6
0 This is proved in Ptolemy’s Syntaxis i. 10, v. infra, pp. 435-43!).
6 If is developed as a continued fraction, we obtain 4U50
the approximation 1 + j—■	which is Similarly,
.-71755875	21261 . ,	,	.
if 0^25500 or ~18c292 1S "ενβ*°Ρ€<* as a continued fraction, we
14.
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than that which the straight line BA has to the straight line BK.a
Therefore	ΒΛ <10 . BK.
And
Therefore
But
Therefore
ΒΔ = 2 ΒΛ.
ΒΔ <20 . BK. ΒΔ : BK = AB : ΒΓ. AB <20 . ΒΓ.
And Α Β is the distance of the sun from the earth, while ΒΓ is the distance of the moon from the earth ; therefore the distance of the sun from the earth is less than twenty times the distance of the moon from the earth. And it was proved to be greater than eighteen times.
(c) Continued Fractions (?)
Ibid., Prop. 13, ed. Heath 396. 1-2
But 7921 has to 4050 a ratio greater than that which 88 has to 45.
Ibid., Prop. 15, ed. Heath 406. 23-24
But 71755875 has to 61735500 a ratio greater than that which 43 has to 37:6
obtain the approximation 1 +Λ- | or The latter result 0+0 o7
was first noticed in 1823 by the Comte de Fortia D’Urban (Trait0 d'Aristarque de Samos, p. 186 η. 1), who added: “ Ainsi les Grecs, malgr6 l’imperfection de leur numeration, avaient des methodes semblables aux notres.” Though these relations are hardly sufficient to enable us to say that the Greeks knew how to develop continued fractions, they lend some support to the theory developed by D’Arcy W. Thompson in Mind, xxxviii. pp. 43-55, 1929.
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XVII. ARCHIMEDES
(a) General Tzetzes, Chil. ii. 103-144
*0 *Aρχιμηδης 6 σοφός, μηχανητης iκείνος,
Τω γενει Συρακουσιος ην, γέρων γεωμετρης, Χρόνοός τε εβδομηκοντα καί πέντε παρελαυνων, "Οστις εΐργάσατο πολλάς μηχανικός δυνάμεις,
Και τη τρισπάστω μηχανη χειρ'ι λαια και μονή Π εντεμνριομεδιμνον καθείλκυσεν όλκάδα Και τοΰ Μ αρκελλου στρατηγού ποτε δε των ' Ρωμαίων
Ύη Συρακουση κατά γην προσβάλλοντος και πόντον,
Τινα? μεν πρώτον μηχαναΐς άνείλκνσεν όλκάδας Και προς το Συρακουσών τείχος μετεωρίσας Αυτάνδρους πάλιν τω βυθω κατεπεμπεν άθρόως, Μαρκελλου δ’ άποστήσαντος μικρόν τι τάς όλκάδας Ό γέρων πάλιν άπαντας ποιεί Συρακουσίους
° Α life of Archimedes was written by a certain Heraclides —perhaps the Heraclides who is mentioned by Archimedes himself in the preface to his book On Spirals (Archim. ed. Heiberg; ii. 2.3) as having taken his books to Dositheus. We know tliis from two references by Eutocius (Archim. ed. Ileiberg iii. 228. 20, Apollon, ed. Heiberg ii. 163. 3, where, however, the name is given as Ηράκλειο?), but it has not survived. The surviving writings of Archimedes, together with the commentaries of Eutocius of Ascalon (fl. a.d. 520), have been edited by J. L. Heiberg in three volumes of the Teubner series (references in this volume are to the 2nd ed., Leipzig, 1910-1915). They have been put into mathematical notation by T. L. Heath, The Works of Archimedes (Cam-18
XVII. ARCHIMEDES·
(a) General
Tzetzes, Book of Histories ii. 103-144* Archimedes the wise, the famous maker of engines, was a Syracusan by race, and worked at geometry till old age, surviving five-and-seventy-years 0 ; he reduced to his service many mechanical powers, and with his triple-pulley device, using only his left hand, he drew a vessel of fifty thousand medimni burden. Once, when Marcellus, the Roman general, was assaulting Syracuse by land and sea, first by his engines he drew up some merchant-vessels, lifted them up against the wall of Syracuse, and sent them in a heap again to the bottom, crews and all. When Marcellus had withdrawn his ships a little distance, the old man gave all the Syracusans power to lift
bridge, 1897), supplemented by The Method of Archimedes (Cambridge, 1922), and have been translated into French by Paul Ver Eecke, Les CEuvres completes d'Archimede (Brussels, 1921).
6 The lines which follow are an example of the “ political ” (ττολιτικό5, popular) verse which prevailed in Byzantine times. The name is given to verse composed by accent instead of quantity, with an accent on the last syllable but one, especially an iambic verse of fifteen syllables. The twelfth-century Byzantine pedant, John Tzetzes, preserved in his Book of Histories a great treasure of literary, historical, theological and scientific detail, but it needs to be used with caution. The work is often called the Chiliades from its arbitrary division by its first editor (N. Gerbel, 1546) into books of 1000 lines each—it actually contains 12,674 lines.
* As he perished in the sack of Syracuse in 212 b.c., he was therefore born about 287 b.c.
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Μ ετεωρίζειν δυνασθαι λίθους άμαξιαίους Και τον καθένα πεμποντας1 βυθίζει τάς όλκάδας. 'Ως Μάρκίλλος δ’ άπεστησε βολήν εκείνας τόξου, 'Εξάγωνόν τι κάτοπτρον ετεκτηνεν ό γέρων,
*Απο ό€ διαστήματος συμμέτρου του κατόπτρου Μικρά τοιαΰτα κάτοπτρα θ εις τετραπλά γωνίαις Κινούμενα λεπίσι τε καί τισι γιγγλυμιοις,
Μέσον εκείνο τεθεικεν ακτινών των ήλιου Μεσημβρινής και θερινής και χειμεριωτάτης.
*Ανακλώμενων δε λοιπόν εις τούτο των ακτινών νΕξαφις ήρθη φοβερά πυρώδης ταΐς όλκασι,
Και ταυτας άπετεφρωσεν εκ μήκους τοξοβόλου. Οϋτω νικά τον Μάρκελλον ταΐς μηχαναΐς 6 γέρων. vEAeye δε καί δωριστί, φωνή Σιυρακουσία"
“ Πα βώ, καί γαριστίωνι τάν γάν κινήσω πάσαν.”
1 πεμποντας Cary, πεμποντα codd.
° Unfortunately, the earliest authority for this story is Lucian, Hipp. 2 :	τόν δέ (sc. Άρχιμηδην) τὰ? τὥν -πολεμίων
τριήρεις καταψλέξωντα ττ} τεχντ). It is also found in Galen, IJepi κρασ. iii. 2, and Zonaras xiv. 3 relates it on the authority of Dion Cassius, but makes Proclus the hero of it.
b Further evidence is given by Tzetzes, Chil. xii. 995 and Eutocius (Archim. ed. Heiberg iii. 132. 5-6) that Archimedes wrote in the Doric dialect, but the extant text of his best-known works, On the Sphere and Cylinder and the Measurement of a Circle, retains only one genuine trace of its original Doric—the form rrjvov. Partial losses have occurred in other books, the Sand-Reckoner having suffered least. The subject is fully treated by Heiberg, Quaestiones Archimedeae, pp. 69-94, and in a preface to the second volume of his edition of Archimedes he indicates the words which he has restored to their Doric form despite the manuscripts; his text is adopted in this selection.
The loss of the original Doric is not the only defect in the
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stones large enough to load a waggon and, hurling them one after the other, to sink the ships. When Marcellus withdreAv them a bow-shot, the old man constructed a kind of hexagonal mirror, and at an interval proportionate to the size of the mirror he set similar small mirrors with four edges, moved by links and by a form of hinge, and made it the centre of the sun’s beams—its noon-tide beam, whether in summer or in mid-winter. Afterwards, when the beams were reflected in the mirror, a fearful kindling of fire was raised in the sliips, and at the distance of a bow-shot he turned them into ashes.α In this way did the old man prevail over Marcellus with his weapons. In his Doric 6 dialect, and in its Syracusan variant, he declared : “ If I have somewhere to stand, I will move the whole earth with my ckaristion.”c
text. The hand of an interpolator—often not particularly skilful—can be repeatedly detected, and there are many loose expressions which Archimedes would not have used, and occasional omissions of an essential step in his argument. Sometimes the original text can be inferred from the commentaries written by Eutocius, but these extend only to the books On the Sphere and Cylinder, the Measurement, of a Circle, and On Plane Equilibriums. A partial loss of Doric forms had already occurred by the time of Eutocius, and it is believed that the works most widely read were completely recast a little later in the school of Isidorus of Miletus to make them more easily intelligible to pupils.
c The instrument is otherwise mentioned by Simplicius (in Aristot. Phys., ed. Diels 1110. 2-5) and it is implied that it was used for weighing: ταντη δέ τη άναλογίη. τον κινοΰντος και τ ου κινουμένου και του διαστήματος το σταθμι στικδν όργανον τόν καλούμενου χαριστίωνα σνστησας ό Αρχιμήδης ως μέχρι παντός της αναλογίας προχωρούσης εκόμπασεν εκείνο τό “ π α βώ και κινώ τάν γαν.” As Tzetzes in another place (Chil. iii. 61 : ό γην άνασπών μηχανη τη τρισπάστω βοών· “ όπα βώ και σαλεύσω την χθόνα ”) writes of a triple-pulley device in the same connexion, it may be presumed to have been of this nature.
vol. π	Β
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Oi5tos, κατά Διόδωρον, της Συρακουσης ταύτης Προδότου 7τ ρος τον Μ άρκελλον α θρόως γενομένης, Eire, κατά τον Αιώνα, 'Ρωμαίοις πορθηθείσης, Άρτέμιδι των πολιτών τότε παννυχιζόντων, Ύοιουτοτρόπως τέθνηκεν υπό τινος 'Ρωμαίου. τΗν κεκυφώς, διάγραμμα μηχανικόν τι γράφων, Τις δε ‘Ρωμαίος έπιστάς εΐλκεν αίχμαλωτίζων.
Ό δέ του διαγράμματος ολος υπάρχων τότε,
Τίς ό καθέλκων ούκ ειδώς, ελεγε προς εκείνον·
“ Άπόστηθι, ώ άνθρωπέ, του διαγράμματος μου ” ‘Ως δ’ εΐλκε τούτον συστραφείς και γνούς 'Ρωμαΐον είναι,
*Έιβόα, “ τι μηχάνημα τις των έμών μοι δότωέ* * Ό δε 'Ρωμαίος πτοηθείς ευθύς εκείνον κτείνει,
’Άνδρα σαθρόν και γέροντα, δαιμόνων τοΐς έργοις.
Plut. Marcellus xiv. T-xvii. 7
Και μέντοι και * Αρχιμήδης, 'Ιέρωνι τω βασιλέϊ συγγενής ών καί φίλος, έγραφαν ως τη δοθείση^ δυνάμει το δοθεν βάρος κινησαι δυνατόν ἐστι· καί νεανιευσάμενος, ως φασι, ρώμη της άποδείξεως εΐπεν ως, ει γην εΐχεν ετέραν, εκίνησεν αν ταύτην μεταβάς εις εκείνην, θαυμάσαντος δε του 'Ιέρωνος, καί δεηθέντος εις εργον έξαγαγεΐν τό πρόβλημα καί δεΐξαί τι των μεγάλων κινουμενον υπό σμικράς δυνάμεως, όλκάδα τριάρμενον των βασιλικών πάνω μεγάλω καί χειρί πολλή νεωλκηθεΐσαν, έμβαλών ανθρώπους τε πολλούς καί τον συνήθη φόρτον, αυτός άπωθεν καθήμενος, ου μετά σπουδής, αλλά
α Diod. Sic. Frag. Book xxvi.
6 The account of Dion Cassius has not survived.
* Zonaras ix. 5 adds that when he heard the enemy were
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Whether,as Diodorus® asserts, Syracuse was betrayed and the citizens went in a body to Marcellus, or, as Dion 6 tells, it was plundered by the Romans, while the citizens were keeping a night festival to Artemis, he died in this fashion at the hands of one of the Romans. He was stooping down, drawing some diagram in mechanics, when a Roman came up and began to drag him away to take him prisoner. But he, being wholly intent at the time on the diagram, and not perceiving who was tugging at him, said to the man : “ Stand away, fellow, from my diagram.” c As the man continued pulling, he turned round and, realizing that he was a Roman, he cried, “ Somebody give me one of my engines.” But the Roman, scared, straightway slew him, a feeble old man but wonderful in his works.
Plutarch, Marcellus xiv. 7-xvii. 7 Archimedes, who was a kinsman and friend of King Hiero, wrote to him that with a given force it was possible to move any given weight ; and emboldened, as it is said, by the strength of the proof, he averred that, if there were another world and he could go to it, he would move this one. Hiero was amazed and besought him to give a practical demonstration of the problem and show some great object moved by a small force ; he thereupon chose a three-masted merchantman among the king’s ships which had been hauled ashore with great labour by a large band of men, and after putting on board many men and the usual cargo, sitting some distance away and without any special effort, he pulled gently with his hand at
coining “πὰρ κεψαλάν” ίφη “/cal μη παρά γραμμάν ”—“Let them come at my head,” he said, “ but not at my line.”
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-η pi μα τῆ χ*φί σ βίων αρχήν τινα πολυσπάστου προσηγάγετο λείως και άπταίστως καί ώσπερ διά θαλάττης επιθεουσαν. εκπλαγεις οΰν 6 βασιλεύς καί συννοησας της τέχνης την δύναμιν, επεισε τον ' Αρχιμηδην όπως αύτω τα μεν αμυνόμενα), τα δ’ επιχειροΰντι μηχανήματα κατασκευαστή προς πάσαν Ιδέαν πολιορκίας, οϊς αντος μεν ονκ εχρησατο, του βίου το πλεΐστον απόλεμον καί πανηγυρικόν βιώσας, τότε δ’ υπήρχε τοῖς Σ,υρα-κουσίοις εις δέον ή παρασκευή καί μετά, της παρασκευής ο δημιουργός.
Ως ονν προσεβαλον οι 'Ρωμαίοι διχόθεν, εκ-πληξις ην των Σ,υρακουσίων καί σιγή διά δέος, μηδέν αν άνθεξειν προς βίαν καί δύναμιν οίομενων τοσαντην. σχάσαντος δε τάς μηχανάς του *Αρχι-μηδους άμα τοΐς μεν πεζοΐς άπηντα τοξεύματα τε παντοδαπά καί λίθων υπέρογκα μεγεθη, ροίζω καί τάχει καταφερομενων απιστώ, καί μηδενός δλως τό βρΐθος στεγοντος άθρόους άνατρεπόντων τούς ύποπίπτοντας καί τάς τάξεις συγχεόντων, ταΐς Se ναυσίν από των τειχών άφνω ύπεραιωρού-μεναι κεραΐαι τάς μεν υπό βρίθους στηρίζοντος άνωθεν ώθοίσαι κατεδυον εις βυθόν, τάς δε χερσί σιδηραΐς η στόμασιν είκασμενοις γερανών άνα-σπώσαι πρωραθεν όρθάς επί πρνμναν εβάπτιζον,
β πολύσπαστος. Galen, in Hipp. De Artie, iv. 47 uses the same word. Tzetzes (loc. cit.) speaks of a triple-pulley device (τfj τρισπάστω μηχανή) in the same connexion, and Oribasius, Coll. med. xlix. 22 mentions the τρίσπαστος as an invention of Archimedes ; he says that it was so called because it had three ropes, but Vitruvius says it was thus named because it had three wheels. Athenaeus v. 207 a-b says that a helix was used. Heath, The Works of Archimedes, 24.
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the end of a compound pulley a and drew the vessel smoothly and evenly towards himself as though she were running along the surface of the water. Astonished at this, and understanding the power of his art, the king persuaded Archimedes to construct for him engines to be used in every type of siege warfare, some defensive and some offensive ; he had not himself used these engines because he spent the greater part of his life remote from war and amid the rites of peace, but now his apparatus proved of great advantage to the Syracusans, and with the apparatus its inventor.6
Accordingly, when the Romans attacked them from two elements, the Syracusans were struck dumb with fear, thinking that nothing would avail against such violence and power. But Archimedes began to work his engines and hurled against the land forces all sorts of missiles and huge masses of stones, which came down with incredible noise and speed ; nothing at all could ward off their weight, but they knocked down in heaps those who stood in the way and threw the ranks into disorder. Furthermore, beams were suddenly thrown over the ships from the walls, and some of the ships were sent to the bottom by means of weights fixed to the beams and plunging down from above ; others were drawn up by iron claws, or crane-like beaks, attached to the prow and were
p. xx, suggests that the vessel, once started, was kept in motion by the system of pulleys, but the first impulse was given by a machine similar to the κοχλίας described by Pappus viii. ed. Hultsch 1066, 1108 ff., in which a cog-wheel with oblique teeth moves on a cylindrical helix turned by a handle.
b Similar stories of Archimedes’ part in the defence are told by Polybius viii. 5. 3-5 and Livy xxiv. 34.
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ή δι’ άντιτόνων ενδ ον επιστρεφόμεναι καί περιαγο-μεναι τοΐς υπό τό τείχος πεφυκόσι κρημνοΐς καί σκοπελοις προσήρασσον, άμα φθόρω πολλώ των επιβατών συντριβόμενων, πολλάκις δε μετέωρος εξαρθεΐσα ναΰς από τής θαλάσσης δεύρο κάκεΐσε περιδινουμενη και κρεμαμενη θέαμα φρικώδες ήν, μέχρι οΰ των άνδρών άπορριφεντων και διασφεν-δονηθεντων κενή προσπεσοι τοΐς τείχεσιν ή περι-ολίσθοι τής λαβής άνείσης. ήν δε 6 Μάρκελλος από του ζεύγματος επήγε μηχανήν, σαμβυκη μεν εκαλείτο δι ομοιότητά τινα σχήματος προς τό μουσικόν όργανον, ετι δε άπωθεν αυτής προσφερο-μενης προς τό τείχος εζήλατο λίθος δεκατάλαντος ολκήν, εΐτα ετερος επί τουτω και τρίτος, ών οι μεν αυτή1 εμπεσόντες μεγάλα) κτύπω καί κλάδων ι τής μηχανής τήν τε βάσιν συνηλόησαν καί τό γόμφωμα διεσεισαν καί διεσπασαν του ζεύγματος, ώστε τον Μάρ/ceAAov άπορουμενον αυτόν τε ταΐς ναυσίν άποπλεΐν κατά τάχος καί τοΐς πεζοΐς αναχωρήσω πα ρεγγυήσαι.
Βουλευομενοις δε εδοξεν αύτοΐς ετι νυκτός, αν δυνωνται, προσμΐξαι τοΐς τείχεσι* τούς γάρ τόνους, οΐς χρήσθαι τον Άρχιμήδην, ρύμην έχοντας ύπερπετεΐς ποιήσεσθαι τάς των βελών άφεσεις, εγγύθεν δε καί τελε'ως απράκτους είναι διάστημα τής πληγής ούκ εχουσης. ό δ* ήν, ως εοικεν, επί ταΰτα πάλαι παρεσκευασμένος οργάνων τε συμμέτρους προς παν διάστημα κινήσεις καί βέλη βραχέα, καί διά (τό τείχος*) ου μεγάλων, πολλών
1 αὰτή Coraes, αύτψ codd.
* τὰ τΐΐχοί add. Sintenis ex Polyb.
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plunged down on their sterns, or were twisted round and turned about by means of ropes within the city, and dashed against the cliffs set by Nature under the wall and against the rocks, with great destruction of the crews, who were crushed to pieces. Often there was the fearful sight of a ship lifted out of the sea into mid-air and whirled about as it hung there, until the men had been thrown out and shot in all directions, when it would fall empty upon the walls or slip from the grip that had held it. As for the engine which Marcellus was bringing up from the platform of ships, and which was called sambuca from some resemblance in its shape to the musical instrument,13 while it was still some distance away as it was being carried to the wall a stone ten talents in weight was discharged at it, and after this a second and a third ; some of these, falling upon it with a great crash and sending up a wave, crushed the base of the engine, shook the framework and dislodged it from the barrier, so that Marcellus in perplexity sailed away in his ships and passed the word to his land forces to retire.
In a council of war it was decided to approach the walls, if they could, while it was still night; for they thought that the ropes used by Archimedes, since they gave a powerful impetus, would send the missiles over their heads and would fail in their object at close quarters since there was no space for the cast. But Archimedes, it seems, had long ago prepared for such a contingency engines adapted to all distances and missiles of short range, and through openings in the
The σαμβνκη was a triangular musical instrument with four strings. Polybius (viii. 6) states that Marcellus had eight quinqueremes in pairs locked together, and on each pair a “ sambuca ” had been erected ; it served as a penthouse for raising soldiers on to the battlements.
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he. καί σνν€χών τρημάτων ζοντων1}, οι σκόρπιοι βραχύτονοι μιν, εγγύθεν he πληξαι παρεστηκεσαν αόρατοι τοΐς πολεμίοις.
Ως οΰν προσεμιξαν οίόμενοι λανθάνειν, αύθις αΰ βελεσι πολλοΐς εντνγχάνοντες και πληγαις, π€τρών μιν εκ κεφαλής επ’ αυτούς φερομενων ώσπερ προς κάθετον, τον he τείχους τοξεύματα πανταχόθεν άναπεμποντος, άνεχώρονν όπίσω. κάνταΰθα πάλιν αυτών εις μήκος εκτεταγμενων, βελών εκθεόντων καί καταλαμβανόντων άπιόντας εγίνετο πολύς μεν αυτών φθόρος, πολύς he τών νεών συγκρουσμός, ovhev άντιόρασαι τούς πολεμίους ^ναμενων. τα γάρ πλεΐστα τών οργάνων νπο τό τείχος εσκευο-ποίητο τω Άρχιμήάει, καί θεομαχοϋσιν εωκεσαν οι ’Ρωμαίοι, μυρίων αύτοΐς κακών εξ αφανούς επιχεομενων.
Ου μην α.λλ’ 6 Μάρκελλος άπεφυγε τε καί τούς σύν εαντώ σκώπτων τεχνίτας καί μηχανοποιούς ελεγεν “ ον πανσόμεθα προς τον γεωμετρικόν τούτον Βριάρεων πολεμοϋντες, ος ταΐς μεν ναυσίν* ημών κναθίζει εκ της θαλάσσης, την he σαμβύκην ραπίζων2 μετ’ αισχύνης εκβεβληκε, τούς he μυθικούς εκατόγχειρας νπεραίρει τοσαϋτα βάλλων άμα βέλη καθ' ημών; ” τω γάρ οντι πάντες οι λοιποί Έυρα-κούσιοι σώμα της Άρχιμη^υς παρασκευής ησαν, η he κινούσα πάντα καί στρεφουσα φυχή μία, τών μεν άλλων οπλών άτρεμα κείμενων, μόνοις δε τοΐς εκείνου τότε της πόλεως χρωμενης και προς άμυναν καί προς ασφάλειαν. τέλος δε τους *Ρωμαίους ούτω περίφοβους γεγονότας ορών ό Μάρκελλος ώστ , ει καλωάιον η ξύλον υπέρ τον 1 όντων add. Sintenis ex Polyb.
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wall, small in size but many and continuous, short-ranged engines called scorpions could be trained on objects close at hand without being seen by the enemy.
When, therefore, the Romans approached the walls, thinking to escape notice, once again they were met by the impact of many missiles ; stones fell down on them almost perpendicularly, the wall shot out arrows at them from all points, and they withdrew to the rear. Here again, when they were drawn up some distance away, missiles flew forth and caught them as they were retiring, and caused much destruction among them ; many of the ships, also, were dashed together and they could not retaliate upon the enemy. For Archimedes had made the greater part of his engines under the wall, and the Romans seemed to be fighting against the gods, inasmuch as countless evils were poured upon them from an unseen source.
Nevertheless Marcellus escaped, and, twitting his artificers and craftsmen, he said : “ Shall we not cease fighting against this geometrical Briareus, who uses our ships like cups to ladle water from the sea, who has whipped our sambuca and driven it off in disgrace, and who outdoes all the hundred-handed monsters of fable in hurling so many missiles against us all at once ? ” For in reality all the other Syracusans were only a body for Archimedes’ apparatus, and his the one soul moving and turning everything : all other weapons lay idle, and the city then used his alone, both for offence and for defence. In the end the Romans became so filled with fear that, if they saw a little piece of rope or of wood projecting over
* rats μέν ναυσϊν . . . ραπίζων an anonymous correction from Polybius, τὰ$ μέν va5s ημών καθίζων πρό$ την θάλασσαν παίζων codd.
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τείχους μικρόν όφθείη προτεινόμενον, τούτο εκεΐνο, μηχανήν τινα κινεΐν επ' αυτούς 'Αρχιμήδη βοώντας άποτρέπεσθαι και φεύγειν, άπέσχετο μάχης άπάσης και προσβολής, τό λοιπόν επί τω χρόνω την πολιορκίαν θέμενος.
Ύηλικοΰτον μέντοι φρόνημα και βάθος φνχτ}ς καί τοσοΰτον έκέκτητο θεωρημάτων πλούτον 'Αρχιμήδης ώστε, εφ' οΐς ονομα καί δόξαν ούκ ανθρώπινης, αλλά δαιμόνιου τινός έσχε συνέσεως, μηθέν εθελήσαι σύγγραμμα περί τούτων άπολιπεΐν, άλλα, την περί τα μηχανικά, πραγματείαν καί πάσαν ολως τέχνην χρείας εφαπτομένην άγεννή και βάνανσον ήγησάμενος, εις εκείνα καταθέσθαι μόνα την αυτόν φιλοτιμιάν οις τό καλόν καί περιττόν αμιγές του αναγκαίου πρόσεστιν, ασύγκριτα μεν οντα τοΐς άλλοις, έριν δε παρέχοντα προς την ύλην τή αποδείξει, τής μεν τό μέγεθος καί τό κάλλος, τής δε την άκρίβειαν καί την δύναμιν υπερφυή παρεχομένης- ου γάρ εστιν εν γεωμετρία χαλεπω-τέρας καί βαρυτέρας υποθέσεις εν άπλουστέροις λαβεΐν καί καθαρωτέροις στοίχείοις γραφομένας. καί τονθ' οι μεν ευφυΐα του άνδρός προσάπτουσιν, οι δε υπερβολή τινι πόνου νομίζουσιν άπόνως πεποιημένω καί ραδίως έκαστον έοικος γεγονέναι, ζητών μεν γάρ ούκ αν τις εύροι δι' αύτοϋ την άπόδειξιν, άμα δε τή μαθήσει παρίσταται δόξα του καν αύτόν εύρεΐν οϋτω λείαν οδόν άγει1 καί ταχεΐαν επί τό δεικνύμενον. οϋκουν ούδέ άπιστήσαι τοΐς περί αύτοΰ λεγομένοις εστιν, ως υπ οικείας δή τινος καί συνοίκου θελγόμενος αεί σειρήνος ελέληστο καί σίτου καί θεραπείας σώματος εξ-έλειπε, βία δε πολλάκις έλκόμενος επ' άλειμμα και 30
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the wall, they cried, “ There it is, Archimedes is training some engine upon us,” and fled ; seeing this Marcellus abandoned all fighting and assault, and for the future relied on a long siege.
Yet Archimedes possessed so lofty a spirit, so profound a soul, and such a wealth of scientific inquiry, that although he had acquired through his inventions a name and reputation for divine rather than human intelligence, he would not deign to leave behind a single writing on such subjects. Regarding the business of mechanics and every utilitarian art as ignoble and vulgar, he gave his zealous devotion only to those subjects whose elegance and subtlety are untrammelled by the necessities of life ; these subjects, he held, cannot be compared with any others ; in them the subject-matter vies with the demonstration, the former possessing strength and beauty, the latter precision and surpassing power ; for it is not possible to find in geometry more difficult and weighty questions treated in simpler and purer terms. Some attribute this to the natural endowments of the man, others think it was the result of exceeding labour that everything done by him appeared to have been done without labour and with ease. For although by his own efforts no one could discover the proof, yet as soon as he learns it, he takes credit that he could have discovered it : so smooth and rapid is the path by which he leads to the conclusion. For these reasons there is no need to disbelieve the stories told about him—how, continually bewitched by some familiar siren dwelling with him, he forgot his food and neglected the care of his body ; and how, when he was dragged by main force, as often happened, to the
άγει Bryan, άγαν codd.
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λουτρόν, εν ταις ἐσχάραις έγραφε σχήματα των γεωμετρικών, και του σώματος άληλιμμενου διήγε τω δακτύλιο γραμμάς, υπό ηδονής μεγάλης κάτοχος ών και μουσόληπτος αληθώς. πολλών δε και καλών εύρετής γεγονώς λεγεται τών φίλων δεη-Λ θήναι και τών συγγενών όπως αύτοΰ μετά την τελευτήν επιστήσωσι τω τάφω τον περιλαμβανοντα την σφαίραν εντός κύλινδρον, επιγράφαντες τον λόγον τής υπεροχής του περιεχοντος στερεού προς τό περιεχόμενον.
Ibid. xix. 4-6
Μάλιστα Se τό Άρχιμήδους πάθος ήνίασε Μάρ-κελλον. ετυχε μεν γάρ αυτός τι καθ’ εαυτόν άνασκοπών επί διαγράμματος· και τή θεωρίφ δεδωκώς άμα την τε διάνοιαν και την πρόσοφιν ου προήσθετο την καταδρομήν τών 'Ρωμαίων ούδε τήν άλωσιν τής πόλεως, άφνω δε επισταντος αύτώ στρατιώτου και κελεύοντος άκολουθεΐν προς λίάρκελλον ούκ εβούλετο πριν ή τελεσαι τό πρόβλημα και καταστήσαι προς τήν άπόδειξιν. 6 δε όργισθεις και σπασάμενος τό ξίφος άνεΐλεν αυτόν, ετεροι μεν οΰν λεγουσιν επιστήναι μεν ευθύς ως άποκτενοΰντα ξιφήρη τον 'Ρωμαΐον, εκείνον 8’ ίδόντα δεΐσθαι καί άντιβολεΐν άναμεΐναι βραχύν χρόνον, ως μή καταλίπη τό ζητούμενον άτελες και αθεώρητον, τον δε ου φροντίσαντα διαχρή-σασθαι. και τρίτος εστι λόγος, ως κομίζοντι προς Μάρκε?ώ.ον αύτώ τών μαθηματικών οργάνων σκιόθηρα και σφαίρας και γωνίας, αΐς εναρμόττει
β Cicero, when quaestor in Sicily, found this tomb over-
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place for bathing and anointing, he would draw geometrical figures in the hearths, and draw lines with his finger in the oil with which his body was anointed, being overcome by great pleasure and in truth inspired of the Muses. And though he made many elegant discoveries, he is said to have besought his friends and kinsmen to place on his grave after his death a cylinder enclosing a sphere, with an inscription giving the proportion by which the including solid exceeds the included.®
Ibid. xix. 4-6
But what specially grieved Marcellus was the death of Archimedes. For it chanced that he was alone, examining a diagram closely ; and having fixed both his mind and his eyes on the object of his inquiry, he perceived neither the inroad of the Romans nor the taking of the city. Suddenly a soldier came up to him and bade him follow to Marcellus, but he would not go until he had finished the problem and worked it out to the demonstration. Thereupon the soldier became enraged, drew his sword and dispatched him. Others, however, say that the Roman came upon him -with drawn sword intending to kill him at once, and that Archimedes, on seeing him, besought and entreated him to wait a little while so that he might not leave the question unfinished and only partly investigated ; but the soldier did not understand and slew him. There is also a third story, that as he was carrying to Marcellus some of his mathematical instruments, such as sundials, spheres and
grown with vegetation, but still bearing the cylinder with the sphere, and he restored it (Tusc. Disp. v. 64-66). The theorem proving the proportion is given infra, pp. 124-127.
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τό τ ου ήλιου μέγεθος προς την οφιν, στρατιώται περιτυχόντες καί χρυσών έν τω τεύχει δόζαντες φέρειν άπέκτειναν. ὅτι μέντοι Μ,άρκελλος ήλγησε και τον αύτόχειρα του άνδρδς άπεστράφη καθάπερ εναγή, τούς δε οικείους άνευρων έτίμησεν, όμο-λογεΐται.
Papp. Coll. viii. 11. 19, ed. Hultsch 1060. 1-4
Τῆς αυτής δέ έστιν θεωρίας το δοθέν βάρος τή δοθείση δυνάμει κινήσα r tout ο γάρ Άρχιμήδονς μεν εύρημα [λέγεται]* 1 μηχανικόν, εφ' φ λέγεται είρηκέναι· “ δός μοι {φησι) που στώ και κινώ την γήν.”
Diod. Sic. i. 34. 2
Ποτάμόχωστος γάρ ουσα και κατάρρυτος πολλούς και πανταδαπούς εκφέρει καρπούς, του μεν πόταμον διά την κατ έτος άνάβασιν νεαράν ίλύν αει καταχέοντος, των 8’ ανθρώπων ραδίως άπασαν άρδευόντων διά τινος μηχανής, ήν έπενόησε μεν *Αρχιμήδης 6 Συρακόσιος, ονομάζεται δέ από του σχήματος κοχλίας.
Ibid. ν. 37. 3
Τό πάντων παραδοξότατον, άπαρύτουσ ι τάς ρύσεις των νδάτων τοΐς Αίγυπτιακοΐς λεγομένοις κοχλίαις, ούς ’Αρχιμήδης 6 Συ ρακόσιος ευρεν, οτε παρέβαλεν εις Αίγυπτον.
1 λέγεται, om. Hultsch.
° Diodorus is writing of the island in the delta of the Nile.
1 It may be inferred that he studied with the successors of Euclid at Alexandria, and it was there perhaps that he made the acquaintance of Conon of Samos, to whom, as St
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angles adjusted to the apparent size of the sun, some soldiers fell in with him and, under the impression that he carried treasure in the box, killed him. What is, however, agreed is that Marcellus was distressed, and turned away from the slayer as from a polluted person, and sought out the relatives of Archimedes to do them honour.
Pappus, Collection viii. 11. 19, ed. Hultsch 1060. 1-4
To the same type of inquiry belongs the problem: To move a given weight by a given force. This is one of Archimedes’ discoveries in mechanics, whereupon he is said to have exclaimed : '* Give me somewhere to stand and I will move the earth.”
Diodorus Siculus ϊ. 34. 2
As it is made of silt watered by the river after being deposited, itα bears an abundance of fruits of all kinds; for in the annual rising the river continually pours over it fresh alluvium, and men easily irrigate the whole of it by means of a certain instrument conceived by Archimedes of Syracuse, and which gets its name because it has the form of a spiral or screw.
Ibid. v. 37. 3
Most remarkable of all, they draw off streams of water by the so-called Egyptian screws, which Archimedes of Syracuse invented when he went by ship to Egypt.6
the preface to his books On the Sphere and Cylinder shows, he used to communicate his discoveries before publication, and Eratosthenes of Cyrene, to whom he sent the Method and probably the Cattle Problem.
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GREEK MATHEMATICS Vitr. De Arch. ixM Praef. 9-12
Archimedis vero cum multa miranda inventa et varia fuerint, ex omnibus etiam infinita sollertia id quod exponara videtur esse expressum. Nimium Hiero Syracusis auctus regia potestate, rebus bene gestis cum auream coronam votivam diis immortalibus in quodam fano constituisset ponendam, manupretio locavit faciendam et aurura ad sacoma adpendit re-demptori. Is ad tempus opus manu factum subtiliter regi adprobavit et ad sacoma pondus coronae visus est praestitisse. Posteaquam indicium est factum dempto auro tantundem argenti in id coronarium opus admixtum esse, indignatus Hiero se contemptum esse neque inveniens qua ratione id furtum depre-henderet, rogavit Archimeden uti insumeret sibi de eo cogitationem. Tunc is cum haberet eius rei curam, casu venit in balineum ibique cum in solium descenderet, animadvertit quantum corporis sui in eo insideret tantum aquae extra solium effluere. Idque cum eius rei rationem explicationis ostendisset, non est moratus sed exsiluit gaudio motus de solio et nudus vadens domum versus significabat clara voce invenisse quod quaereret. Nam currens identidem graece clamabat ενρηκα evp-ηκα.
Tum vero ex eo inventionis ingressu duas fecisse dicitur massas aequo pondere quo etiam fuerat corona, unam ex auro et alteram ex argento. Cura ita fecisset, vas amplum ad summa labra implevit •
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• “ I have found, I have found.”
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Vitruvius, On Architecture ix., Preface 9-1
Archimedes made many wonderful discoveries of different kinds, but of all these that which I shall now explain seems to exhibit a boundless ingenuity. When Hiero was greatly exalted in the royal power at Syracuse, in return for the success of his policy he determined to set up in a certain shrine a golden crown as a votive offering to the immortal gods. He let out the work for a stipulated payment, and weighed out the exact amount of gold for the contractor. At the appointed time the contractor brought his work skilfully executed for the king’s approval, and he seemed to have fulfilled exactly the requirement about the weight of the crown. Later information was given that gold had been removed and an equal weight of silver added in the making of the crown. Hiero was indignant at this disrespect for himself, and, being unable to discover any means by which he might unmask the fraud, he asked Archimedes to give it his attention. While Archimedes was turning the problem over, he chanced to come to the place of bathing, and there, as he was sitting down in the tub, he noticed that the amount of water which flowed over the tub was equal to the amount by which his body was immersed. This indicated to him a means of solving the problem, and he did not delay, but in his joy leapt out of the tub and, rushing naked towards his home, he cried out with a loud voice that he had found what he sought. For as he ran he repeatedly shouted in Greek, heureka, heureka.0
Then, following up his discovery, he is said to have made two masses of the same weight as the crown, the one of gold and the other of silver. When he had so done, he filled a large vessel right up to the brim
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aqua, in quo demisit argenteam massam. Cuius quanta magnitudo in vase depressa est, tantum aquae effluxit. Ita exempta massa quanto minus factum fuerat refudit sextario mensus, ut eodem modo quo prius fuerat ad labra aequaretur. Ita ex eo invenit quantum pondus argenti ad certain aquae mensuram responderet.
Cum id expertus esset, tum auream massam similiter pleno vase demisit et ea exempta eadem ratione mensura addita invenit deesse aquae non tantum sed minus, quanto minus magno corpore eodem pondere auri massa esset quam argenti. Postea vero repleto vase in eadem aqua ipsa corona demissa invenit plus aquae defluxisse in coronam quam in auream eodem pondere massam, et ita ex eo quod defuerit plus aquae in corona quam in massa, ratiocinatus depre-hendit argenti in auro mixtionem et manifestum furtum redemptoris. •
• The method maybe thus expressed analytically.
Let w be the weight oft he crown, and let it be made up of a weight of gold and a weight w2 of silver, so that w=w ι +w2.
Let the crown displace a volume ν of water.
Let the weight w of gold displace a volume of water;
then a weight of gold displaces a volume -1. of water.
Let the weight to of silver displace a volume vt of water; 88
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with water, into which he dropped the silver mass. The amount by which it was immersed in the vessel was the amount of water which overflowed. Taking out the mass, he poured back the amount by which the water had been depleted, measuring it with a pint pot, so that as before the water was made level with the brim. In this way he found what weight of silver answered to a certain measure of water.
When he had made this test, in like manner he dropped the golden mass into the full vessel. Taking it out again, for the same reason he added a measured quantity of water, and found that the deficiency of water was not the same, but less ; and the amount by which it was less corresponded with the excess of a mass of silver, having the same weight, over a mass of gold. After filling the vessel again, he then dropped the crown itself into the water, and found that more water overflowed in the case of the crown than in the case of the golden mass of identical weight ; and so, from the fact that more water was needed to make up the deficiency in the case of the crown than in the case of the mass, he calculated and detected the mixture of silver with the gold and the contractor’s fraud stood revealed.®
then a weight w2 of silver displaces a volume ^. v2 of water.
It follows that v—W- . v, . v.
w	w 1
wivl + w2v2 w1 +w2 *
so that
w1_v2- υ
w2~ ν - Vi
For an alternative method of solving the problem, v. infra, pp. 248-251.
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(6) Surface and Volume of the Cylinder and Sphere
Archim. De Sphaera et Cyl. i., Archim. ed. Heiberg i. 2-132. 3
*Αρχιμήδης Δοσιθεω χαίρειν
II ρότερον μεν άπεσταλκά σοι των ύφ’ ημών τεθεωρημενων γράφας μετά, άποδείξεως, δτι παν τμήμα το περιεχόμενον υπό τε ευθείας καί ορθογωνίου κώνου τομής επίτριτόν ἐστι τριγώνου του βάσιν την αυτήν εχοντος τω τμηματι καί ύφος ίσον* ύστερον δε ημιν ύποπεσόντων θεωρημάτων άξιων λόγου1 πεπραγματεύμεθα περί τάς αποδείξεις αυτών, εστιν δε τάδε* πρώτον μεν, δτι πάσης σφαίρας η επιφάνεια τετραπλάσια εστιν του μεγίστου κύκλου τών εν αύτη· επειτα δε, δτι παντός τμήματος σφαίρας τη επιφάνεια ίσος ἐστι κύκλος, ου η εκ του κέντρου ίση ἐστι τη ευθεία τη από της κορυφής του τμήματος αγόμενη επί την περιφέρειαν τοΰ κύκλου, δς ἐστι βάσις του τμήματος* 1 άξιων λόγου cod., ὰν«λέγκτων coni. Heath.
° The chief results of this book are described in the prefatory letter to Dositheus. In this selection as much as possible is given of what is essential to finding the proportions between the surface and volume of the sphere and the surface and volume of the enclosing cylinder, which Archimedes regarded as his crowning achievement (supra, p. 82). In the case of the surface, the whole series of propositions is reproduced so that the reader may follow in detail the majestic chain of reasoning by which Archimedes, starting from seemingly remote premises, reaches the desired conclusion; in the case of the volume only the final proposition (34) can be given, for reasons of space, but the reader will be able to prove the omitted theorems for himself. Pari passu with 40
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(6) Surface and Volume of the Cylinder and Sphere
Archimedes. On the Sphere and Cylinder i., Archim. ed.
Heiberg i. 2-132. 3 ■
Archimedes to Dositheus greeting
On a previous occasion I sent you, together with the proof, so much of my investigations as I had set down in writing, namely, that any segment bounded by a straight line and a section of a right-angled cone is four-thirds of the triangle having the same base as the segment and equal height.b Subsequently certain theorems deserving notice occurred to me, and I have worked out the proofs. They are these : first, that the surface of any sphere is four times the greatest of the circles in itc ; then, that the surface of any segment of a sphere is equal to a circle whose radius is equal to the straight line drawn from the vertex of the segment to the circumference of the circle which is the base of the segment d ; and,
this demonstration, Archimedes finds the surface and volume of any segment of a sphere. The method in each case is to inscribe in the sphere or segment of a sphere, and to circumscribe about it, figures composed of cones and frusta of cones. The sphere or segment of a sphere is intermediate in surface and volume between the inscribed and circumscribed figures, and in the limit, when the number of sides in the inscribed and circumscribed figures is indefinitely increased, it would become identical with them. It will readilv be appreciated that Archimedes’ method is fundamentally the same as integration, and on p. 116 n. b this will be shown trigonometrically.
6 This is proved in Props. 17 and 24 of the Quadrature of the Parabola, sent to Dositheus of Pelusium with a prefatory letter, v. pp. 228-243, infra.
e De Sphaera et Cyl. i. 30.	“ The greatest of the circles,”
here and elsewhere, is equivalent to “ a great circle.”
“ Ibid. i. 42, 43.
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προς δε τούτοις, ὅτι πάσης σφαίρας 6 κύλινδβος 6 βάσιν μεν εχων ΐσην τω μεγίστω κύκλω των εν τή σφαίρα, ΰφος δε ίσον τῆ διαμετρω της σφαίρας αυτός τε ήμιόλιός ἐστιν της σφαίρας, καί ή επιφάνεια αύτοΰ της επιφάνειας της σφαίρας, ταϋτα δε τα συμπτώματα τη φύσει προυπήρχεν περί τα ειρημένα σχήματα, ηγνοεΐτο δε υπο των προ ημών περί γεωμετρίαν ανεστραμμένων ούδενός αυτών επινενοηκότος, ότι τούτων τών σχημάτων εστιν συμμετρία. . . . εξεσται δε περί τούτων επι-σκεφασθαι τοΐς δυνησομενοις. ώφειλε μεν οΰν Κόνωνος ετι ζώντος εκδίδοσθαι ταϋτα· τήνον γάρ ύπολαμβάνομεν που μάλιστα αν δύνασθαι κατα-νοήσαι ταϋτα και την άρμόζουσαν υπέρ αυτών άπόφασιν ποιήσασθαι· δοκιμάζοντες δε καλώς εχειν μεταδιδόναι τοΐς οίκείοις τών μαθημάτων άποστελλομεν σοι τάς αποδείξεις άναγράφαντες, υπέρ ών εξεσται τοΐς περί τα μαθήματα άναστρε-φομενοις επισκεφασθαι. ε ρ ρω μόνως.
Τράφονται πρώτον τά τε αξιώματα και τα λαμβα-νόμενα εις τάς αποδείξεις αυτών.
’Αξιώματα
α*. Είσί τινες εν επιπεδω καμπύλαι γραμμοϊ πεπερασμεναι, αι τών τα περατα επιζευγνυουσών αυτών ευθειών ήτοι ολαι επί τα αυτά είσιν η ούδεν εχουσιν επί τα ετερα.
β'. ’Em τα αυτά δη κοίλην καλώ την τοιαύτην γραμμήν, εν ή εάν δύο σημείων λαμβανομενων
° De Sphaera et Cyl. i. S t coroll. The surface of the cylinder here includes the bases.
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further, that, in the case of any sphere, the cylinder having its base equal to the greatest of the circles in the sphere, and height equal to the diameter of the sphere, is one-and-a-half times the sphere, and its surface is one-and-a-half times the surface of the sphere,a Now these properties were inherent in the nature of the figures mentioned, but they were unknown to all who studied geometry before me, nor did any of them suspect such a relationship in these figures.6 . . . But now it will be possible for those who have the capacity to examine these discoveries of mine. They ought to have been published while Conon was still alive, for I opine that he more than others would have been able to grasp them and pronounce a fitting verdict upon them ; but, holding it well to communicate them to students of mathematics, I send you the proofs that I have written out, which proofs will now be open to those who are conversant with mathematics. Farewell.
In the first place, the axioms and the assumptions used for the proofs of these theorems are here set out.
axioms c
1.	There are in a plane certain finite bent lines which either lie wholly on the same side of the straight lines joining their extremities or have no part on the other side.
2.	I call concave in the same direction a line such that, if any two points whatsoever are taken on it, either
6 In the omitted passage which follows, Archimedes com-
Eares his discoveries with those of Eudoxus ; it has already een given, vol. i. pp. 408-411.
e These so-called axioms are more in the nature of definitions.
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όποιωνοΰν al μεταξύ των σημείων εύθεΐαι ήτοι πάσαι επί τα αυτά πίπτουσιν της γραμμής, η τινες μεν επί τα αυτά, τινες 8e κατ’ αυτής, ειτί τα ετερα δε μηδεμία.
γ'. 'Ομοίως δη και επιφάνειαί τινες είσιν πε-περασμεναι, ανται μεν ούκ εν επιπεδω, τα δε περατα εχουσαι εν επιπεδω, άΐ του επίπεδου, εν ω τα περατα εχουσιν, ήτοι ὅλαι επί τα αύτα εσονται ή ούδεν εχουσιν επί τα ετερα.
δ'. ’Em τα αυτά δη κοίλας καλώ τα? τοιαυτας επιφάνειας, εν αΐς αν δύο σημείων λαμβανομενων αι μεταξύ των σημείων εύθεϊαι ήτοι πάσαι επι τα αυτά πίπτουσιν τής επιφάνειας, ή τινες μεν επι τα αυτά, τινες 8e κατ’ αυτής, επί τα ετερα δε μηδεμία.
ε'. Τομία Se στερεόν καλώ, επειδάν σφαίραν κώνος τεμνη κορυφήν εχων προς τω κεντρω τής σφαίρας, τό εμπεριεχόμενου σχήμα υπό τε τής επιφάνειας του κώνου καί τής επιφάνειας τής σφαίρας εντός του κώνου.
ς'. 'Ρόμβον δε καλώ στερεόν, επειδάν δύο κώνοι την αυτήν βάσιν εχοντες τάς κορυφάς εχωσιν εφ’ εκάτερα του επίπεδου τής βάσεως, όπως οι άξονες αυτών επ* ευθείας ώσι κείμενοι, τό εξ άμφοΐν τοΐν κώνοιν συγκείμενον στερεόν σχήμα.
Ααμβανόμενα Ααμβάνω δε ταϋτα·
α'. Ύών τα αυτά περατα εχουσών γραμμών ελαχίστην είναι την ευθείαν.
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all the straight lines joining the points fall on the same side of the line, or some fall on one and the same side while others fall along the line itself, but none fall on the other side.
3.	Similarly also there are certain finite surfaces, not in a plane themselves but having their extremities in a plane, and such that they will either lie wholly on the same side of the plane containing their extremities or will have no part on the other side.
4.	I call concave in the same direction surfaces such that, if any two points on them are taken, either the straight lines between the points all fall upon the same side of the surface, or some fall on one and the same side while others fall along the surface its< If, but none falls on the other side.
5.	When a cone cuts a sphere, and has its vertex at the centre of the sphere, I call the figure comprehended by the surface of the cone and the surface of the sphere within the cone a solid sector.
6.	When two cones having the same base have their vertices on opposite sides of the plane of the base in such a way that their axes lie in a straight line, I call the solid figure formed by the two cones a solid rhombus.
POSTULATES
I make these postulates :
1.	Of all lines which have the same extremities the straight line is the least.®
e Proclus (in Eucled. Friedlein 110. 10-14) saw in this statement a connexion with Euclid’s definition of a straight line as lyin^ evenly with the points on itself: 6 8' αν 'Αρχιμήδης την evdelav ώρίσατο γραμμήν ΐλαχίστην των τὰ αυτά πέρατα άχονσών. διότι γάρ, ως ό Εύκλίίδιο? λόγος φησίν, όξ ίσου καίτοι τοι? έψ’ ΐαυτής σημείοις, διὰ τούτο όλαχίστη ἔστιν των τὰ αυτά πέρατα έχουσὥν.
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β'. Τών δε άλλων γραμμών, εάν εν επιπεδω ούσαι τα αυτά περατα εχωσιν, αν ίσους είναι τάς. τοιαυτας, επειδάν ώσιν άμφότεραι επί τα αυτά κοϊλαι, καί ήτοι όλη περιλαμβάνηται η ετερα αυτών υπό της ετερας καί της ευθείας της τα αυτά περατα εχουσης αυτή, η τινα μεν περιλαμ-βάνηται, τινα δε κοινά εχη, και ελασσόνα είναι την περιλαμβανομενην.
γ'. 'Ομοίως δ€ και τών επιφανειών τών τα αυτά περατα εχουσών, εάν εν επιπεδω τἀ περατα εχωσιν, ελασσόνα είναι την επίπεδον.
δ', λών δε άλλων επιφανειών και τα αυτά περατα εχουσών, εάν εν επιπεδω τα περατα η, άνίσους είναι τάς τοιαυτας, επειδάν ώσιν άμφότεραι επί τα αυτά κοΐλαι, καί ήτοι ολη περιλαμβάνηται υπό της ετερας η ετερα επιφάνεια καί τής επίπεδου τής τα αυτά περατα εχουσης αυτή, η τινα μεν περιλαμβάνηται, τινά δε κοινά εχη, καί ελάσσονα εΐναι την περιλαμβανομενην.
ε'. Έτι δε τών άνίσων γραμμών καί τών άνίσων επιφανειών καί τών άνίσων στερεών τό μεΐζον του ελάσσονος ύπερεχειν τοιούτω, δ συντιθεμενον αυτό εαυτώ δυνατόν εστιν ύπερεχειν παντός του προ-τεθεντος τών προς άλληλα λεγομένων.
Τούτων δε υποκείμενων, εάν εις κύκλον πολύγωνον εγγραφή, φανερόν, ότι ή περίμετρος του εγγραφελτος πολυγώνου ἐλάσσων εστιν τής του κύκλον περιφέρειας· εκάστη γάρ τών τοΰ πολυγώνου πλευρών ελάσσων εστί τής τοΰ κύκλου περιφέρειας τής υπό τής αυτής άποτεμνομενης.
° This famous “ Axiom of Archimedes ” is, in fact, generally used by him in the alternative form in which it is proved 46
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2.	Of other lines lying in a plane and having the same extremities, [any two] such are unequal when both are concave in the same direction and one is either wholly included between the other and the straight line having the same extremities with it, or is partly included by and partly common with the other ; and the included line is the lesser.
3.	Similarly, of surfaces which have the same extremities, if those extremities be in a plane, the plane is the least.
4.	Of other surfaces having the same extremities, if the extremities be in a plane, [any two] such are unequal when both are concave in the same direction, and one surface is either wholly included between the other and the plane having the same extremities with it, or is partly included by and partly common with the other ; and the included surface is the lesser.
5.	Further, of unequal lines and unequal surfaces and unequal solids, the greater exceeds the less by such a magnitude as, when added to itself, can be made to exceed any assigned magnitude among those comparable with one another.®
With these premises, if a polygon be inscribed in a circle, it is clear that the perimeter of the inscribed polygon is less than the circumference of the circle ; for each of the sides of the polygon is less than the arc of the circle cut off by it.
in Euclid χ. 1, for which v. vol. i. pp. 452-455. The axiom can be shown to be equivalent to Dedekind’s principle, that a section of the rational points in which they are divided into two classes is made by a single point. Applied to straight lines, it is equivalent to saying that there is a complete correspondence between the aggregate of real numbers and the aggregate of points in a straight line; ν. E. W. Hobson, The Theory of Functions of a Real Variable, 2nd ed., vol. i. p. 55.
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α'
Έά^ περί κύκλον πολύγωνον περιγραφή, ή του περιγραφεντος πολυγώνου περίμετρος μείζων εστϊν τής περιμέτρου του κύκλου.
ΙΙερ'ι γάρ κύκλον πολύγωνον περιγεγράφθω το υποκείμενον, λέγω, ὅτι ή περίμετρος τοΰ πολυγώνου μείζων ἐστιν της περιμέτρου τοΰ κύκλου.
Έπε'ι γάρ συναμφότερος ή ΒΑΛ μείζων εστϊ τής ΒΛ περιφέρειας διά το τα αυτά περατα εχουσαν περιλαμβάνειν την περιφέρειαν, ομοίως 8ε και συναμφότερος μεν ή ΔΓ, ΓΒ τής ΔΒ, συναμφότερος 8ε ή ΛΚ, ΚΘ της ΛΘ, συναμφότερος 8ε ή ΖΗΘ τής Ζ Θ, ετι 8ε συναμφότερος ή ΔΕ, ΕΖ τής ΔΖ, όλη άρα ή περίμετρος τοΰ πολυγώνου μείζων εστί τής περιφέρειας τοΰ κύκλου. •
• It is here indicated, as in Prop. 3, that Archimedes added a figure to his own demonstration.
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If a polygon be circumscribed about a circle, the perimeter of the circumscribed polygon is greater than the circumference of the circle.
For let the polygon be circumscribed about the circle as below.® I say that the perimeter of the polygon is greater than the circumference of the circle.
For since ΒΑ+ΑΛ> arc ΒΛ, owing to the fact that they have the same extremities as the arc and include it, and similarly
ΔΓ + ΓΒ > [arc] ΔΒ,
ΛΚ+ΚΘ> [arc] ΛΘ,
ZH + Ηθ> [arc] ΖΘ, and further ΔΕ + EZ > [arc] ΔΖ,
therefore the whole perimeter of the polygon is greater than the circumference of the circle.
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β'
Αύο μ eye 0ών αν ίσων δοθεντων δυνατόν ἐστιν εύρεΐν δύο ευθείας άνίσους, ώστε την μείζονα ευθεΐαν προς την ελασσόνα λόγον εχειν ελασσόνα η το μεΐζον μεγεθος προς το ελασσον.
’Έστω δύο μεγεθη άνισα τα ΑΒ, Δ, καί έστω μεΐζον τό ΑΒ. λέγω, ότι δυνατόν ἐστι δύο ευθείας άνίσους εύρεΐν τό είρη-μενον επίταγμα ποιούσας.
Κείσθω διά τό β' του α' των Eύκλείδου τω Α ίσον τό Β Γ, καί κείσθω τις ευθεία γραμμή ή ΖΗ· τό δη ΓΑ εαυτω επισυντιθεμενον ύπερεξει του Α. πεπολλαπλασι-άσθω οΰν, και έστω τό ΑΘ, και όσαπλάσιόν εστι τό ΑΘ του ΑΓ, τοσαυταπλάσιος έστω η Ζ H της ΗΕ· εστιν άρα, ως τό ΘΑ προς ΑΓ, ούτως η ΖΗ π ρος HE* και άνάπαλίν εστιν, ως η E H π ρος ΗΖ, ούτως τό ΑΓ προς ΑΘ. και επει μεΐζον εστιν τό ΑΘ του Α, τουτεστι τοΰ ΓΒ, τό άρα ΓΑ προς τό Α Θ λόγον ελασσόνα εχει ηπερ τό ΓΑ προς ΓΒ. ἀλλ’ ως τό ΓΑ προς ΑΘ, ούτως η ΕΗ προς ΗΖ· ή ΕΗ άρα προς H Ζ ελασσόνα λόγον εχει ηπερ τό ΓΑ προς ΓΒ* καί συνθεντι η ΕΖ [άρα]1 προς ΖΗ ελασσόνα λόγον εχει ηπερ τό ΑΒ προς Β Γ [διά λήμμα].2 ίσον δε τό ΒΓ τω Δ- η ΕΖ άρα προς ΖΗ ελασσόνα λόγον εχει ηπερ τό ΑΒ προς τό Α.
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Prop. 2
Given two unequal magnitudes, it is possible to find two unequal straight lines such that the greater straight line has to the less a ratio less than the greater magnitude has to the less.
Let AB, Δ be two unequal magnitudes, and let AB be the greater. I say that it is possible to find two unequal straight lines satisfying the aforesaid requirement.
By the second proposition in the first book of Euclid let ΒΓ be placed equal to Δ, and let ZH be any straight line ; then ΓΑ, if added to itself, will exceed Δ. [Post. 5.] Let it be multiplied, therefore, and let the result be ΑΘ, and as ΑΘ is to ΑΓ, so let ZH be to HE ; therefore
ΘΑ : ΑΓ = ΖΗ : HE [cf. Eucl. v. 15 and conversely, EH : HZ = ΑΓ : ΑΘ.
[Eucl. v. 7, coroll.
And since	ΑΘ>Δ
>ΓΒ,
therefore	ΓΑ : ΑΘ <ΓΑ : ΓΒ. [Eucl. ν. 8
But	ΓΑ:ΑΘ = ΕΗ:ΗΖ;
therefore	EH : HZ <ΓΑ : ΓΒ ;
componendo,	EZ : ZH <AB : ΒΓ.α
Now	ΒΓ = Δ ;
therefore	EZ : ZH <AB : Δ.
“ This and related propositions are proved by Eutocius [Archim. ed. Heiberg iii. 16. 11-18. 22] and by Pappus, Coll. ed. Hultsch 684·. 20 ff. It may be simply proved thus. If a : b<c : d, it is required to prove that a + b:b<c +d: d. Let e be taken so that a : b : e ·. d. Then e : d<c : d. Therefore e<c, and e + d : d<c + d : d. But e:d:d=a+b:b {ex hypothesi, componendo). Therefore a + b : b<c + d: d.
* άρα om. Heiberg.	* διὰ λήμμα om, Heiberg.
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Έιύρημεναι είσιν apa δύο εύθεΐαι άνισοι ποιοΰσαι to ειρημενον επίταγμα [τουτεστιν την μείζονα προς την ελάσσονα λόγον εχειν ελασσόνα η τό μεΐζον μεγεθος προς τό ελασσον].1
Ύ
Δύο μεγεθών άνίσων δοθεντων καί κύκλου δυνατόν εστιν εις τον κύκλον πολύγωνον εγγράφαι και άλλο περιγράφαι, όπως η του περιγραφομενου πολυγώνου πλευρά προς την του εγγραφομενου πολυγώνου πλευράν ελασσόνα λόγον εχη η τό μεΐζον μεγεθος προς τό ελαττον.
Έστω τα δοθεντα δύο μεγεθη τα Α, Β, 6 δε δοθείς κύκλος 6 υποκείμενος. λέγω οΰν, ότι δυνατόν ἐστι ποιεΐν τό επίταγμα.
Έιύρήσθωσαν γάρ δυο εύθεΐαι αι Θ, ΚΛ, ών μείζων έστω ή Θ, ώστε την Θ προς την ΚΛ
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Accordingly there have been discovered two unequal straight lines fulfilling the aforesaid requirement.
Prop, 3
Given two unequal magnitudes and a circle, it is possible to inscribe a [regular] polygon in the circle and to circumscribe another, in such a manner that the side of the circumscribed polygon has to the side of the inscribed polygon a ratio less than that which the greater magnitude has to the less.
Let Α, Β be the two given magnitudes, and let the
given circle be that set out below. I say then that it is possible to do what is required.
For let there be found two straight lines θ, ΚΛ, of which θ is the greater, such that θ has to ΚΛ a ratio 1
1 τοντέστιν . . . ἔλαaaov verba subditiva esse suspicatur Heiberg.
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ελασσόνα λόγον εχειν η τό μεΐζον μέγεθος προς τό ελαττον, καί ηχθω από του Λ τῆ ΛΚ προς ορθός η ΛΜ, καί από τοΰ Κ τῆ Θ ΐση κατηχθω η ΚΜ [δυνατοί γα ρ τούτο],1 καί ηχθω σαν τοΰ κύκλον όνο διάμετροι προς ορθός αλληλαις αι ΓΕ, ΔΖ. τεμνοντες οΰν την υπό των ΔΗ Γ γωνίαν δίχα καί την ημίσειαν αυτής δίχα καί αίεΐ τούτο ποιοΰντες λείφομεν τινα γωνίαν ελασσόνα η διπλάσιάν της υπό ΛΚΜ. λελείφθω και έστω ἡ υπό ΝΗΓ, καί επεζεύχθω η ΝΓ· η άρα ΝΓ πολυγώνου εστί πλευρό, ισόπλευρόν [επείπερ η υπό ΝΗΓ γωνία μετρεΐ την υπό ΔΗ Γ ορθήν οΰσαν, και η ΝΓ αρα περιφέρεια μετρεΐ την ΓΔ τέταρτον οΰσαν κύκλου' ώστε καί τον κύκλον μετρεΐ. πολυγώνου αρα εστί πλευρό ισοπλεύρου* φανερόν γάρ εστι τούτο].2 καί τετμήσθω η υπό ΓΗΝ γωνία δίχα τη H Ξ ευθεία, καί από τοΰ Ξ εφαπτεσθω τοΰ κύκλον η ΟΞΠ, και εκβεβλη-σθωσαν αι ΗΝΠ, ΗΓΟ* ώστε καί η ΠΟ πολυγώνου εστί πλευρό τοΰ περιγραφομενου περί τον κύκλον καί ισοπλεύρου [φανερόν, ότι καί όμοιου τω έγγραφο μένω, ου πλευρό η Ν Γ].8 επεί δε ελάσσων εστίν η διπλάσιά η υπό ΝΗΓ της υπό ΛΚΜ, διπλάσιά δε της υπό TH Γ, ελάσσων αρα η υπό TH Γ της υπό ΛΚΜ. καί είσιν ορθαί αι προς τοΐς Λ, Τ’ ἡ αρα ΜΚ προς ΛΚ μείζονα λόγον εχει ηπερ η ΓΗ προς ΗΤ. ΐση δε η ΓΗ τη ΗΞ* ώστε η H Ξ προς H Τ ελασσόνα λόγον έχει, του-τεστιν η ΠΟ προς ΝΓ, ηπερ η ΜΚ προς ΚΛ* ετι δε η ΜΚ προς ΚΛ ελασσόνα λόγον εχει ηπερ τό Α προς τό Β. και εστιν η μεν ΠΟ πλευρό
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less than that which the greater magnitude has to the less [Prop. 2], and from Λ let AM be drawn at right angles to ΛΚ, and from Κ let ΚΜ be drawn equal to θ, and let there be drawn two diameters of the circle, ΓΕ, ΔΖ, at right angles one to another. If we bisect the angle ΔΗΓ and then bisect the half and so on continually we shall leave a certain angle less than double the angle ΛΚΜ. Let it be left and let it be the angle ΝΗΓ, and let ΝΓ be joined ; then ΝΓ is the side of an equilateral polygon. Let the angle ΓΗΝ be bisected by the straight line HH, and through H let the tangent ΟΗΠ be drawn, and let ΗΝΠ, ΙΙΓΟ be produced; then ΠΟ is a side of an equilateral polygon circumscribed about the circle. Since the angle ΝΗΓ is less than double the angle ΛΚΜ and is double the angle ΤΗΓ, therefore the angle TH Γ is less than the angle ΛΚΜ. And the angles at Λ, Τ are right ; therefore MK : ΛΚ> ΓΗ : Η Τ.* *
But	ΓΗ = ΗΞ.
Therefore H Ξ : ΗΤ <ΜΚ : ΚΛ, that is,	ΠΟ : ΝΓ<ΜΚ : ΚΛ.6
Further,	ΜΚ : ΚΛ <Α : Β.·
[Therefore	ΠΟ:ΝΓ<Α:Β.]
° This is proved by Eutocius and is equivalent to the assertion that if α<β<.^, cosec β > cosec a.
* For ΗΞ : ΗΤ =ΠΟ : ΝΓ, since ΗΞ : ΗΤ^ΟΞ : ΓΤ = 20Ξ : 2ΓΤ = ΠΟ : ΓΝ.
c For by hypothesis Θ : ΚΛ<Α : B, and Θ=ΜΚ.
1 Bwarov . . . τούτο om. Ileiberg.
* bnlircp . . . τούτο om. Heiberg. 3 φανίρόν ... ή ΝΓ om. Heiberg.
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του περιγραφομένου πολυγώνου, η δέ ΓΝ του έγγραφο μενού · όπερ προέκειτο εύρεΐν.
Κύκλου δοθέντος καί δύο μεγεθών άνίσων περι-γράφαι περί τον κύκλον πολύγωνον καί άλλο έγγραφα ι, ώστε το περιγραφέν προς το έγγραφέν έλάσσονα λόγον έχειν η το μεΐζον μέγεθος προς τό έλασσον.
’Κκκείσθω κύκλος 6 Α και δύο μεγέθη ανισα
τα E, Ζ καί μεΐζον τό Ε· δεῖ ου ν πολύγωνον έγγράφαι εις τον κύκλον και άλλο περιγράφαι, ΐνα γένηται τό έπιταχθέν.
Ααμβάνω γαρ δύο ευθείας ανίσους τάς Γ, Δ, ών μείζων έστω ή Γ,* ώστε την Γ προς την Δ 56
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And ΠΟ is a side of the circumscribed polygon, ΓΝ of the inscribed ; which was to be found.
Prop. 5
Given a circle and two unequal magnitudes, to circumscribe a polygon about the circle and to inscribe another, so that the circumscribed polygon has to the inscribed polygon a ratio less than the greater magnitude has to the less.
Let there be set out the circle A and the t\vo unequal magnitudes E, Z, and let E be the greater ; it is therefore required to inscribe a polygon in the circle and to circumscribe another, so that what is required may be done.
For I take two unequal straight lines Γ, Δ, of
which let Γ be the greater, so that Γ has to Δ a ratio
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ελασσόνα λόγον €χειν η την E προς την Ζ* καί των Γ, Δ μέσης άνάλογον ληφθείσης της H μείζων άρα καί ή Γ τῆς H. περιγεγράφθω Βη περί κύκλον πολύγωνον και άλλο εγγεγράφθω, ώστε την τοΰ περιγραφεντος πολυγώνου πλευράν προς την του εγγραφεντος ελασσόνα λόγον εχειν η την Γ 7τ ρος την H [καθώς ε μάθομε ν]1’ Βία τούτο Βη καί ό διπλάσιος λόγος τοΰ Βιπλασίου ἐλάσσων εστί. και του μεν της πλευράς„ προς την πλευράν Βιπλάσιός ἐστι ό του πολυγώνου προς τον πολύγωνον [ὅμοια γάρ],2 της δε Γ προς την H ό της Γ προς την Δ* καί το περίγραφον άρα πολύγωνον προς τό εγγραφεν ελασσόνα λόγον εχει ηπερ η Γ προς την Δ· πολλω άρα το περίγραφον προς το εγγραφεν ελασσόνα λόγον εχει ηπερ τό E προς
τό Ζ.
τ’
’Εάν περί κώνον Ισοσκελή πυραμίς περιγραφή, η επιφάνεια της πυραμίδος χωρίς της βάσεως ιση εστιν τριγώνω βάσιν μεν εχοντι την ισην τη περι-μετρω της βάσεως, ύφος Βε την πλευράν τοΰ κώνου. . · .
Θ'
Έάν κώνου τινός ισοσκελούς εις τον κύκλον, ος ἐστι βάσις τοΰ κώνου, ευθεία γραμμή εμπεση, από δε των περάτων αυτής εύθεϊαι γραμμαί άχθώσιν επί την κορυφήν τοΰ κώνου, τό περιληφθεν τρίγωνον υπό τε της εμπεσούσης καί των επι-ζευχθεισών επί την κορυφήν ελασσον εσται της 58
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less than that which E has to Ζ [Prop. 2] ; if a mean proportional H be taken between Γ, Δ, then Γ will be greater than H [Eucl. vi. 18]. Let a polygon be circumscribed about the circle and another inscribed, so that the side of the circumscribed polygon has to the side of the inscribed polygon a ratio less than that which Γ has to H [Prop. 3] ; it follows that the duplicate ratio is less than the duplicate ratio. Now the duplicate ratio of the sides is the ratio of the p°lyg°ns [Eucl. vi. 20], and the duplicate ratio of Γ to H is the ratio of Γ to Δ [Eucl. v. Def. 9] ; therefore the circumscribed polygon has to the inscribed polygon a ratio less than that which Γ has to Δ ; by much more therefore the circumscribed polygon has to the inscribed polygon a ratio less than that which E has to Z.
Prop. 8
If a pyramid, be circumscribed about an isosceles cone, the surface of the pyramid without the base is equal to a triangle having its base equal to the perimeter of the base [of the pyramid] and its height equal to the side of the cone. . . .a
Prop. 9
If in an isosceles cone a straight line [chord] fall in the circle which is the base of the cone, and from its extremities straight lines be drawn to the vertex of the cone, the triangle formed by the chord and the lines joining it to
• The “ side of the cone ” is a generator. The proof is obvious. * *
1 καθώς (μάθομ^ν ora. Heiberg.
* όμοια γάρ oin. Heiberg.
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επιφάνειας του κώνου της μεταξύ των επί την κορυφήν επιζευχθεισών.
“Εστω κώνου ισοσκελούς βάσις ο ΑΒΓ κύκλος, κορυφή δε το Α, και διήχθω τις εις αυτόν ευθεία ή ΑΓ, και από της κορυφής όπί τα Α, Γ επεζευ-χθωσαν αι ΑΑ, ΔΓ* λέγω, ότι τό ΑΔΓ τρίγωνον
ελασσόν εστιν της επιφάνειας τής κωνικής τής μεταξύ των ΑΔΓ.
Ύετμήσθω ή ΑΒΓ περιφέρεια δίχα κατά, τό Β, καί επεζευχθωσαν αι ΑΒ, ΓΒ, ΔΒ* εσται δη τα ΑΒΔ, Ι3ΓΔ τρίγωνα μείζονα του ΛΔΓ τριγώνου.1 ω δη ύπερεχει τα είρημενα τρίγωνα του ΑΔΓ τριγώνου, έστω τό Θ. τό δη, Θ ήτοι των ΑΒ, Β Γ τμημάτων ελασσόν εστιν ή ου.
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the vertex will be less than the surface of the cone between the lines drawn to the vertex.
Let the circle ΑΒΓ be the base of an isosceles cone, let Δ be its vertex, let the straight line ΑΓ be drawn in it, and let ΑΔ, ΔΓ be drawn from the vertex to Α, Γ ; I say that the triangle ΑΔΓ is less than the surface of the cone between A Δ, ΔΓ.
Let the arc ΑΒΓ be bisected at B, and let AB, ΓΒ, ΔΒ be joined ; then the triangles ΑΒΔ, ΒΓΔ will be greater than the triangle ΑΔΓ.β Let θ be the excess by which the aforesaid triangles exceed the triangle ΑΔΓ. Now θ is either less than the sum of the segments AB, ΒΓ or not less.
0 For if Λ be the lengt h of a generator of the isosceles cone, triangle ΑΒΔ = £A . AB, triangle ΒΓΔ = \h . ΒΓ, triangle ΑΔΓ = 1A . Αι. and AB +ΒΓ> ΑΓ. 1
1 ἔσται , , . τρίγωνον; ex Eutocio videtur Archimedem scripsisse : μΐίζονα άρα ἔστι τὰ ΑΒΔ, ΒΔΓ τρίγωνα του ΑΔΓ τριγώνου.
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"Έστω μη ελασσον πρότερον. επει οΰν δυο εισίν επιφάνειαι η τε κωνική ή μεταξύ των ΑΔΒ μετά του ΑΕΒ τμήματος και ή του ΑΔΒ τριγώνου τδ αύτο πέρας εχουσαι την περίμετρον του τριγώνου του ΑΔΒ, μείζων ear αι η περιλαμβάνουσα της περιλαμβανόμενης· μείζων άρα εστιν η κωνική επιφάνεια ή μεταξύ των ΑΔΒ μετά του ΑΕΒ τμήμα τος του ΑΒΔ τριγώνου, ομοίως δέ και ή μεταξύ των ΒΔΓ μετά τοΰ ΓΖΒ τμήμα τος μείζων εστιν τοΰ ΒΔΓ τριγώνου· όλη αρα ή κωνική επιφάνεια μετά τοΰ Θ χωρίου μείζων εστι των ειρημένων τριγώνων. τα δέ ειρημένα τρίγωνα ΐσα εστιν τω τε ΑΔΓ τ ριγώνω και τω Θ χωρίω. κοινόν άφηρησθω το Θ χωρίον λοιπή άρα ή κωνική επιφάνεια η μεταξύ των ΑΔΓ μείζων εστιν τοΰ ΑΔΓ τριγφνου.
*Έστα> δη τό Θ έλασσον των ΑΒ, Β Γ τμημάτων, τέμνοντες δη τάς ΑΒ, Β Γ περιφέρειας δίχα και τα? ημισείας αυτών δίχα λείφομεν τμήματα ελάσσον α ον τα τοΰ Θ χωρίου, λελείφθω τά επι των ΑΕ, ΕΒ, ΒΖ, Ζ Γ ευθειών, και επεζευχθωσαν αι ΔΕ, ΔΖ. πάλιν τοίνυν κατά τά αυτά ή μεν επιφάνεια τοΰ κώνου ή μεταξύ τών ΑΔΕ μετά τοΰ επι της ΑΕ τμήματος μείζων εστιν τοΰ ΑΔΕ τριγώνου, η δέ μεταξύ τών ΕΔΒ μετά τοΰ επι της ΕΒ τμήματος μείζων εστιν τοΰ ΕΔΒ τριγώνου- η άρα επιφάνεια ή μεταξύ τών ΑΔΒ μετά τών επι τών ΑΕ, ΕΒ τμημάτων μείζων εστιν τών ΛΔΕ, ΕΒΔ τριγώνων. έπει δέ τά ΑΕΑ, ΔΕΒ τρίγωνα μείζονά εστιν τοΰ ΑΒΔ τριγώνου, καθώς δεδεικται, πολλώ άρα η επιφάνεια τοΰ κώνου η μεταξύ τών ΑΔΒ μετά τών επι τών ΑΕ, 62
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Firstly, let it be not less. Then since there are two surfaces, the surface of the cone between ΑΔ, ΔΒ together with the segment AEB and the triangle ΑΔΒ, having the same extremity, that is, the perimeter of the triangle ΑΔΒ, the surface which includes the other is greater than the included surface [Post. 3] ; therefore the surface of the cone between the straight lines ΑΔ, ΔΒ together with the segment AEB is greater than the triangle ΑΒΔ. Similarly the [surface of the cone] between ΒΔ, ΔΓ together with the segment ΓΖΒ is greater than the triangle ΒΔΓ ; therefore the whole surface of the cone together with the area θ is greater than the aforesaid triangles. Now the aforesaid triangles are equal to the triangle ΑΔΓ and the area θ. Let the common area θ be taken away; therefore the remainder, the surface of the cone between ΑΔ, ΔΓ is greater than the triangle ΑΔΓ.
Now let θ be less than the segments AB, ΒΓ. Bisecting the arcs AB, ΒΓ and then bisecting their halves, we shall leave segments less than the area θ [Eucl. xii. 2]. Let the segments so left be those on the straight lines AE, EB, BZ, ΖΓ, and let ΔΕ, ΔΖ be joined. Then once more by the same reasoning the surface of the cone between Α Δ, ΔΕ together with the segment AE is greater than the triangle ΑΔΕ, while that between ΕΔ, ΔΒ together with the segment EB is greater than the triangle ΕΔΒ ; therefore the surface between ΑΔ, ΔΒ together with the segments AE, EB is greater than the triangles ΑΔΕ, ΕΒΔ. Now since the triangles ΑΕΔ, ΔΕΒ are greater than the triangle ΑΒΔ, as was proved, by much more therefore the surface of the cone between ΑΔ, ΔΒ together with the segments AE, EB is
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EB τμημάτων μείζων εστί του ΑΔΒ τρίγωνον. διά τα αυτά δη καί η επιφάνεια ή μεταξύ των ΒΔΓ μετά των επί των ΒΖ, Ζ Γ τμημάτων μείζων ἐστιν του ΒΔΓ τρίγωνον' δλη άρα η επιφάνεια η μεταξύ των ΑΔΓ μετά των είρημένων τμημάτων μείζων ἐστι των ΑΒΔ, ΔΒΓ τριγώνων, ταϋτα 8ε' εστιν ίσα τω ΑΔΓ τριγώνω και τω Θ χωρίω’ ών τά είρημενα τμήματα έλάσσονα του Θ χωρίον λοιπή άρα η επιφάνεια ή μεταξύ των ΑΔΓ μείζων εστιν του ΑΔΓ τριγώνου.
ι
Έάν επιφαύουσαι άχθώσιν του κύκλου, ος ἐστι βάσις του κώνου, εν τω αύτώ επιπέδω οΰσαι τω κύκλω καί συμπίπτονσαι άλλήλαις, αιτο δε των άφών καί της συμπτώσεως επί την κορυφήν του κώνου εύθεΐαι άχθώσιν, τά περιεχόμενα τρίγωνα υπό των επιφαυουσών καί των επί την κορυφήν τοΰ κώνου επιζευχθεισών ευθειών μείζονά εστιν της τοΰ κώνου επιφάνειας της απολαμβανόμενης
υπ αυτών.
Φ'
. . . Ύούτων δη δεδειγμενών φανερόν \επι μεν τών προειρημένων],1 ότι, εάν εις κώνον ισοσκελή πυραμίς έγγραφη, η επιφάνεια της πυραμιδος χωρίς της βάσεως ἐλάσσων ἐστι της κωνικής επιφάνειας [έκαστον γάρ τών περιεχόντων την πυραμίδα τριγώνων έλασσόν εστιν της κωνικής επιφάνειας τής μεταξύ τών τοΰ τριγώνου πλευρών* ώστε καί ολη ή επιφάνεια τής πυραμιδος χωρίς τής 64,
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greater than the triangle ΑΔΒ. By the same reasoning the surface between ΒΔ, ΔΓ together with the segments BZ, ΖΓ is greater than the triangle ΒΔΓ ; therefore the whole surface between ΑΔ, ΔΓ together with the aforesaid segments is greater than the triangles ΑΒΔ, ΔΒΓ. Now these are equal to the triangle ΑΔΓ and the area θ ; and the aforesaid segments are less than the area θ ; therefore the remainder, the surface between ΑΔ, ΔΓ is greater than the triangle ΑΔΓ.
Prop. 10
. If tangents be drawn to the circle which is the base of an [isosceles] cone, being in the same plane as the circle and meeting one another, and from the points of contact a?id the point of meeting straight lines be drawn to the vertex of the cone, the triangles formed by the tangents and the lines drawn to the vertex of the cone are together greater than the portion of the surface of the cone included by them. . .
Prop. 12
. . . From what has been proved it is clear that, if a pyramid is inscribed in an isosceles cone, the surface of the pyramid without the base is less than the surface of the cone [Prop. 9]> and that, if a pyramid
0 The proof is on lines similar to the preceding proposition. 1
1 im . . . προειρημένων om. Heiberg.
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βάσεως ἐλάσσων ἐστι τής επιφάνειας του κώνου χωρίς της βάσεως],1 και ὅτι, εάν περί κώνον ισοσκελή πυραμ'ις περιγραφή, ή επιφάνεια της πυραμίδος χωρίς της βάσεως μείζων εστιν τής επιφάνειας του κώνον χωρίς τής βάσεως [κατά το συνεχές εκείνω]}
Φανερόν δε εκ των αποδεδειγμένων, ὅτι τε, εάν εις κύλινδρον ορθόν πρίσμα εγγραφή, η επιφάνεια τον πρίσματος ή εκ των παραλληλόγραμμων συγκείμενη έλάσσων έστί τής επιφάνειας του κυλίνδρου χωρίς τής βάσεως [ελασσον γάρ έκαστον παραλληλόγραμμον του πρίσματός ἐστι τής καθ’ αυτό του κυλίνδρου επιφάνειας],3 καί οτι, εαν περί κύλινδρον ορθόν πρίσμα περιγραφή, ή επιφάνεια τ ου πρίσματος ή εκ των παραλληλογράμμων συγκείμενη μείζων ἐστι τῆς επιφάνειας του κυλίνδρου χωρίς τής βάσεως.
ιγ'
Π αντος κυλίνδρου ορθού ή επιφάνεια χωρίς τής βάσεως ίση έστί κύκλω, ου ή εκ τοΰ κέντρου μέσον λόγον έχει τής πλευράς τοΰ κυλίνδρου καί τής διαμέτρου τής βάσεως τοΰ κυλίνδρου.
"Εστω κυλίνδρου τινός όρθοΰ βάσις 6 Α κύκλος, καί έστω τή μεν διαμέτρω τοΰ Α κύκλου ιση ή ΓΔ, τή δε πλευρά τοΰ κυλίνδρου ή ΕΖ, έχέτω δε μέσον λόγον των ΔΓ, ΕΖ ή H, καί κείσθω κύκλος, ου ή εκ τοΰ κέντρου ίση έστί τή H, ὅ Β* δεικτέον, ότι 6 Β κύκλος ίσος έστί τή έπιφανεία τοΰ κυλίνδρου χωρίς τής βάσεως.
Ει γάρ μη ἐστιν ίσος, ήτοι μείζων ἐστί ῆ
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is circumscribed about an isosceles cone, the surface of the pyramid without the base is greater than the surface of the cone without the base [Prop. 10].
From what has been demonstrated it is also cleat that, if a right prism be inscribed in a cylinder, the surface of the prism composed of the parallelograms is less than the surface of the cylinder excluding the bases ° [Prop. 11], and if a right prism be circumscribed about a cylinder, the surface of the prism composed of the parallelograms is greater than the surface of the cylinder excluding the bases.
Prop.13
The surface of any right cylinder excluding the bases b is equal to a circle whose radius is a mean proportional between the side of the cylinder and the diameter of the base of the cylinder.
Let the circle A be the base of a right cylinder, let ΓΔ be equal to the diameter of the circle A, let EZ be equal to the side of the cylinder, let H be a mean proportional between ΔΓ, EZ, and let there be set out a circle, B, whose radius is equal to H ; it is required to prove that the circle Β is equal to the surface of the cylinder excluding the bases.6
For if it is not equal, it is either greater or less.
0 Here, and in other places in this and the next proposition, Archimedes must have written χωρίς των βάσεων, not χωρίς της βάσεως.
b See preceding note. * *
1 «κάστον . . . βάσβως. Heiberg suspects that this demonstration is interpolated. Why give a proof of what is φανΐρόν ?
*	κατὰ . . . (κΐίνω om. Heiberg.
*	ἔλασσον . . . im<f>aveias. Heiberg suspects that this proof is interpolated.
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GREEK MATHEMATICS ελάσσων. έστω πρότερον, el δυνατόν, ἐλάσσων. δυο δη μεγεθών οντων άνίσων της τε επιφάνειας του κυλίνδρου και του Β κύκλου δυνατόν εστιν εις τον Β κύκλον ισόπλευρον πολύγωνον εγγράφαι και άλλο περιγράφαι, ώστε τό περίγραφον προς τό εγγραφεν ελασσόνα λόγον όχειν του, ον εχει η επιφάνεια του κυλίνδρου προς τον Β κύκλον, νοείσθω δη περιγεγραμμενον και εγγεγραμμενον, και περί τον Α κύκλον περιγεγράφθω εύθύγραμμον ὅμοιον τω περί τον Β περιγεγραμμενω, καί άναγεγράφθω από του εύθυγράμμου πρίσμα· εσται δη περί τον κύλινδρον περιγεγραμμενον. έστω δε καί τη περιμετρω του εύθυγράμμου του περί •
• One ms. has the marginal note, “ equalis altitudinis chylindro,” on which Heiberg comments:	“ nec hoc
omiserat Archimedes.” Heiberg notes several places in which the text is clearly not that written by Archimedes.
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Let it first be, if possible, less. Now there are two unequal magnitudes, the surface of the cylinder and the circle B, and it is possible to inscribe in the circle Β an equilateral polygon, and to circumscribe another, so that the circumscribed has to the inscribed a ratio
less than that which the surface of the cylinder has to the circle Β [Prop. 5]. Let the circumscribed and inscribed polygons be imagined, and about the circle A let there be circumscribed a rectilineal figure similar to that circumscribed about B, and on the rectilineal figure let a prism be erected a ; it will be circumscribed about the cylinder. Let ΚΔ be equal
09
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τον Α κύκλον ίση η ΚΔ και τη ΚΔ ίση η ΛΖ, τῆ? ὅε ΓΔ ήμίσεια έστω η ΓΤ· έσται δἡ τό ΚΔΤ τρίγωνον ίσον τω περιγεγραμμένω εύθυγράμμω περί τον Α κύκλον [επειδή βάσιν μεν έχει τη περί-μετρω ίσην, ύφος δέ ίσον τη Ι κ τοΰ κέντρου του Α κύκλου],1 το δέ ΕΛ παραλληλόγραμμον τη επιφάνεια τοΰ πρίσματος τοΰ περί τον κύλινδρον περιγεγραμμένου [επειδή περιέχεται υπό της πλευράς τοΰ κυλίνδρου και της ίσης τη περιμέτρω της βάσεως τοΰ πρίσματος].2 κείσθω δη τη ΕΖ ίση η EP* ίσον άρα έστιν τό ΖΡΛ τρίγωνον τω ΕΛ παραλληλόγραμμα), ώστε και τη επιφάνεια τοΰ πρίσματος. και έπει όμοια έστιν τα ευθύ-γράμμα τα περί τούς Α, Β κύκλους περιγεγ ραμμένα, τον αυτόν έξει λόγον [τα εύθύγραμμα],* ονπερ αι εκ των κέντρων δυνάμει' έζει άρα τό ΚΤΔ τρίγωνον προς τό περί τον Β κύκλον εύθύγραμμον λόγον, ον η ΤΔ προς H δυνάμει [αι γάρ ΤΔ, H ΐσαι είσίν ταΐς εκ των κέντρων], α λλ’ ον έχει λόγον ή ΤΔ π ρος H δυνάμει, τοΰτον έχει τον λόγον η ΤΔ προς ΡΖ μηκει [η γάρ H των ΤΔ, ΡΖ μέση εστί άνάλογον διά τό καί των ΓΔ, ΕΖ· πώς δέ τοΰτο; έπεί γάρ ίση εστίν η μεν ΔΤ τη ΤΓ, ή δέ ΡΕ τη ΕΖ, διπλάσιά άρα έστιν ή ΓΔ της ΤΔ, καί ή ΡΖ τής ΡΕ* έστιν άρα, ως ή ΔΓ προς ΔΤ, ούτως ή ΡΖ προς ΖΕ. τό άρα υπό των ΓΔ, ΕΖ ίσον έστιν τω υπό των ΤΔ, ΡΖ. τω δέ υπό των ΓΔ, ΕΖ ίσον έστιν τό από Η* καί τω υπό των ΤΔ, ΡΖ άρα ίσον έστί τό από τής H. έστιν άρα^
1 iireιδή . . . κύκλον om, Heiberg.
* fTTttδλ . . . πρίσματος om. Heiberg,
* τα (ύθνγραμμα om. Torellius.
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to the perimeter of the rectilineal figure about the circle A, let ΛΖ be equal to ΚΔ, and let ΓΤ be half of ΓΔ ; then the triangle ΚΔΤ will be equal to the rectilineal figure circumscribed about the circle A,a while the parallelogram ΕΛ will be equal to the surface of the prism circumscribed about the cylinder.6 Let EP be set out equal to EZ ; then the triangle ΖΡΛ is equal to the parallelogram ΕΛ [Eucl. i. 41], and so to the surface of the prism. And since the rectilineal figures circumscribed about the circles A, Β are similar, they will stand in the same ratio as the squares on the radii c ; therefore the triangle ΚΤΔ will have to the rectilineal figure circumscribed about the circle Β the ratio ΤΔ2 : H2.
But	ΤΔ2:Η2 = ΤΔ:ΡΖ.“
•	Because the base ΚΔ is equal to the perimeter of the polygon, and the altitude ΔΤ is equal to the radius of the circle A, i.e., to the perpendiculars drawn from the centre of A(to the sides of the polygon.
6 Because the base ΛΖ is made equal to ΔΚ and so is equal to the perimeter of the polygon forming the base of the prism, while the altitude EZ is equal to the side of the cylinder and therefore to the height of the prism.
*	Eutocius supplies a proof based on Eucl. xii. 1, which proves a similar theorem for inscribed figures.
a For, by hypothesis, Η* = ΔΓ . EZ =2ΤΔ.£PZ =ΤΔ . PZ
Heiberg would delete the demonstration in the text on the ground of excessive verbosity, as Nizze had already perceived to be necessary.
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ως ή ΤΔ 7τ ρος Η, ούτως ή H προς ΡΖ· εστιν άρα, ως ή ΤΔ προς ΡΖ, το από της ΤΔ προς το από της H · ίόν γαρ τρεις εύθεΐαι άνάλογον ώσιν, €στιν, ως η πρώτη προς την τρίτη ν, τό από της πρώτης είδος προς τό από της δευτέρας είδος τό ὅμοιον και ομοίως άναγεγραμμένον]1· ον δε λόγον εχει ἡ ΤΔ προς ΡΖ μήκει, τοΰτον εχει τό ΚΤΔ τρίγωνον προς τό ΡΛΖ [έπειδήπερ ΐσαι είσιν αι ΚΔ, ΑΖ]2* τον αυτόν άρα λόγον εχει τό ΚΤΔ τρίγωνον προς τό εύθύγραμμον τό περί τον Β κύκλον περιγεγραμ-μένον, δνπερ τό ΤΚΔ τρίγωνον προς τό ΡΖΛ τρίγωνον, ίσον άρα εστιν τό ZAP τρίγωνον τω περί τον Β κύκλον περιγεγραμμένω εύθυγράμμω' ώστε καί η επιφάνεια τοΰ πρίσματος του περί τον Α κύλινδρον περιγεγραμμένου τω ευθυγράμμω τω περί τον Β κύκλον ίση εστιν. καί επεί ελασσόνα λόγον εχει τό εύθύγραμμον τό περί τον Β κύκλον προς τό εγγεγραμμενον εν τω κύκλω τοΰ, ον εχει η επιφάνεια τοΰ Α κυλίνδρου προς τον Β κύκλον, ελάσσονα λόγον εζει καί ή επιφάνεια τοΰ πρίσματος τοΰ περί τον κύλινδρον περιγεγραμμένου προς τό εύθύγραμμον τό εν τω κύκλω τω Β εγγεγραμμενον ηπερ η επιφάνεια τοΰ κυλίνδρου προς τον Β κύκλον καί εναλλάξ· δπερ αδύνατον [ή μεν γαρ επιφάνεια τοΰ πρίσματος τοΰ περιγεγ ραμμένου περί τον κύλινδρον μείζων ουσα δέδεικται της επιφάνειας τοΰ κυλίνδρου, τό δε εγγεγραμμενον εύθύγραμμον εν τω Β κύκλω ελασσόν εστιν τοΰ Β κύκλου].3 ούκ άρα εστιν ό Β κύκλος έλάσσων τής επιφάνειας τοΰ κυλίνδρου.
1 ή γὰρ . . . ομοίως άναγεγραμμενον ΟΓΠ. Heiberg.
* επειδηπερ . . . ΚΔ, ΛΖ om. Heiberg.
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And	ΤΔ : PZ = triangle ΚΤΔ : triangle ΡΛΖ.®
Therefore the ratio which the triangle ΚΤΔ has to the rectilineal figure circumscribed about the circle Β is the same as the ratio of the triangle ΤΚΔ to the triangle ΡΖΛ. Therefore the triangle ΤΚΔ is equal to the rectilineal figure circumscribed about the circle Β [Eucl. v. 9] ; and so the surface of the prism circumscribed about the cylinder A is equal to the rectilineal figure about B. And since the rectilineal figure about the circle Β has to the inscribed figure in the circle a ratio less than that which the surface of the cylinder A has to the circle Β [ex hypotkesi], the surface of the prism circumscribed about the cylinder will have to the rectilineal figure inscribed in the circle Β a ratio less than that which the surface of the cylinder has to the circle Β; and, permutando, [the prism will have to the cylinder a ratio less than that which the rectilineal figure inscribed in the circle Β has to the circle B] b ; which is absurd.® Therefore the circle Β is not less than the surface of the cylinder.
e By Eucl. vi. 1, since ΛΖ = ΚΔ.
b From Eutocius’s comment it appears that Archimedes w rote, in place of καί εναλλάξ· οπερ ὰδόνατον in our textι εναλλάξ άρα ελασσόνα λόγον εχει το πρίσμα προς τον κύλινδρον ηπερ το εγγεγραμμενον εις τον Β κύκλον πολύγωνον προς τον Β κύκλον δπερ άτοπον. This is what Ι translate.
c For the surface of the prism is greater than the surface of the cylinder [Prop. 12], but the inscribed figure is less than the circle Β ; the explanation in our text to this effect is shown to be an interpolation by the fact that Eutocius supplies a proof in his own words. *
* ή μεν . . . τον Β κύκλον om. Heiberg ex Eutocio.
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"Εστω δη, el δυνατόν, μείζων. πάλιν δη νοείσθω είς τον Β κύκλον εύθύγραμμον εγγεγραμμένου και άλλο π εριγεγραμμένου, ώστε τό περι-γεγραμμένου προς τό εγγεγραμμένου ελ άσσονα λόγον έχειν η τον Β κύκλον προς την επιφάνειαν τοΰ κυλίνδρου, και εγγεγράφθω elg τον Α κύκλον πολύγωνον όμοιον τω elg τον Β κύκλον εγγεγραμμένα), και πρίσμα άναγεγράφθω από τοΰ εν τω κύκλω εγγεγραμμένου πολυγώνου· καί πάλιν ή ΚΔ ΐση έστω τη ιτεριμέτρω τοΰ εύθυγράμμου του ev τω Α κύκλω εγγεγραμμένου, και η ΖΑ ΐση αυτή έστω. έσται δη τό μεν ΚΤΔ τρίγωνον μ€ιζον τ ου εύθυγράμμου τοΰ ev τω Α κύκλω εγγεγραμμένου [διότι βάσιν μεν έχει την περίμετρον αύτοϋ, ύφος Be μ€ιζον της από τοΰ κέντρου επι μίαν πλευράν τοΰ πολυγώνου άγομένης καθέτου],1 τό Be ΕΛ παραλληλόγραμμον ίσον τη έπιφανεία τοΰ πρίσματος τη εκ των παραλληλογράμμων συγκ€ιμένη [διότι περιέχεται υπό της πλευράς τοΰ κυλίνδρου και της ίσης τη περιμέτρω τοΰ εύθυ-γράμμου, ο έστιν βάσις τοΰ πρίσματος]· ώστε και τό ΡΛΖ τρίγωνον ίσον ἐστι τη επιφάνεια του πρίσματος, και επει όμοια έστι τα εύθύγραμμα τα εν τοΐς Α, Β κύκλοις εγγεγραμμένα, τον αυτόν εχει λόγον προς άλληλα, ον αι εκ των κέντρων αυτών δυνάμει. έχει δε και τα ΚΤΔ, ΖΡΑ τρίγωνα προς άλληλα λόγον, ον αι εκ των κέντρων των κύκλων δυνάμει· τον αυτόν άρα λόγον εχει
1 διότι . . . καθέτου om. Heiberg.
° For the base ΚΔ is equal to the perimeter of the polygon and the altitude ΔΤ, which is equal to the radius of the 74
ARCHIMEDES
Now let it be, if possible, greater. Again, let there be imagined a rectilineal figure inscribed in the circle B, and another circumscribed, so that the circumscribed figure has to the inscribed a ratio less than that which the circle Β has to the surface of the cylinder [Prop. 5], and let there be inscribed in the circle A a polygon similar to the figure inscribed in the circle B, and let a prism be erected on the polygon inscribed in the circle [A] ; and again let ΚΔ be equal to the perimeter of the rectilineal figure inscribed in the circle A, and let ΖΛ be equal to it. Then the triangle ΚΤΛ will be greater than the rectilineal figure inscribed in the circle A,* and the parallelogram ΕΛ will be equal to the surface of the prism composed of the parallelograms 6 ; and so the triangle ΡΛΖ is equal to the surface of the prism. And since the rectilineal figures inscribed in the circles Α, Β are similar, they have the same ratio one to the other as the squares of their radii [Eucl. xii. 1]. But the triangles ΚΤΔ, ΖΡΛ have one to the other the same ratio as the squares of the radiic; therefore the rectilineal figure inscribed in
circle A, is greater than the perpendiculars drawn from the centre of the circle to the sides of the polygon ; but Heiberg regards the explanation to this effect in the text as an interpolation.
6 Because the base ΖΛ is made equal to ΚΔ, and so is equal to the perimeter of the polygon forming the base of the prism, while the altitude EZ is equal to the side of the cylinder and therefore to the height of the prism.
• For triangle ΚΤΛ : triangle ΖΡΛ=ΤΔ : ZP = ΤΔ2 : H*
[cf. p. 71 n. d.
But ΤΔ is equal to the radius of the circle A, and H to the radius of the circle B.
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το εύθύγραμμον to εν τω Α κύκλω εγγεγραμμενον προς το εύθύγραμμον το εν τω Β εγγεγραμμενον καί το ΚΤΔ τρίγωνον προς το ΛΖΡ τρίγωνον, ελασσον Bi εστι το εύθύγραμμον το iv τω Α κύκλω εγγεγραμμενον του ΚΤΔ τρίγωνον ελασσον αρα καί το εύθύγραμμον το iv τω Β κύκλω εγγεγραμ-μένον του ΖΡΛ τρίγωνον ώστε καί της επιφάνειας τον πρίσματος του iv τω κυλίνδρω εγγεγραμμενον' όττερ αδύνατον [επεί γαρ ελασσόνα λόγον εχει τό περιγεγραμμενον εύθύγραμμον περί τον Β κύκλον προς τό εγγεγραμμενον η 6 Β κύκλος προς την επιφάνειαν του κυλίνδρου, καί εναλλάξ, μεΐζον Bi εστι τό περιγεγραμμενον περί τον Β κύκλον του Β κύκλου, μεΐζον αρα εστίν τό εγγεγραμμενον εν τω Β κύκλω της επιφάνειας του κύλινδρον ώστε καί τής επιφάνειας του πρίσματος].*	ου κ αρα
μείζων εστίν ό Β κύκλος τής επιφάνειας του κυλίνδρου. εδείχθη δε, δτι ουδέ ἐλάσσων ίσος αρα εστίν.
ιδ'
Παι/τός κώνου ισοσκελούς χωρίς τής βάσεως ή επιφάνεια ΐση εστι κύκλω, ου ή εκ του κέντρον μέσον λόγον εχει τής πλευράς του κώνου και τής εκ του κέντρον τοΰ κύκλου, ος εστιν βάσις του κώνου.
"Εστω κώνος ισοσκελής, ου βάσις 6 Α κύκλος, ή δε εκ τοΰ κέντρου έστω ή Γ, τή δε πλευρά τοΰ.
1 έττ€ι . . . πρίσματος om. Heiberg.
0 For since the figure circumscribed about the circle Β has to the inscribed figure a ratio less than that which the circle Β has to the surface of the cylinder [ex hypothesi], and the circle Β is less than the circumscribed figure, therefore the 76
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the circle A has to the rectilineal figure inscribed in the circle Β the same ratio as the triangle ΚΤΔ has to the triangle ΛΖΡ. But the rectilineal figure inscribed in the circle A is less than the triangle ΚΤΔ ; therefore the rectilineal figure inscribed in the circle Β is less than the triangle ΖΡΛ ; and so it is less than the surface of the prism inscribed in the cylinder ; which is impossible.0 Therefore the circle · Β is not greater than the surface of the cylinder. But it was proved not to be less. Therefore it is equal.
Prop.14
The surface of any cone without the base is equal to a circle, whose radius is a mean proportional between the side of the cone and the radius of the circle which is the base of the cone.
Let there be an isosceles cone, whose base is the circle A, and let its radius be Γ, and let Δ be equal
inscribed figure is greater than the surface of the cylinder, and a fortiori is greater than the surface of the prism [Prop. 12]. An explanation on these lines is found in our text, but as the corresponding proof in the first half of the proposition was unknown to Eutocius, this also must be presumed an interpolation.
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GREEK MATHEMATICS κώνον εοτιo ίση η Δ, των Se F, Δ μέση αναλογον η E, 6 δε Β κύκλος εχετω την εκ τον κέντρον τῆ E ισην λέγω, δτι 6 Β κύκλος εστιν ϊσος τῆ επιφάνεια τον κώνον χωρίς της βάσεως.
Ει γαρ μη εστιν ίσος, ήτοι μείζων εστιν η ἐλάσσων, έστω πρότερον ἐλάσσων, εστι δη δύο μεγεθη άνισα η τε επιφάνεια τον κώνον και ό Β κύκλος, και μείζων η επιφάνεια τον κώνον* δυνατόν άρα είς τον Β κύκλον πολύγωνον ίσόπλενρον εγγράφαι καί άλλο περιγράφαι ὅμοιον τω εγγεγραμμένα), ώστε τό περιγεγραμμενον προς το εγ-γεγραμμενον ελάσσονα λόγον εχειν τον, ον εχει η επιφάνεια τοΰ κώνον προς τον Β κύκλον, νοείσθω δη καί περί τον Α κύκλον πολύγωνον περιγεγραμμενον ὅμοιον τω περί τον Β κύκλον περι-γεγραμμενω, καί από τον περί τον Α κύκλον περιγεγραμμενον πολνγώνον πνραμις άνεστάτω άναγεγραμμενη την αντην κορνφην εχονσα τω
κώνω. επει οΰν ομοιά εστιν τα πολύγωνα τα περί 78
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to the side of the cone, and let E be a mean proportional between Γ, Δ, and let the circle Β have its
radius equal to E ; I say that the circle Β is equal to the surface of the cone without the base.
For if it is not equal, it is either greater or less. First let it be less. Then there are two unequal magnitudes, the surface of the cone and the circle B, and the surface of the cone is the greater ; it is therefore possible to inscribe an equilateral polygon in the circle Β and to circumscribe another similar to the inscribed polygon, so that the circumscribed polygon has to the inscribed polygon a ratio less than that which the surface of the cone has to the circle Β [Prop. 5]. Let this be imagined, and about the circle A let a polygon be circumscribed similar to the polygon circumscribed about the circle B, and on the polygon circumscribed about the circle A let a pyramid be raised having the same vertex as the cone. Now since the polygons circumscribed about
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τους Α, Β κύκλους περιγεγραμμένα, τον αυτόν εχει λόγον προς άλληλα, ον αι εκ του κέντρου δυνάμει ττρός άλλήλας, τουτέστιν ον εχει ή Γ προς E δύναμή, τουτέστιν ή Γ προς Α μήκει. ον δε λόγον έχει ή Γ προς Α μήκει, τούτον έχει το περιγεγραμμένον πολύγωνον περι τον Α κύκλον προς την επιφάνειαν της πυραμίδος της περιγεγραμμένως περί τον κώνον [η μεν γάρ Γ ίση ἐστι τη από τοΰ κέντρου καθέτω επί μίαν πλευράν του πολυγώνου, η δε Α τη πλευρά τοΰ κώνου' κοινόν δέ ύφος η περίμετρος τοΰ πολυγώνου προς τα. η μίση των επιφανειών]1' τον αυτόν αρα λόγον έχει τό εύθύγραμμον τό περί τον Α κύκλον προς τό εύθύγραμμον τό περί τον Β κύκλον καί αυτό τό εύθύγραμμον προς την επιφάνειαν της πυραμίδος τής περιγεγραμμένης περί τον κώνον ώστε ιση ἐστιν ή επιφάνεια της πυραμίδος τω εύθυγράμμω τω περί τον Β κύκλον περιγεγραμμένως έπεί ουν έλάσσονα λόγον έχει τό εύθύγραμμον τό περί τον Β κύκλον περιγεγραμμένον προς τό εγγεγραμμένον ήπερ ή επιφάνεια τοΰ κώνου προς τον Β κύκλον, έλάσσον α λόγον έξει ή επιφάνεια της πυραμίδος τής περί τον κώνον περιγεγραμμένως προς τό εύθύγραμμον τό εν τω Β κύκλω εγγεγραμμένον ήπερ ή επιφάνεια τοΰ κοννου προς τον Β κύκλον· δπερ αδύνατον [ἡ μεν γάρ επιφάνεια τής πυραμίδος μείζων ουσα δέδεικται τής επιφάνειας τοΰ κώνου, τό δέ εγγεγραμμένον εύθύγραμμον εν τω Β κύκλω ελασσον έσται τοΰ Β κύκλον]? ούκ άρα 6 Β κύκλος ἐλάσσων έσται τής επιφάνειας τοΰ κώνου. 80
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the circles Α, Β are similar, they have the same ratio one toward the other as the square of the radii have one toward the other, that is Γ2 : E2, or Γ : Δ [Eucl.
vi.	20, coroll. 2]. But Γ : Δ is the same ratio as that of the polygon circumscribed about the circle A to the surface of the pyramid circumscribed about the conea ; therefore the rectilineal figure about the circle A has to the rectilineal figure about the circle Β the same ratio as this rectilineal figure [about A] has to the surface of the pyramid circumscribed about the cone ; therefore the surface of the pyramid is equal to the rectilineal figure circumscribed about the circle B. Since the rectilineal figure circumscribed about the circle Β has towards the inscribed [rectilineal figure] a ratio less than that which the surface of the cone has to the circle B, therefore the surface of the pyramid circumscribed about the cone will have to the rectilineal figure inscribed in the circle Β a ratio less than that which the surface of the cone htas to the circle Β ; which is impossible.6 Therefore the circle Β will not be less than the surface of the cone.
° For the circumscribed polygon is equal to a triangle, whose base is equal to the perimeter of the polygon and whose height is equal to Γ, while the surface of the pyramid is equal to a triangle having the same base and height Δ [Prop. 8]. There is an explanation to this effect in the Greek, but so obscurely worded that Heiberg attributes it to an interpolator.
6 For the surface of the pyramid is greater than the surface of the cone [Prop. 12], while the inscribed polygon is less than the circle B. * *
1 ή μιν . . . ύπιφαναων om, Heiberg.
* ή μέν . . . τον Β κύκλου om. Heiberg.
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Αεγω δη, ότι ουδέ μείζων. el yap δυνατόν εστιν, έστω μείζων. πάλιν δη νοείσθω els τον Β κύκλον πολύγωνον εγγεγραμμενον και άλλο περι-γεγραμμενον, ώστε τό περιγεγραμμενρν προς τό εγγεγραμμενον ελασσόνα λόγον εχειν τον, ον εχει ό Β κύκλος προς την επιφάνειαν του κώνου, καί εις τον Α κύκλον vocίσθω εγγεγραμμενον πολύγωνον ὅμοιον τω εις τον Β κύκλον εγγεγραμμενω, καί άναγεγράφθω απ' αύτοΰ πυραμίς την αυτήν κορυφήν εχουσα τω κώνω. επει οΰν δμοιά ἐστι τα εν τοΐς Α, Β κύκλοις εγγεγραμμένα, τον αυτόν εξει λόγον προς άλληλα, ον αι εκ των κέντρων δυνάμει προς άλλήλας· τον αυτόν άρα λόγον εχει τό πολύγωνον προς τό πολύγωνον και η Ρ προς την Δ μηκει. ἡ δε Γ προς την Δ μείζονα λόγον εχει η τό πολύγωνον τό εν τω Α κύκλω εγγεγραμμενον προς την επιφάνειαν της πυραμίδος της εγγεγραμμένης εις τον κώνον [η γάρ εκ του κέντρου του Α κυκλου προς την πλευράν του κώνου μείζονα λόγον εχει ηπερ η από του κέντρου αγόμενη κάθετος επι μίαν πλευράν του πολυγώνου προς την επι την πλευράν του πολυγώνου κάθετον άγομενην από τής κορυφής του κώνου]1, μει-
1 ή γάρ . . . τον κώνου om. Heiberg. •
• Eutocius supplies a proof. ΖΘΚ is the polygon inscribed in the circle A (of centre A), AH is drawn perpendicular to 82
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I say now that neither will it be greater. For if it is possible, let it be greater. Then again let there be imagined a polygon inscribed in the circle Β and another circumscribed, so that the circumscribed lias to the inscribed a ratio less than that which the circle Β has to the surface of the cone [Prop. 5], and in the circle A let there be imagined an inscribed polygon similar to that inscribed in the circle B, and on it let there be drawn a pyramid having the same vertex as the cone. Since the polygons inscribed in the circles Α, Β are similar, therefore they will have one toward the other the same ratio as the squares of the radii have one toward the other ; therefore the one polygon lias to the other polygon the same ratio as Γ to Δ [Eucl. vi. 20, coroll. 2]. But Γ has to Δ a ratio greater than that which the polygon inscribed in the circle A has to the surface of the pyramid inscribed in the cone 0 ; therefore the polygon in-
ΚΘ and meets the circle in M, Λ is the vertex of the isosceles cone (so that ΛΗ is perpendicular to Kfc)), and HN is drawn parallel to ΜΛ to meet ΛΛ in N. Then the area of the polygon inscribed in the circle =£ perimeter of polygon . AH, and the area of the pyramid inscribed in the cone = £ perimeter of poly gon . ΛΗ, so that the area of the polygon has to the area of the pyramid the ratio AII: ΛΗ. Now, by similar triangles, AM : ΜΛ =
AH : HN, and AH : HN> AH : ΗΛ, forHA>HN. Therefore AM : ΜΛ >AH : ΗΛ; that is, Γ : Δ exceeds the ratio of the polygon to the surface of the pyramid.
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ζονα άρα λόγον εχει το πολύγωνον το iv τω Α κύκλω εγγεγραμμενον προς τό πολύγωνον το iv τω Β εγγεγραμμενον ή αυτό τό πολύγωνον προς την επιφάνειαν της πυραμίδος· μείζων άρα εστιν η επιφάνεια της πυραμίδος τοΰ εν τω Β πολυγώνου εγγεγραμμένου, ελασσόνα δε λόγον εχει τό πολύγωνον τό περί τον Β κύκλον περιγεγραμμε-νον προς τό εγγεγραμμενον η ό Β κύκλος προς την επιφάνειαν τοΰ κώνου·* 7τολλω άρα τό πολύγωνον τό περί τον Β κύκλον περιγεγραμμενον προς την επιφάνειαν της πυραμίδος τής εν τω κώνω εγγεγραμμένης ελάσσονα λόγον εχει ἡ ό Β κύκλος προς την επιφάνειαν τοΰ κώνου’ οπερ αδύνατον [τό μεν γάρ περιγεγραμμενον πολύγωνον μεΐζόν εστιν τοΰ Β κύκλου, ή δε επιφάνεια τής πυραμίδος τής εν τω κώνω ελάσσων ἐστι τής επιφάνειας τοΰ κώνου}.1 ούκ άρα ot58e μείζων εστιν 6 κύκλος τής επιφάνειας τοΰ κώνου. εδείχθη δε, ότι ουδέ ελάσσων ίσος άρα.
ιζ'
Έάν κώνος ισοσκελής επιπεδω τμηθή παράλληλοι τή βάσει, τή μεταξύ των παραλλήλων επίπεδων επιφάνεια τοΰ κώνου ίσος εστι κύκλος, ου ή εκ τοΰ κέντρου μέσον λόγον εχει τής τε πλευράς τοΰ κώνου τής μεταξύ των παραλλήλων επίπεδων και τής ίσης άμφοτεραις ταῖς εκ των κέντρων των κύκλων των εν τοΐς παραλλήλοις επιπεδοις.
*Έστω κώνος, ου τό διά τοΰ άξονος τρίγωνον ίσον τώ ΑΒΓ, και τετμήσθω παραλλήλω επιπεδω τή βάσει, καί ποιείτω τομήν τήν ΔΕ, άξων δε τοΰ κώνου έστω ό 13H κύκλος δε τις εκκεισθω, ου η 84
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scribed in the circle A has to the polygon inscribed in the circle Β a ratio greater than that which the same polygon [inscribed in the circle A] has to the surface of the pyramid ; therefore the surface of the pyramid is greater than the polygon inscribed in B. Now the polygon circumscribed about the circle Β has to the inscribed polygon a ratio less than that which the circle Β has to the surface of the cone ; by much more therefore the polygon circumscribed about the circle Β has to the surface of the pyramid inscribed in the cone a ratio less than that which the circle Β has to the surface of the cone ; which is impossible.® Therefore the circle is not greater than the surface of the cone. And it was proved not to be less ; therefore it is equal.
Prop. 16
If an isosceles cone be cut by a plane parallel to the base, the portion of the surface of the cone between the parallel planes is equal to a circle whose radius is a mean proportional between the portion of the side of the cone between the parallel planes and a straight line equal to the sum of the radii of the circles in the parallel planes.
Let there be a cone, in which the triangle through the axis is equal to ΑΒΓ, and let it be cut by a plane parallel to the base, and let [the cutting plane] make the section ΔΕ, and let BH be the axis of the cone,
• For the circumscribed polygon is greater than the circle B, but the surface of the inscribed pyramid is less than the surface of the cone [Prop. 12] ; the explanation to this effect in the text is attributed by Heiberg to an interpolator.
VOL. II
τὰ μιν . . . του κώνου om. Heiberg.
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εκ τοΰ κέντρου μέση άνάλογόν εστι της τε ΑΔ και συναμφοτερου της hAL, H Α, έστω δε κύκλος 6 Θ-
λέγω, ότι 6 Θ κύκλος ίσος εστι τη επιφάνεια τοΰ κώνου τη μεταξύ των ΔΕ, ΑΓ.
’Έκκείσθωσαν γαρ κύκλοι οι Α, Κ, και τοΰ μεν Κ κύκλου η εκ τοΰ κέντρου Βυνάσθω το υπό ΒΔΖ, τοΰ δε Α η εκ τοΰ κέντρον Βυνάσθω το υπό ΒΑΗ* ο μεν αρα Α κύκλος ΐσος εστιν τη επιφάνεια τοΰ ΑΒΓ κώνου, 6 Βε Κ κύκλος ΐσος εστι τη επιφάνεια τοΰ ΔΕΒ. και επε'ι τό υπό των ΒΑ, Α H ίσον εστι τω τε υπό των ΒΔ, ΔΖ καί τω υπό της ΑΔ και συναμφοτερου της hAL, AH Βία τό παράλληλον είναι την ΔΖ τη All, αλλά τό μεν υπό ΑΒ, ΑΗ Βύναται η εκ τοΰ κέντρον τοΰ Α κύκλου, τό Βε υπό ΒΔ, ΔΖ Βύναται η εκ τοΰ κέντρον τοΰ Κ κύκλου, τό Βε υπό της ΔΑ και συναμφοτερου της ΔΖ, Α H Βύναται η εκ τοΰ κέντρον τοΰ Θ, τό άρα από της εκ τοΰ κέντρον τοΰ Α κύκλον ίσον εστι τοΐς από των εκ των κέντρων των Κ, Θ κύκλων ώστε και ό Α κύκλος ίσος εστι τοΐς Κ, Θ κύκλοις. 8G
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and let there be set out a circle whose radius is a mean proportional between ΑΔ and the sum of ΔΖ, HA, and let θ be the circle ; I say that the circle θ is equal to the portion of the surface of the cone between ΔΕ, Αι.
For let the circles Λ, Κ be set out, and let the square of the radius of Κ be equal to the rectangle contained by ΒΔ, ΔΖ, and let the square of the radius of Λ be equal to the rectangle contained by BA, AH ; therefore the circle Λ is equal to the surface of the cone ΑΒΓ, while the circle Κ is equal to the surface of the cone ΔΕΒ [Prop. 14]. And since
BA . ΑΗ = ΒΔ . ΔΖ+ΑΔ . (ΔΖ+ΑΗ)
because ΔΖ is parallel to ΑΗγ’ while the square of the radius of Λ is equal to AB . AH, the square of the radius of Κ is equal to ΒΔ . ΔΖ, and the square of the radius of θ is equal to ΔΑ. (ΔΖ + AH), therefore the square on the radius of the circle Λ is equal to the sum of the squares on the radii of the circles K, θ; so that the circle Λ is equal to the sum of the circles •
• The proof is given by Eutocius as follows t BA: ΑΗ = ΒΔ:ΔΖ
BA.ΔΖ = ΒΔ. AH.	[Eucl. vi. 16
But BA . ΔΖ = ΒΔ . ΔΖ + ΑΔ . ΔΖ.	[Eucl. ii. 1
ΒΔ . ΑΗ = ΒΔ . ΔΖ+ΑΔ . ΔΖ.
Let ΔΑ . AH be added to both sides.
Then ΒΔ . AH + ΔΑ + AH,
i.e.	BA. AH =ΒΔ . ΔΖ + ΑΔ . ΔΖ + ΑΔ. AH.
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ἀλλ’ ό μεν Λ ίσος ἐστι τη επιφάνεια του ΒΑΓ κώνου, ο δε Κ ττ} επιφάνεια του ΔΒΕ κώνου' λοιπή αρα ή επιφάνεια τοΰ κώνου ή μεταξύ των παραλλήλων επίπεδων των ΔΕ, Α Γ ίση εστι τω Θ κύκλω.
κα'
Έάν els κύκλον πολύγωνον έγγραφη άρτιο-πλευράν τε και ισόπλευρον, και διαχθώσιν εύθεΐαι επιζευγνύουσαι τα? πλευράς τοΰ πολυγώνου, ώστε αύτάς παραλλήλους είναι μια όποιαοϋν των υπό δύο πλευράς τοΰ πολυγώνου υποτεινουσών, αι επι-ζευγνύουσαι πάσαι προς την τοΰ κύκλου διάμετρον τούτον εχουσι τον λόγον, ον εχει ή υποτείνουσα τάς μια ελασσόνας των ήμίσεων προς την πλευράν τοΰ πολυγώνου.
’Έστω κύκλος ο ΑΒΓΔ, και εν αύτω πολύγωνον εγγεγράφθ ω τό ΑΕΖΒΗΘΓΜΝΔΛΚ, και επ-εζεύχθωσαν αι ΕΚ, ΖΑ, ΒΔ, H Ν, ΘΜ* δήλον δη, ότι παράλληλοί είσιν τη υπό δύο πλευράς τοΰ πολυγώνου ύποτεινούση· λέγω ούν, ότι αι είρημεναι πάσαι προς την τοΰ κύκλου διάμετρον την ΑΓ τον αυτόν λόγον εχουσι τω τής ΓΕ προς ΕΑ.
*Κπεζεύχθωσαν γάρ αι ΖΚ, ΛΒ, ΗΔ, ΘΝ* παράλληλος αρα ή μεν ΖΚ τη ΕΑ, ή δε ΒΛ τη ΖΚ, και ετι ή μεν ΔΗ τη ΒΛ, ή 8e ΘΝ τη ΔΗ, και ή ΓΜ τη ΘΝ [και επει δύο παράλληλοί είσιν αι ΕΑ, ΚΖ, καί δύο διηγμεναι είσιν αι ΕΚ, ΑΟ]1, εστιν άρα, ως ή ΕΞ προς ΞΛ, 6 ΚΞ προς ΞΟ. ως δ’ ή ΚΞ προς ΞΟ, ή ΖΓΙ προς ΠΟ, ως δε
1 καί €TTti . . . ΕΚ, AO ora. Heiberg.
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Κ, θ. But Λ is equal to the surface of the cone ΒΑΓ, while Κ is equal to the surface of the cone Δ BE ; therefore the remainder, the portion of the surface of the cone between the parallel planes ΔΕ, ΑΓ, is equal to the circle θ.
Prop. 21
If a regular polygon with an even number of sides be ■ inscribed in a circle, and straight lines be drawn joining the angles a of the polygon, in suck a manner as to be parallel to any one whatsoever of the lines subtended by two sides of the polygon, the sum of these connecting lines bears to the diameter of the circle the same ratio as the straight line subtended by half the sides less one bears to the side of the polygon.
Let ΑΒΓΔ be a circle, and in it let the polygon ΑΕΖΒΗΘΓΜΝΔΛΚ be inscribed, and let EK, ΖΑ, ΒΔ, HN, ΘΜ be joined ; then it is clear that they are parallel to a straight line subtended by two sides of the polygon 6 ; I say therefore that the sum of the aforementioned straight lines bears to ΑΓ, the diameter of the circle, the same ratio as ΓΕ bears to EA.
For let ZK, ΛΒ, ΗΔ, ΘΝ be joined ; then ZK is parallel to EA, ΒΛ to ZK, also ΔΗ to ΒΛ, ΘΝ to ΔΗ and ΓΜ to ΘΝ c ; therefore
EE: HA =K3:HO.
But	ΚΗ : ΞΟ =ΖΠ : ΠΟ, [Eucl. vi. 4
• “ Sides ” according to the text, but Heiberg thinks Archimedes probably wrote γωνίας where we have πλευράς.
6 For, because the arcs ΚΛ, EZ are equal, λΕΚΖ = ^ΚΖΛ [Eucl. iii. 27] ; therefore EK is parallel to AZ ; and so on.
c For, as the arcs AK, EZ are equal, aAEK = zJ3KZ, and therefore ΑἙ is parallel to ZK; and so on.
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ή ΖΠ πρός ΠΟ, ή ΛΠ προς Π Ρ, ως δε η ^ΛΠ προς Π Ρ, όντως η ΒΣ προς ΣΡ, καί ε,τι, ως η μεν ΒΣ προς ΣΡ, η ΔΣ προς ΣΤ, ως δε ἡ ΔΣ ττρος ΣΤ, ἡ ΗΤ π ρος ΤΤ, και ετι, ως ή μεν ΗΤ
πρός ΤΤ, η NT πρός ΤΦ, ώς δἐ ἡ NT πρός ΎΦ, η ΘΧ προς ΧΦ, και ετι, ως μεν η ΘΧ προς ΧΦ, ἡ MX πρός ΧΓ [και πάντα άρα πρός πάνταJlgtw, ως εις των λόγων πρός ενα]1' ως αρα η Εϋ προς ΞΑ, όντως αι ΕΚ, ΖΑ, ΒΔ, ΗΝ, ΘΜ προς την ΑΓ διάμετρον, ως δε η ΕΞ πρός ΞΑ, όντως η ΓΕ πρός ΕΑ· εσται άρα καί, ως η ΓΕ πρός E Α, οντω πάσαι αι ΕΚ, ΖΑ, ΒΔ, ΗΝ, ΘΜ πρός την ΑΓ διάμετρον.
1 καί .. . ἔνα οιη. Heiberg.
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while	ΖΠ	:	ΠΟ = Λ Π : ΠΡ,	[ibid.
and	ΛΠ	:	ΠΡ = ΒΣ : ΣΡ.	[ibid.
Again,	ΒΣ	:	ΣΡ =ΔΣ : ΣΤ,	[ibid.
while	ΔΣ	:	ΣΤ =HY : YT.	[ibid.
Again,	Η Υ : ΎΤ = Ν Υ : ΥΦ,	[ibid.
while	NY	:	ΥΦ = ΘΧ : ΧΦ.	[ibid.
Again,	ΘΧ	:	ΧΦ = MX : ΧΓ,	[ibid.
therefore	EH	:	SA = ΕΚ + ΖΛ + ΒΔ + HN +
ΘΜ : ΑΓ.« [Eucl. v. 12 But	EH : ΞΑ = ΓΕ : EA ; [Eucl. vi. 4
therefore	ΓΕ : EA = ΕΚ + ΖΛ + ΒΔ + Η Ν +
ΘΜ : ΑΓ.»
•	By adding all the antecedents and consequents, for ΕΞ :ΞΑ = ΕΞ + ΚΞ + ΖΠ +ΛΠ + ΒΣ + ΔΣ +HY + NY + ΘΧ +
MX: ΞΑ + ΞΟ+ΠΟ + ΠΡ + ΣΡ + ΣΤ+ΥΤ+ΥΦ +ΧΦ+ΧΓ
=EK + ΖΛ + ΒΔ + HN + ΘΜ : ΑΓ.
*	If the polygon has 4n sides, then
lETK=~ and EK:Ar=sin—.
2n	2 n
Ζ.ΖΓΛ — §7; and ZA:Ar=sin|^, νη	2 n
Ζ.ΘΓΜ = (2n - 1) ^ and ΘΜ: ΑΓ = sin (2n - 1)
Further, Ζ.ΑΓΕ = and ΓΕ : EA=cot —· 4n	4
Therefore the proposition shows that
tt+sine^+· · -+sin
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κγ'
’Έστω εν σφαίρα μέγιστος κύκλος 6 ΑΒΓΔ, και έγγεγράφθω εις αυτόν πολύγωνον ισόπλευρον, το
$€ πλήθος των πλευρών αυτού μετρείσθω υπό τέτραπος, αι δέ ΑΓ, ΔΒ διάμετροι εστωσαν. εάν δη μενούσης της ΑΓ διαμέτρου περιενεχθη 6 ΑΒΓΔ κύκλος έχων το πολύγωνον, δηλον, ότι η μεν περιφέρεια αυτού κατά της επιφάνειας της σφαίρας ενεχθησεται, αι δε τού πολυγώνου γωνίαν χωρίς των προς τοΐς Α, Γ σημείοις κατά κύκλων περιφερειών ένεχθησονται εν τη επιφάνεια της σφαίρας γεγραμμένων ορθών προς τον ΑΒΓΔ κύκλον· διάμετροι δέ αυτών έσονται αι επιζευ-γνύουσαι τάς γωνίας τού πολυγώνου παρά την ΒΔ οΰσαι. at 8e τού πολυγώνου πλευραι κατά τινων κώνων ένεχθησονται, αι μεν ΑΖ, ΑΝ κατ’ επιφάνειας κώνον, οΰ βάσις μεν ό κύκλος ό περί διάμετρον την ΖΝ, κορυφή δέ τό Α σημεΐον, αι δέ 92
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Prop. 23
Let ΑΒΓΔ be the greatest circle in a sphere, and let there be inscribed in it an equilateral polygon, the number of whose sides is divisible by four, and let ΑΓ, ΔΒ be diameters. If the diameter ΑΓ remain stationary and the circle ΑΒΓΔ containing the polygon be rotated, it is clear that the circumference of the circle will traverse the surface of the sphere, while the angles of the polygon, except those at the points Α, Γ, will traverse the circumferences of circles described on the surface of the sphere at right angles to the circle ΑΒΓΔ; their diameters will be the [straight lines] joining the angles of the polygon, being parallel to ΒΔ. Now the sides of the polygon will traverse certain cones ; AZ, AN will traverse the surface of a cone whose base is the circle about the
diameter ZN and whose vertex is the point A ; ZH,
03
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ZH, MN κατά τινος κωνικής επιφάνειας οίσθή-σονται, ἡς βάσις μεν 6 κύκλος ό περί διάμετρον την ΜΗ, κορυφή δε τό σημειον, καθ' δ συμβάλλουσιν εκβαλλόμενοι αι ZH, ΜΝ άλλήλαις τε και τη ΑΓ, αι δε ΒΗ, ΜΔ πλευραι κατά κωνικής επιφάνειας οίσθήσονται, ής βάσις μεν εστιν ό κύκλος ό περί διάμετρον την ΒΔ ορθός προς τον ΑΒΓΔ κύκλον, κορυφή δε τό σημειον, καθ' δ συμβάλλουσ ιν εκ~ βαλλόμεναι αι ΒΗ, ΔΜ άλληλαις τε και τη ΤΑ* ομοίως δε καί αι εν τω ετερω ημικυκλίω πλευραι κατά κωνικών επιφανειών οίσθησονται πάλιν όμοιων ταύταις. εσται δη τι σχήμα εγγεγραμ-μενον εν τη σφαίρα υπό κωνικών επιφανειών περιεχόμενον τών προειρημενών, ου η επιφάνεια ἐλάσσων εσται της επιφάνειας τής σφαίρας.
Διαιρεθείσης γάρ τής σφαίρας υπό του επίπεδου τοΰ κατά την ΒΔ ορθού προς τον ΑΒΓΔ κύκλον ή επιφάνεια τοΰ ετερου ημισφαιρίου καί ή επιφάνεια τοΰ σχήματος τοΰ εν αύτώ εγγεγραμμένου τα αυτά περατα εχουσιν εν ενί επιπεδω · άμφο-τερων γάρ τών επιφανειών πέρας εστιν τοΰ κύκλου ή περιφέρεια τοΰ περί διάμετρον την ΒΔ όρθοΰ προς τον ΑΒΓΔ κύκλον καί είσιν άμφότεραι επί τα αυτά κοίλα ι, καί περιλαμβάνεται αυτών ή ετερα υπό τής ετερας επιφάνειας καί τής επίπεδου τής τα αυτά περατα εχούσης αυτή, ομοίως δε καί τοΰ εν τω ετερω ήμισφαιρίω σχήματος ή επιφάνεια ελάσσων εστιν τής τοΰ ημισφαιρίου επιφάνειας' καί δλη ουν ή επιφάνεια τοΰ σχήματος τοΰ εν τη σφαίρα ελάσσων εστιν τής επιφάνειας τής σφαίρας.
β Archimedes would not have omitted to make the deduc-
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MN will traverse the surface of a certain cone whose base is the circle about the diameter MH and whose vertex is the point in which ZH, MN produced meet one another and with ΑΓ ; the sides BH, ΜΔ will traverse the surface of a cone whose base is the circle about the diameter ΒΔ at right angles to the circle ΑΒΓΔ and whose vertex is the point in which BH, ΔΜ produced meet one another and with ΓΑ; in the same way the sides in the other semicircle will traverse surfaces of cones similar to these. As a result there will be inscribed in the sphere and bounded by the aforesaid surfaces of cones a figure whose surface will be less than the surface of the sphere.
For, if the sphere be cut by the plane through ΒΔ at right angles to the circle ΑΒΓΔ, the surface of one of the hemispheres and the surface of the figure inscribed in it have the same extremities in one plane ; for the extremity of both surfaces is the circumference of the circle about the diameter ΒΔ at right angles to the circle ΑΒΓΔ ; and both are concave in the same direction, and one of them is included by the other surface and the plane having the same extremities with it.0 Similarly the surface of the figure inscribed in the other hemisphere is less than the surface of the hemisphere ; and therefore the whole surface of the figure in the sphere is less than the surface of the sphere.
tion, from Postulate 4, that the surface of the figure inscribed in the hemisphere is less than the surface of the hemisphere.
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κδ'
Ή του έγγραφομένου σχήματος εις την σφαίραν έπιφάνεια Ιση έστί κύκλω, ου η έκ τοΰ κέντρου δύναται το περιεχόμενον υπό τε της πλευράς του σχήματος καί της ίσης πάσαις ταΐς έπιζευγνυού-σαις τάς πλευράς του πολυγώνου παραλλήλοις ούσαις τη υπ6 δύο πλευράς τοΰ πολυγώνου ύπο-τεινούση ευθεία.
Έστω έν σφαίρα μέγιστος κύκλος 6 ΑΒΡΔ, καί έν αύτω πολύγωνον έγγεγράφθω ισόπλευρον, ου αι πλευραί υπό τετράδος μετρούνται, και α πο τοΰ πολυγώνου τοΰ έγγεγραμμένου νοείσθω τι εις την σφαίραν έγγραφέν σχήμα, και έπεζεύχθωσαν αι ΕΖ, ΗΘ, ΓΔ, ΚΛ, ΜΝ παράλληλοι ουσα ι τη υπό δύο πλευράς ύποτεινούση ευθεία, κύκλος δε τις έκκείσθω ό Ξ, ου η έκ τοΰ κέντρου δυνάσθω τό περιεχόμενον υπό τε της ΑΕ καί της ίσης ταΐς ΕΖ, ΗΘ, ΓΔ, ΚΛ, ΜΝ· λέγω, ότι 6 κύκλος οδτνς ίσος ἐστι τη έπιφανεία τοΰ εις την σφαίραν έγγραφο μενού σχήματος.
Έκκείσθωσαν γάρ κύκλοι οι O, Π, Ρ, Σ, Τ, Τ, καί τοΰ μεν O η έκ τοΰ κέντρου δυνάσθω τό περιεχόμενον υπό τε της ΕΑ καί της ημισείας της ΕΖ, η δέ έκ τοΰ κέντρον τοΰ Π δυνάσθω το περιεχόμενον υπό τε της ΕΑ καί της ημισείας των ΕΖ, H Θ, η δέ έκ τοΰ κέντρου τοΰ Ρ δυνάσθω το περιεχόμενον υπό της ΕΑ και της ημισείας των H Θ, ΓΔ, η δέ έκ τοΰ κέντρου τοΰ Σ δυνάσθω το περιεχόμενον υπό τε της E Α καί της ημισείας των ΓΔ, ΚΑ, η δέ έκ τοΰ κέντρου τοΰ Τ δυνάσθω τό περιεχόμενον υπό τε τής ΑΕ καί τής ημισείας 96
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Prop. 24
The surface of the figure inscribed in the sphere is equal to a circle, the square of whose radius is equal to the rectangle contained by the side of the figure and a straight line equal to the sum of the straight lines joining the angles of the polygon, being parallel to the straight line subtended by two sides of the polygon.
Let ΑΒΓΔ be the greatest circle in a sphere, and in it let there be inscribed an equilateral polygon, the number of whose sides is divisible by four, and, starting from the inscribed polygon, let there be imagined a figure inscribed in the sphere, and let EZ, HO, ΓΔ, ΚΛ, MN be joined, being parallel to the straight line subtended by two sides ; now let there be set out a circle U, the square of whose radius is equal to the rectangle contained by AE and a straight line equal to the sum of EZ, ΗΘ, ΓΔ, ΚΛ, MN ; I say that this circle is equal to the surface of the figure inscribed in the sphere.
For let the circles Ο, Π, P, Σ, Τ, Y be set out, and let the square of the radius of 0 be equal to the rectangle contained by EA and the half of EZ, let the square of the radius of Π be equal to the rectangle contained by EA and the half of ΕΖ+ΗΘ, let the square of the radius of Ρ be equal to the rectangle contained by EA and the half of ΗΘ +ΓΔ, let the square of the radius of Σ be equal to the rectangle contained by EA and the half of ΓΔ +ΚΛ, let the square of the radius of Τ be equal to the rectangle
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των ΚΛ, MN, η δε εκ τον κέντρου τοΰ Υ δυνάσθω το περιεχόμενον υπό τε της ΑΕ καί της ημισειας της ΜΝ. διά δἡ ταΰτα ο μεν O κύκλος ίσος εστι τη επιφάνεια τοΰ ΑΕΖ κώνου, 6 δε Π τη επιφάνεια τοΰ κώνου τη μεταξύ των ΕΖ, ΗΘ, ό δέ Ρ τη μεταξύ των H Θ, ΓΔ, 6 δε Σ τη μεταξύ των
ΔΓ, ΚΛ, και έτι ο μεν Τ ΐσος έστι τη επιφάνεια τοΰ κώνου τη μεταξύ των ΚΛ, ΜΝ, ό δέ Τ τη τοΰ ΜΒΝ κώνου επιφάνεια ΐσος ἐστίν οι πάντες αρα κύκλοι ίσοι είσιν τη τοΰ εγγεγραμμένου σχήματος επιφάνεια. και φανερόν, ότι αι εκ των κέντρων των O, Π, Ρ, Σ, Τ, Χ κύκλων δυνανται τό περιεχόμενον υπό τε της ΑΕ και δι? των ημι-σεων της ΕΖ, Ι1Θ, ΓΔ, ΚΑ, ΜΝ, αι ολαι εισιν 98
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contained by AE and the half of ΚΛ +MN, and let the square of the radius of Y be equal to the rect angle contained by AE and the half of MN. Now by these constructions the circle 0 is equal to the surface of the cone AEZ [Prop. 14], the circle Π is equal to the surface of the conical frustum between EZ and ΗΘ, the circle Ρ is equal to the surface of the conical frustum between ΗΘ and ΓΔ, the circle Σ is
equal to the surface of the conical frustum between ΔΓ and ΚΛ, the circle Τ is equal to the surface of the conical frustum between ΚΛ, MN [Prop. 16], and the circle Y is equal to the surface of the cone MBN [Prop. 14] ; the sum of the circles is therefore equal to the surface of the inscribed figure. And it is manifest that the sum of the squares of the radii of the circles Ο, Π, Ρ, Σ, Τ, Y is equal to the rectangle contained by AE and twice the sum of the halves of EZ, ΗΘ, ΓΔ, ΚΛ, MN, that is to say, the sum of EZ,
99
GREEK MATHEMATICS
αι EZ, ΗΘ, ΓΔ, ΚΛ, MN· αι αρα εκ τών κέντρων των O, Π, Ρ, Σ, Τ, Τ κύκλων δύνανται το περιεχόμενον υπό τε της ΑΕ καί πασών των ΕΖ, H Θ, ΓΔ, ΚΛ, ΜΝ. αλλά και ἡ εκ τον κέντρον του Ξ κύκλον δύναται το υπό της ΑΕ και τής συγκείμενης εκ πασών των ΕΖ, ΗΘ, ΓΔ, ΚΛ, ΜΝ· ή αρα εκ του κέντρον του Ξ κύκλον δύναται τα από τών εκ τών κέντρων τών O, Π, Ρ, Σ, Τ, Τ κύκλων καί ο κύκλος αρα ό Ξ ίσος εστί τοΐς O, Π, Ρ, Σ, Τ, Τ κύκλοις, οι Si O, Π, Ρ, Σ, Τ, Τ κύκλοι άπεδείχθησαν ίσοι τή είρημενη του σχήματος επιφάνεια* και ό Ξ αρα κύκλος ίσος εσται τή επιφάνεια του σχήματος.
κε'
Τοΰ εγγεγραμμένου σχήματος εις την σφαίραν ή επιφάνεια ή περιεχομενη υπό τών κωνικών επιφανειών ἐλάσσων ἐστιν ή τετραπλάσια του μεγίστου κύκλον τών εν τή σφαίρα.
Έστω εν σφαίρα μέγιστος κύκλος ό ΑΒΓΔ, καί εν αύτώ εγγεγράφθω πολύγωνον [άρτιόγωνον] ισόπλευρον, οΰ αι πλευραί υπό τετράδος μετροΰνται, καί απ’ α ύτοΰ νοείσθω επιφάνεια η υπ ο τών
"If the radius of the sphere is α this proposition shows that Surface of inscribed figure = circle Ξ
= ττ. ΑΕ . (ΕΖ + ΗΘ+ΓΔ + ΚΛ + MN).
Now AE=2a sin and by p. 91 n. 6
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Ηθ, ΓΔ, ΚΛ, ΜΝ ; therefore the sum of the squares of the radii of the circles 0, Π, Ρ, Σ, Τ, Y is equal to the rectangle contained by AE and the sum of EZ, Ηθ, ΓΔ, ΚΛ, MN. But the square of the radius of the circle E is equal to the rectangle contained by AE and a straight line made up of EZ, Ηθ, ΓΔ, ΚΛ, MN [ex hypotkesi]; therefore the square of the radius of the circle S is equal to the sum of the squares of the radii of the circles 0, Π, Ρ, Σ, Τ, Y ; and therefore the circle H is equal to the sum of the circles 0, Π, Ρ, Σ, Τ, Y. Now the sum of the circles 0, Π, Ρ, Σ, Τ, Y was shown to be equal to the surface of the aforesaid figure ; and therefore the circle E will be equal to the surface of the figure.®
The surface of the figure inscribed in the sphere and bounded by the surfaces of cones is less than four times the greatest of the circles in the sphere.
Let ΑΒΓΔ be the greatest circle in a sphere, and in it let there be inscribed an equilateral potygon, the number of whose sides is divisible by four, and, starting from it, let a surface bounded by surfaces of
ΕΖ + ΗΘ + ΓΔ+ΚΛ+ΜΝ=2α fsin	. . + sin
L 2n 2 n
... Surface of inscribed figure =W sin ^[sin +sln ~£
+ . . . + sin(2n-l)^J
=4wa* cos f 4m
[by p. 91 n. b.
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κωνικών επιφανειών περιεχομενη· λέγω, ὅτι ἡ επιφάνεια τοΰ εγγραφεντος ελάσσων ἐστιν ἡ τετραπλάσια τον μεγίστου κύκλον των εν τῆ σφαίρα.
’Έιπεζενχθωσαν γαρ αι ύπο δύο πλευράς ύπό-τείνονσαι τοΰ πολυγώνου αι ΕΙ, ΘΜ και ταύταις παράλληλοι αι ΖΚ, ΔΒ, ΗΛ, εκκείσθω δε τις κύκλος 6 Ρ, ον η εκ τοΰ κέντρον δύναται το υπό της ΕΑ και της ίσης πάσαις ταΐς ΕΙ, ΖΚ, ΒΔ, ΗΛ, ΘΜ· διά δἡ το προδειχθεν ΐσος εστ'ιν 6 κύκλος τη τοΰ είρημενου σχήματος επιφάνεια, και επε'ι εδείχθη, δτι ἐστιν, ως η ίση πάσαις ταΐς ΕΙ, ΖΚ, ΒΔ, ΗΛ, ΘΜ προς την Βιάμετρον τοΰ κύκλον την ΑΓ, ούτως η ΓΕ προς ΕΑ, τό άρα ύπο τής ίσης πάσαις ταΐς είρημεναις και τής ΕΑ, τουτεστιν το αιτο τής εκ τοΰ κέντρον τοΰ Ρ κύκλου, ίσον εστ'ιν τω νπο των ΑΓ, ΓΕ. άλλα και το ύπο ΑΓ, ΓΕ ελασσόν εστι τοΰ άπο τής ΑΓ· ελασσον άρα εστ'ιν το άπο τής εκ τοΰ κέντρον τοΰ Ρ του άπο τής Α Γ [ελάσσων άρα εστ'ιν ή εκ τοΰ κέντρον τοΰ Ρ τής ΑΓ· ώστε ή Βιάμετρος τοΰ Ρ κύκλου ελάσσων εστ'ιν ή Βιπλασία τής διάμετρον τοΰ ΑΒΓΔ κύκλον, καί δύο άρα τοΰ ΑΒΓΔ κύκλου διάμετροι μείζους είσ'ι τής διάμετρον τοΰ Ρ κύκλου, και το τετράκις άπο τής διάμετρον τοΰ ΑΒΓΔ κύκλον, τουτεστι τής ΑΓ, μεΐζόν εστι του αττό τής τοΰ Ρ κύκλον διάμετρον. ως δε το τετράκις άπο τής ΑΓ προς το άπο τής του Ρ κύκλου διάμετρον, ούτως τεσσαρες κύκλοι οι ΑΒΓΔ 7τ ρος τον Ρ κύκλον· τεσσαρες άρα κύκλοι οι ΑΒΓΔ μείζους είσ'ιν τοΰ Ρ κύκλον]1· 6 άρα κύκλος 6 Ρ ελάσσων εστ'ιν ή τετραπλάσιος τοΰ 1 έλόσσων . . . κύκλον om. Heiberg.
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cones be imagined ; I say that the surface of the inscribed figure is less than four times the greatest of the circles inscribed in the sphere.
For let ΕΙ, ΘΜ, subtended by two sides of the polygon, be joined, and let ZK, ΔΒ, ΗΛ be parallel
to them, and let there be set out a circle P, the square of whose radius is equal to the rectangle contained by EA and a straight line equal to the sum of ΕΙ, ZK, ΒΔ, HA, ΘΜ ; by what has been proved above, the circle is equal to the surface of the aforesaid figure. And since it was proved that the ratio of the sum of ΕΙ, ZK, ΒΔ, ΗΛ, ΘΜ to ΑΓ, the diameter of the circle, is equal to the ratio of ΓΕ to EA [Prop. 21], therefore
EA . (ΕΙ + ZK + ΒΔ + ΗΛ + ΘΜ) that is, the square on the radius of the circle Ρ
[ex hyp.
= ΑΓ . ΓΕ.	[Eucl. vi. 16
But	ΑΓ . ΓΕ <ΑΓ2.	[Eucl. iii. 15
Therefore the square on the radius of Ρ is less than the square on ΑΓ ; therefore the circle Ρ is less
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GREEK MATHEMATICS μεγίστου κύκλον. 6 δε Ρ κύκλος ΐσος εδείχθη τῆ ειρημενη επιφάνεια του σχήματος· ή άρα επιφάνεια του σχήματος ελάσσων εστιν η τετραπλάσια του μεγίστου κύκλου των εν ττ} σφαίρα.
κη
Έστω εν σφαίρα μέγιστος κύκλος 6 ΑΒΓΔ, περί δε τον ΑΒΓΔ κύκλον περιγεγράφθω πολύ-γωνον ισόπλευρόν τε και ισογώνιον, το δε πλήθος των πλευρών αυτού μετρείσθω υπό τετράδος, τό δε περί τον κύκλον περιγεγραμμένον πολύγωνον κύκλος περιγεγραμμένος περιλαμβανετω περί τό αυτό κέντρον γινόμενος τω ΑΒΓΔ. μενούσης δη της E H περιενεχθήτω τό ΕΖΗΘ επίπεδον, εν ω τό τε πολύγωνον καί ό κύκλος· δηλον ούν, δτι η μεν περιφέρεια του ΑΒΓΔ κύκλου κατά, της επιφάνειας της σφαίρας οίσθήσεται, ή δε περιφέρεια
του ΕΖΗΘ κατ άλλης επιφάνειας σφαίρας τό 104
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than four times the greatest circle. But the circle Ρ was proved equal to the aforesaid surface of the figure ; therefore the surface of the figure is less than four times the greatest of the circles in the sphere.
Prop. 28
Let ΑΒΓΔ be the greatest circle in a sphere, and about the circle ΑΒΓΔ let there be circumscribed
an equilateral and equiangular polygon, the number of whose sides is divisible by four, and let a circle be described about the polygon circumscribing the circle, having the same centre as ΑΒΓΔ. While EH remains stationary, let the plane ΕΖΗΘ, in which lie both the polygon and the circle, be rotated ; it is clear that the circumference of the circle ΑΒΓΔ will traverse the surface of the sphere, while the circumference of ΕΖΗΘ will traverse the surface of another
105
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αυτό κέντρον εχούσης rfj ελάσσονι οίσθήσεται, α Ι δε άφαί, καθ' ας επιψαύουσιν αι πλευραί, γρά-φουσιν κύκλους ορθούς προς τον ΑΒΓΔ κύκλον iv τῆ ελάσσονι σφαίρα, αι δε γωνίαι του πολυγώνου χωρίς των προς τοΐς E, H ση με ίο ις κατά κύκλων περιφερειών οίσθήσονται iv τῆ επιφάνεια της μείζονος σφαίρας γεγραμμενων ορθών προς τον ΕΖΗΘ κύκλον, αι 8ε πλευραί τον πολυγώνου κατά κωνικών επιφανειών οίσθήσονται, καθάπερ επί τών προ τούτου- εσται οΰν τό σχήμα τό περιεχόμενον υπό τών επιφανειών τών κωνικών περί μεν την ελασσόνα σφαίραν περιγεγραμμενον, εν 8ε τη μείζονι εγγεγραμμένου. ότι 8ε ή επιφάνεια του περιγεγραμμένου σχήματος μείζων εστί της επιφάνειας της σφαίρας, ούτως 8ειχθησεται.
uΈστω γάρ η ΚΔ 8ιάμετρος κύκλου τινός τών εν τη ελάσσονι σφαίρα τών Κ, Δ σημείων οντων, καθ' α άπτονται του ΑΒΓΔ κύκλου αι πλευράι1 του περιγεγ ραμμένου πολυγώνου. διηρημένης 8η της σφαίρας υπό του επίπεδου τοΰ κατά την ΚΔ ορθού προς τον ΑΒΓΔ κύκλον καί ή επιφάνεια τοΰ περιγεγ ραμμένου σχήματος περί την σφαίραν διαιρεθήσεται υπό τοΰ επιπέδου, καί φανερόν, οτι τα αυτά πέρατα έχουσιν εν επιπέδω - άμφοτέρων γάρ τών επιπέδων πέρας ἐστιν η τοΰ κύκλου περιφέρεια τοΰ περί διάμετρον την ΚΔ όρθοΰ προς τον ΑΒΓΔ κύκλον καί είσιν άμφότεραι επι τα αυτά κοΐλαι, καί περιλαμβάνεται η έτέρα αυτών υπό τῆς έτέρας επιφάνειας καί της επιπέδου της τα αυτά πέρατα εχούσης- έλάσσων οΰν ἐστιν ή περιλαμβανομένη τοΰ τμήματος της σφαίρας επιφάνεια της επιφάνειας τοΰ σχήματος τοΰ περι-106
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sphere, having the same centre as the lesser sphere ; the points of contact in which the sides touch [the smaller circle] will describe circles on the lesser sphere at right angles to the circle ΑΒΓΔ, and the angles of the polygon, except those at the points E, H will traverse the circumferences of circles on the surface of the greater sphere at right angles to the circle ΕΖΗΘ, while the sides of the polygon will traverse surfaces of cones, as in the former case ; there will therefore be a figure, bounded by surfaces of cones, described about the lesser sphere and inscribed in the greater. That the surface of the circumscribed figure is greater than the surface of the sphere will be proved thus.
Let ΚΔ be a diameter of one of the circles in the lesser sphere, K, Δ being points at which the sides of the circumscribed polygon touch the circle ΑΒΓΔ. Now, since the sphere is divided by the plane containing ΚΔ at right angles to the circle ΑΒΓΔ, the surface of the figure circumscribed about the sphere will be divided by the same plane. And it is manifest that they ° have the same extremities in a plane ; for the extremity of both surfaces 6 is the circumference of the circle about the diameter ΚΔ at right angles to the circle ΑΒΓΔ ; and they are both concave in the same direction, and one of them is included by the other and the plane having the same extremities ; therefore the included surface of the segment of the sphere is less than the surface of
0 i.e., the surface formed by the revolution of the circular segment ΚΑΛ and the surface formed by the revolution of the portion Κ ... E ... Δ of the polygon.
6 In the text επίπεδων should obviously be επιφανειών. 1
1 αἱ πλευραι Heiberg ; om. codd.
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γεγραμμενον περί αυτήν. ομοίως δε καί η τοΰ λοιπού τμήματος της σφαίρας επιφάνεια ἐλάσσων εστίν της επιφάνειας τοΰ σχήματος τοΰ περι-γεγραμμένου περί αυτήν δῆλον οΰν, δτι καί δλη ή επιφάνεια της σφαίρας ἐλάσσων εστί της επιφάνειας τοΰ σχήματος τοΰ περιγεγραμμενου περί αυτήν.
κθ'
Τῆ επιφάνεια τοΰ περιγεγραμμενου σχήματος περί την σφαίραν ίσος εστί κύκλος, ου η εκ τοΰ κέντρον ίσον δυναται τω περιεχομένω υπό τε μιας πλευράς τοΰ πολυγώνου και της ίσης πασαις ταΐς επιζευγνυουσαις τάς γωνίας τοΰ πολυγώνου ουσαις παρά τινα των υπό δυο πλευράς τοΰ πολυγώνου υποτεινουσών.
Το γάρ περιγεγραμμενου περί την ελάσσονα σφαίραν εγγεγραπται εις την μείζονα σφαίραν’ τοΰ δε εγγεγραμμένου εν τη σφαίρα περιεχομένου υπό των επιφανειών τών κωνικών δεδεικται ότι τη επιφάνεια ίσος εστίν 6 κύκλος, ου η εκ τοΰ κέντρον δυναται τό περιεχόμενον υπό τε μιας πλευράς τοΰ πολυγώνου καί της ίσης πάσαις ταΐς επιζευγνυουσαις τ ας γωνίας τοΰ πολυγώνου οΰσαις παρά τινα τών υπό δυο πλευράς υποτεινουσών δηλον οΰν εστι τ ο προειρημένου.
“If the radius of the inner sphere is α and that of the outer sphere o', and the regular polygon has 4» sides, then
a"—a see 7—·
4n
This proposition shows that
Area of figure circumscribed _ Area of figure inscribed In
to circle of radius α	circle of radius a'
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the figure circumscribed about it [Post. 4]. Similarly the surface of the remaining segment of the sphere is less than the surface of the figure circumscribed about it ; it is clear therefore that the whole surface of the sphere is less than the surface of the figure circumscribed about it.
Prop. 29
The surface of the figure circumscribed about the sphere is equal to a circle, the square of whose radius is equal to the rectangle contained by one side of the polygon and a straight line equal to the sum of all the straight lines joining the angles of the polygon, being parallel to one of the straight lines subtended by two sides of the polygon.
For the figure circumscribed about the lesser sphere is inscribed in the greater sphere [Prop. 28] ; and it has been proved that the surface of the figure inscribed in the sphere and formed by surfaces of cones is equal to a circle, the square of whose radius is equal to the rectangle contained by one side of the polygon and a straight line equal to the sum of all the straight lines joining the angles of the polygon, being parallel to one of the straight lines subtended by two sides [Prop. 24] ; what was aforesaid is therefore obvious.®
=w>slnii[sln£+SInK+·. .+sta(2»-l)i}
or 4ιτa'2 cos ^ - [by p. 91 n. b -W sec* i sin £ [sin + sin g +. . . +sln (2» - l)gj}
or 4πο2 sec f— 4 n
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Λ'
Του σχήματος του περιγεγραμμένου περί τἡν σφαίραν η επιφάνεια μείζων ἐστιν ἡ τετράπλασία του μεγίστου κύκλου των εν τη σφαίρα.
’Έστω γάρ η τε σφαίρα και 6 κύκλος και τἀ άλλα τα αυτά τοι? πρότερον προκειμένοις, και δ Λ κύκλος ίσος τη επιφάνεια έστω του π ρο κειμένου περιγεγραμμένου περί την ελασσόνα σφαίραν.
Έττίί ούν εν τω ΕΖΗΘ κύκλω πολύγωνον
ισόπλευρον έγγέγραπται καί άρτιογώνιον, αι επι-ζευγνύουσαι τάς του πολυγώνου πλευράς παράλληλοι οΰσαι τη ΖΘ προς την ΖΘ τον αυτόν λόγον έχουσιν, ον ή ΘΚ προς ΚΖ· ίσον άρα ἐστιν τό περιεχόμενον σχήμα υπό τε μιας πλευράς του πολυγώνου καί της ίσης πάσαις ταΐς έπιζευγνυού-σαις τάς γωνίας του πολυγώνου τω περιεχόμενα) υπό των ΖΘΚ· ώστε η εκ του κέντρου τ ου Α κύκλου ίσον δύναται τω υπό ΖΘΚ· μείζων άρα 110
ARCHIMEDES
Prop. SO
The surface of the figure circumscribed about the sphere is greater than four times the greatest of the circles in the sphere.
For let there be both the sphere and the circle and the other things the same as were posited before, and let the circle Λ be equal to the surface of the given figure circumscribed about the lesser sphere.
Therefore since in the circle ΕΖΗΘ there has been inscribed an equilateral polygon with an even number of angles, the [sum of the straight lines] joining the sides of the polygon, being parallel to ΖΘ, have the same ratio to ΖΘ as ΘΚ to KZ [Prop. 21] ; therefore the rectangle contained by one side of the polygon and the straight line equal to the sum of the straight lines joining the angles of the polygon is equal to the rectangle contained by ΖΘ, ΘΚ [Eucl. vi. 16] ; so that the square of the radius of the circle Λ
is equal to the rectangle contained by ΖΘ, ΘΚ
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εστιν η ἐκ του κέντρου του A κύκλον της ΘΚ. ή δε ΘΚ ΐση έστι τη διαμέτρω του ΑΒΓΔ κύκλου [διπλάσιά γάρ ἐστιν της ΧΣ ούσης εκ του κέντρου του ΑΒΓΔ κύκλοι»].1 δηλον ούν, ὅτι μείζων ἐστιν η τετραπλάσιος 6 Α κύκλος, τουτέστιν ή επιφάνεια του περιγεγραμμένου σχήματος περί την έλάσσονα σφαίραν, του μεγίστου κύκλου των εν τη σφαίρα.
λγ'
ϊίάσης σφαίρας η επιφάνεια τετραπλάσια έστι τού μεγίστου κύκλου των εν αύτη.
Έστω γάρ σφαΐρά τις, και έστω τετραπλάσιος του μεγίστου κύκλου 6 Α· λέγω, οτι 6 Α ίσος εστιν τη επιφάνεια της σφαίρας.
Ει γάρ μη, ήτοι μείζων εστιν η έλάσσων. έστω πρότερον μείζων η επιφάνεια της σφαίρας τού κύκλου, έστι δη δύο μεγέθη άνισα η τε επιφάνεια της σφαίρας καί 6 Α κύκλος· δυνατόν αρα έστι λαβεΐν δύο ευθείας άνίσους, ώστε την μείζονα προς την ελάσσονα λόγον έχειν ελάσσονα του, ον έχει η 1 διπλάσιά . . . κύκλου om. Heiberg.
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Because ΖΘ>ΘΚ [Eud. iii. 15].
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[Prop. 29]· Therefore the radius of the circle Λ is greater than θΚ.α Now ΘΚ is equal to the diameter of the circle ΑΒΓΔ ; it is therefore clear that the circle Λ, that is, the surface of the figure circumscribed about the lesser sphere, is greater than four times the greatest of the circles in the sphere.
Prop. 33
The surface of any sphere is four times the greatest of the circles in it.
For let there be a sphere, and let A be four times the greatest circle ; I say that A is equal to the surface of the sphere.
For if not, either it is greater or less. First, let the surface of the sphere be greater than the circle.
Then there are two unequal magnitudes, the surface of the sphere and the circle A ; it is therefore possible to take two unequal straight lines so that the greater bears to the less a ratio less than that which the sur-
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έπιφάνεια τής σφαίρας προς τον κύκλον. είλή-φθωσαν αι Β, Γ, καί των Β, Γ μέση άνάλογον έστω η Δ, νοείσθω Se και η σφαίρα έπιπέδω τετμημένη διά του κέντρου κατά, τον ΕΖΗΘ κύκλον, νοείσθω δε και εις τον κύκλον έγγεγραμ-μένον και περιγεγραμμένον πολύγωνον, ' ώστε δμοιον είναι το περιγεγραμμένον τω εγγεγραμμένου πολυγώνου και την του περιγεγραμμένου πλευράν ελασσόνα λόγον έχειν του, ον έχει η Β προς Δ [και ό διπλάσιος άρα λόγος του διπλάσιου λόγου έστιν έλάσσων. και τοΰ μεν της Β προς Δ διπλάσιο? έστιν ό της Β προς την Γ, της δέ πλευράς τοΰ περιγεγραμμένου πολυγώνου προς την πλευράν τοΰ εγγεγραμμένου διπλάσιος ό της επιφάνειας τοΰ περιγεγραμμένου στερεοΰ προς την επιφάνειαν τοΰ εγγεγραμμένου]1' η επιφάνεια άρα τοΰ περιγεγραμμένου σχήματος περί την σφαίραν προς την επιφάνειαν τοΰ εγγεγραμμένου σχήματος ελασσόνα λόγον έχει ήπερ ή επιφάνεια τής σφαίρας προς τον Α κύκλον οπερ άτοπον ή μεν γάρ επιφάνεια τοΰ περιγεγραμμένου τής επιφάνειας τής σφαίρας μείζων εστιν, ή δε επιφάνεια τοΰ εγγεγραμμένου σχήματος τοΰ Α κύκλου έλάσσων έστί [δίδεικται γάρ ή επιφάνεια τοΰ εγγεγραμμένου έλάσσων τοΰ μεγίστου κύκλου τέυν έν τή σφαίρα ή τετραπλάσια, τοΰ δέ.μεγίστου κύκλου τετραπλάσιός έστιν 6 Α κύκλο?].2 ούκ άρα ή έπιφάνεια τής σφαίρας μείζων έστι τοΰ Α κύκλου.
1 και . . . εγγεγραμμένου om. Heiberg.
* δέδὲικται . . . κύκλος “ repetitionem inutilem Prop. 25,” om. Heiberg.
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face of the sphere bears to the circle [Prop. 2]. Let Β, Γ be so taken, and let Δ be a mean proportional between Β, Γ, and let the sphere be imagined as cut
through the centre along the [plane of the] circle ΕΖΗΘ, and let there be imagined a polygon inscribed in the circle and another circumscribed about it in such a manner that the circumscribed polygon is similar to the inscribed polygon and the side of the circumscribed polygon has [to the side of the inscribed polygon] α a ratio less than that which Β has to Δ [Prop. 3]. Therefore the surface of the figure circumscribed about the sphere has to the surface of the inscribed figure a ratio less than that which the surface of the sphere has to the circle A ; which is absurd ; for the surface of the circumscribed figure is greater than the surface of the sphere [Prop. 28], while the surface of the inscribed figure is less than the circle A [Prop. 25]. Therefore the surface of the sphere is not greater than the circle A.
0 Archimedes would not have omitted: npos τήν του e’yye-γραμμίνου.
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Κεγω δη, ότι ουδέ ἐλάσσων, el γάρ δυνατόν, έστω· και ομοίως εύρησθωσαν αι Β, Γ ευθεΐαι, ώστε την Β προς Γ ελασσόνα λόγον εχειν του, ον εχει ό Α κύκλος προς την επιφάνειαν της σφαίρας, και των Β, Γ μέση άνάλογον ή Δ, και εγγεγράφθω και περιγεγράφθω πάλιν, ώστε την του περιγε-γραμμένου ελάσσονα λόγον εχειν του της Β προς Δ [και τα διπλάσια άρα]1· η επιφάνεια άρα του περιγεγραμμένου προς την επιφάνειαν του εγγεγραμμένου ελάσσονα λόγον εχει ηπερ [ἡ Β προς Γ. ἡ δε Β προς Γ ελάσσονα λόγον εχει ηπερ]2 ό Α κύκλος προς την επιφάνειαν της σφαίρας· δπερ άτοπον η μεν γάρ του περιγεγραμμένου επιφάνεια μείζων εστι του Α κύκλου, η δε του εγγεγραμμένου ελάσσων της επιφάνειας της σφαίρας.
Ούκ άρα ούδε ελάσσων η επιφάνεια της σφαίρας του Α κύκλου, εδείχθη δε, ότι ούδε μείζων’ ή άρα επιφάνεια της σφαίρας ίση εστι τω Α κύκλω, τουτεστι τω τετραπλασίω του μεγίστου κύκλου.
1 και .. . άρα om. Heiberg.
* ή Β . . . -ηπερ om. Heiberg.
° Archimedes would not have omitted these words.
6 On p. 100 η. a it was proved that the area of the ioscribed figure is
47τα* sin ^ [sin ~ + sin +. . . +sin (2» - 1) or 4ττα2 cos
4 n
On p. 108 η. α it was proved that the area of the circumscribed figure is
w*c‘£stos[!tos+*toii+· · •+sln(2',"I)£]'
or 4πα2 sec j-.
116
ARCHIMEDES
I say now that neither is it less. For, if possible let it be ; and let the straight lines Β, Γ be similarly found, so that Β has to Γ a less ratio than that which the circle A has to the surface of the sphere, and let Δ be a mean proportional between Β, Γ, and let [polygom] be again inscribed and circumscribed, so that the [side] of the circumscribed polygon has [to the side of the inscribed polygon] 0 a less ratio than that of Β to Δ ; then the surface of the circumscribed polygon has to the surface of the inscribed polygon a ratio less than that which the circle A has to the surface of the sphere ; which is absurd ; for the surface of the circumscribed polygon is greater than the circle A, while that of the inscribed polygon is less than the surface of the sphere.
Therefore the surface of the sphere is not less than the circle A. And it was proved not to be greater ; therefore the surface of the sphere is equal to the circle A, that is to four times the greatest circle.6
When n is indefinitely increased, the inscribed and circumscribed figures become identical with one another and with
the circle, and, since cos ^and sec — both become unity, the
above expressions both give the area of the circle as 4nτα2.
But the first expressions are, when n is indefinitely increased, precisely what is meant by the integral
which is familiar to every student of the calculus as the formula for the area of a sphere and has the value 4πα2.
Thus Archimedes’ procedure is equivalent to a genuine integration, but when it comes to the last stage, instead of saying, “ Let the sides of the polygon be indefinitely
E
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λδ'
Πασα σφαίρα τετραπλάσια earl κώνου του βάσιν μεν εχοντος ίσ η ν τω μεγίστω κύκλω των εν τῆ σφαίρα, νφος δε την εκ του κέντρου της σφαίρας.
"Εστω γάρ σφαΐρά τις και εν αυτή μέγιστος κύκλος 6 ΑΒΓΔ. ει οΰν μη εστιν η σφαίρα τε-
τραπλάσια τοΰ είρημενου κώνου, έστω, ει δυνατόν, μείζων η τετραπλάσια' έστω δε ό Ξ κώνος βάσιν μεν εχων τετραπλασίαν του ΑΒΓΔ κύκλου, ύφος δε ίσον τη εκ τοΰ κέντρου της σφαίρας· μείζων ουν εστιν η σφαίρα τοΰ Ξ κώνου, εσται δη δύο μεγεθη άνισα η τε σφαίρα καί ό κώνος’ δυνατόν ουν δύο ευθείας λαβεΐν άνίσους, ώστε ἐχειν την
increased,” he prefers to prove that the area of the sphere cannot be either greater or less than 4πα*. By this double reductio ad absurdum he avoids the logical difficulties of dealing with indefinitely small quantities, difficulties that were not fully overcome until recent times.
The procedure by which in this same book Archimedes 118
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Prop. 34
Any sphere is four times as great as the cone having a base equal to the greatest of the circles in the sphere and height eaual to the radius of the sphere.
For let tnere be a sphere in which ΑΒΓΔ is the greatest circle. If the sphere is not four times the
aforesaid cone, let it be, if possible, greater than four times ; let Ξ be a cone having a base four times the circle ΑΒΓΔ and height equal to the radius of the sphere ; then the sphere is greater than the cone Ξ. Accordingly there will be two unequal magnitudes, the sphere and the cone ; it is therefore possible to take two unequal straight lines so that
finds the surface of the segment of a sphere is equivalent to the integration
7ro2J 2 sin θ άθ—2πα2 (1 - cos a).
Concurrently Archimedes finds the volumes of a sphere and segment of a sphere. lie uses the same inscribed and circumscribed figures, and the procedure is equivalent to multiplying the above formulae by λα throughout. Other “ integrations ” effected by Archimedes are the volume of a segment of a paraboloid of revolution, the volume of a segment of a hyperboloid of revolution, the volume of a segment of a spheroid, the area of a spiral and the area of a segment of a parabola. He also finds the area of an ellipse, but not by a method equivalent to integration. The subject is fully treated by Heath, The Works of Archimedes, pp. cxlii-cliv, to whom I am much indebted in writing this note.
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μείζονα προς την Ελασσόνα ελασσόνα λόγον του, ον εχει ή σφαίρα προς τον Ξ κώνον, εστωσαν οΰν αι Κ, H, at δε Ι, Θ εΐλημμέναι, ώστε τω ΐσω άλλή-λων ύπερέχειν την Κ της Ι και την Ι της Θ και την Θ της H, νοείσθω δε και εις τον ΑΒΓΔ κύκλον εγγεγραμμένον πολύγωνον, ου τό πλήθος των πλευρών μετρείσθω υπό τετράδος, και άλλο περιγεγραμμένον δμοιον τω εγγεγραμμένο), καθάπερ επί τών πρότερον, ή δε του περιγεγραμμένου πολυγώνου πλευρά προς την του εγγεγραμμένου ελασσόνα λόγον εχέτω του, ον εχει ή Κ προς Ι, και έστωσαν αι ΑΓ, ΒΔ διάμετροι προς όρθάς άλλήλαις. εί οΰν μενούσης τής ΑΓ διαμέτρου περιενεχθείη τό επίπεδον, εν ω τα πολύγωνα, έσται σχήματα1 τό μεν εγγεγραμμένον εν τή σφαίρα, τό δε περιγεγραμμένον, καί έζει τό περιγεγραμμένον προς τό εγγεγραμμένον τριπλασίονα λόγον ήπερ ή πλευρά του περιγεγραμμένου προς την του εγγεγραμμένου εις τον ΛΒΓΔ κύκλον, ή δε πλευρά προς την πλευράν ελασσόνα λόγον εχει ήπερ ή Κ προς τήν Ι* ώστε τό σχήμα τό περιγεγραμμένον ελασσόνα λόγον έχει ή τριπλασίονα του Κ προς Ι.
1 σχήματα Heiberg, τὰ σχήμα codd.
0 Eutocius supplies a proof on these lines. Let the lengths of Κ, Ι, Θ, II be a, b, c, d. Then a-b=b-c=c-d, and it is required to prove that α : d>a3 : bs.
Take χ such that	a: b =b : x.
Then	a-b:a = b-x:b,
and since a>b,	a-b>b - x.
But, by hypothesis,	a- b=b-c.
Therefore	b - c>b - x,
and so	x>c.
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the greater will have to the less a less ratio than that which the sphere has to the cone H. Therefore let the straight lines Κ, H, and the straight lines I, θ, be so taken that Κ exceeds I, and I exceeds θ and θ exceeds H by an equal quantity ; let there be imagined inscribed in the circle ΑΒΓΔ a polygon the number of whose sides is divisible by four; let another be circumscribed similar to that inscribed so that, as before, the side of the circumscribed polygon has to the side of the inscribed polygon a ratio less than that Κ : I ; and let ΑΓ, ΒΔ be diameters at right angles. Then if, while the diameter ΑΓ remains stationary, the surface in which the polygons lie be revolved, there will result two [solid] figures, one inscribed in the sphere and the other circumscribed, and the circumscribed figure will have to the inscribed the triplicate ratio of that which the side of the circumscribed figure has to the side of the figure inscribed in the circle ΑΒΓΔ [Prop. 32]. But the ratio of the one side to the other is less than Κ : I [ex hi/potkesi\ ; and so the circumscribed figure has [to the inscribed] a ratio less than Κ8 :13. But ° Κ : H> Κ3 : l3 ; by much more there-
Again, take y such that 6 : z=x : y.
Then, as before	6 - x>x - y.
Therefore, a fortiori,	6 - c>x~y.
But, by hypothesis,	b- c--c- d.
Therefore	c - d>x-y.
But	x>c,
and so	y>d.
But, by hypothesis, a:b = b:x = x:y,
a : y-a* : θ3 [Eucl. v. Def. 10, also vol. i. p. l258 n. b.
Therefore α : d> a3 : 6®.
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εχει δε καί ή Κ προς Η μείζονα λόγον η τριπλάσιον του, ον εχει ἡ Κ προς Ι [τούτο γάρ φανερόν διά λημμάτων]1' πολλώ άρα τό περίγραφον προς τό εγγραφεν ελάσσονα λόγον εχει του, ον εχει η Κ προς H. ή δε Κ προς H ελάσσονα λόγον εχει ηπερ η σφαίρα προς τον Ξ κώνον και εναλλάξ’ δπερ αδύνατον τό γάρ σχήμα τό περιγεγραμμενον μεΐζόν εστι της σφαίρας, τό δε εγγεγραμμενον ελασσον του Ξ κώνου [διότι ό μεν Ξ κώνος τετραπλάσιός εστι του κώνου του βάσιν μεν εχοντος ίσην τω ΑΒΓΔ κύκλω, ύφος δε ίσον τη εκ του κέντρον της σφαίρας, τό δε εγγεγραμμενον σχήμα ελασσον τοϋ ειρημενον κώνον η τετραπλάσιον] .* ούκ άρα μείζων η τετραπλάσια ή σφαίρα τοϋ ειρημενον.
"Εστω, ει δυνατόν, ἐλάσσων η τετραπλάσια’ ώστε ἐλάσσων εστιν η σφαίρα τοϋ Ξ κώνου, εί-ληφθωσαν δη αι Κ, H εύθεΐαι, ώστε την Κ μείζονα είναι της H και ελάσσονα λόγον εχειν προς αυτήν του, ον εχει 6 Ξ κώνος προς την σφαίραν, και αι Θ, Ι εκκείσθωσαν, καθώς πρότερον, καί εις τον ΑΒΓΔ κύκλον νοείσθω πολύγωνον εγγεγραμμενον καί άλλο περιγεγραμμενον, ώστε την πλευράν του π εριγεγραμμενον προς την πλευράν τοϋ εγγεγραμμένου ελάσσονα λόγον εχειν ηπερ η Κ προς Ι, καί τα άλλα κατεσκενασμενα τον αυτόν τρόπον τοΐς πρότερον- εξει άρα καί τό περιγεγραμμενον στερεόν σχήμα προς τό εγγεγραμμενον τριπλασίονα λόγον ηπερ η πλευρά τον περιγεγραμμενον περί τον ΑΒΓΔ κύκλον προς την του εγγεγραμμενον. η δε πλευρά προς την πλευράν ελάσσονα λόγον εχει
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fore the circumscribed figure has to the inscribed a ratio less than Κ : H. But Κ : H is a ratio less than that which the sphere has to the cone 3 [ex hypothesi] ; [therefore the circumscribed figure has to the inscribed a ratio less than that which the sphere has to the cone E] ; and permutando, [the circumscribed figure has to the sphere a ratio less than that which the inscribed figure has to the cone] α ; which is impossible ; for the circumscribed figure is greater than the sphere [Prop. 28], but the inscribed figure is less than the cone 3 [Prop. 27]. Therefore the sphere is not greater than four times the aforesaid cone.
Let it be, if possible, less than four times, so that the sphere is less than the cone Ξ. Let the straight lines Κ, H be so taken that Κ is greater than H and Κ : H is a ratio less than that which the cone E has to the sphere [Prop. 2] ; let the straight lines θ, I be placed as before ; let there be imagined in the circle ΑΒΓΔ one polygon inscribed and another circumscribed, so that the side of the circumscribed figure has to the side of the inscribed a ratio less than Κ : I; and let the other details in the construction be done as before. Then the circumscribed solid figure will have to the inscribed the triplicate ratio of that which the side of the figure circumscribed about the circle ΑΒΓΔ has to the side of the inscribed figure [Prop. 32]. But the ratio of the sides
• A marginal note in one ms. gives these words, which Archimedes would not have omitted. * *
1 τοΰτο . . . λημμάτων om, Heiberg.
* διότι . . . τετραπλάσιον om. Heiberg.
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ήττερ ή Κ προς I · εξει οΰν το σχήμα το περιγεγραμμενον προς το εγγεγραμμενον ελασσόνα λόγον ή τριπλάσιον του, ον εχει ή Κ προς την Ι. ἡ δε Κ προς την H μείζονα λόγον εχει ή τριπλάσιον τοΰ, ον εχει ή Κ προς την Ι· ώστε ελάσσονα λόγον εχει τό σχήμα τό περιγεγραμμενον προς το εγγεγραμμενον ή ή Κ προς την H. ή δε Κ προς την H ελάσσονα λόγον εχει η 6 Ξ κώνος προς την σφαίραν’ όπερ αδύνατον τό μεν γάρ εγγεγραμμενον ελασσόν ἐστι τής σφαίρας, τό δε περιγεγραμμενον μεΐζον τοΰ Ξ κώνον. ονκ άρα ουδέ ελάσσων ἐστιν ή τετραπλάσια ή σφαίρα τοΰ κώνου τοΰ βάσιν μεν εχοντος ΐσην τω ΑΒΓΔ κύκλω, ϋφος δε την ϊσην τή εκ τον κέντρον τής σφαίρας, εδείχθη δε, οτι ούδε μείζων τετραπλάσια άρα.
[Πόρισμα]1	.
ΤΙροδεδειγμενων δε τούτων φανερόν, οτι πας κύλινδρος βάσιν μεν εχων τον μεγιστον κύκλον των εν τή σφαίρα, ϋφος §€ ίσον τή διάμετρον τής σφαίρας, ήμιόλιός εστι τής σφαίρας και ή επιφάνεια αύτοΰ μετά, των βάσεων ημιολία τής επιφάνειας τής σφαίρας.
Ό μεν γό,ρ κύλινδρος 6 προειρημένος εξαπλάσιος εστι τοΰ κώνου τοΰ βάσιν μεν εχοντος την αυτήν, ϋφος δε ίσον τή εκ τοΰ κέντρον, ή δε σφαίρα δεδεικται τοΰ αύτοΰ κώνου τετραπλάσια οϋσα’ δήλον οΰν, οτι ό κύλινδρος ήμιόλιός εστι τής σφαίρας, πάλιν, επει ή επιφάνεια τοΰ κυλίνδρου χωρίς των βάσεων ίση δεδεικται κύκλω, ου ή εκ 1 νόμισμα. The title is not found in some mss.
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is less than Κ : I [ex hypothesi] ; therefore the circumscribed figure has to the inscribed a ratio less than Κ3 :13. But Κ : H> Κ3 : I3 ; and so the circumscribed figure has to the inscribed a ratio less than Κ : H. But Κ : H is a ratio less than that which the cone 3 has to the sphere [ex hypothesi] ; [therefore the circumscribed figure has to the inscribed a ratio less than that which the cone E has to the sphere]0 ; which is impossible ; for the inscribed figure is less than the sphere [Prop. 28], but the circumscribed figure is greater than the cone Ξ [Prop. 31, coroll.]. Therefore the sphere is not less than four times the cone having its base equal to the circle ΑΒΓΔ, and height equal to the radius of the sphere. But it was proved that it cannot be greater ; therefore it is four times as great.
[corollary]
From what has been proved above it is clear that any cylinder having for its base the greatest of the circles in the sphere, and having its height equal to the diameter of the sphere, is one-and-a-half times the sphere, and its surface including the bases is one-and-a-half times the surface of the sphere.
For the aforesaid cylinder is six times the cone having the same basis and height equal to the radius [from Eucl. xii. 10], while the sphere was proved to be four times the same cone [Prop. 34]. It is obvious therefore that the cylinder is one-and-a-half times the sphere. Again, since the surface of the cylinder excluding the bases has been proved equal to a circle
• These words, which Archimedes would not have omitted, are given in a marginal note to one ms.
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του κέντρον μέση άνάλογόν ἐστι της τοΰ κυλίνδρου πλευράς και της διαμέτρου της βάσεως, τοΰ δέ ειρημένου κυλίνδρου τοΰ περί την σφαίραν η πλευρά ίση εστι τη διαμέτρω τής βάσεως [δῆλον, ὅτι ή μέση αυτών άνάλογον ίση γίνεται τή διαμέτρω τής βάσεως],1 6 8e κύκλος 6 την εκ του κέντρου έχων ίσην τή διαμέτρω τής βάσεως τετραπλάσιός εστι τής βάσεως, τουτέστι τοΰ μεγίστου κύκλον των έν τή σφαίρα, έσται άρα καί ή επιφάνεια τοΰ κυλίνδρου χωρίς των βάσεων τετραπλάσια τοΰ μεγίστου κύκλον δλη άρα μετά των βάσεων ή επιφάνεια τοΰ κυλίνδρου εζαπλασία έσται τοΰ μεγίστου κύκλου. έστιν δέ καί ή τής σφαίρας επιφάνεια τετραπλάσια τοΰ μεγίστου κύκλου, δλη άρα ή επιφάνεια τοΰ κυλίνδρου ημιολία εστι τής επιφάνειας τής σφαίρας.
(c) Solution of α Cubic Equation
Archim. De Sphaera et Cyl. ii., Prop. 4, Archim. ed.
Heiberg i. 186. 15-192. 6
Τἡν δοθεΐσαν σφαίραν τεμεϊν, ώστε τα τμήματα τής σφαίρας προς άλληλα λόγον έχειν τον αυτόν τω δοθέντι.
1 δήλον . . . βάσεως om. Heiberg.
“As the geometrical form of proof is rather diffuse, and may conceal from the casual reader the underlying nature of the operation, it may be as well to state at the outset the various stages of the proof. The problem is to cut a given sphere by a plane so that the segments shall have a given ratio, and Πο stages are :
(a) Analysis of this main problem in which it is reduced to a particular case of the general problem, “ so to cut a given straight line ΔΖ at X that XZ bears to the given 126
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whose radius is a mean proportional between the side of the cylinder and the diameter of the base [Prop. 13], and the side of the aforementioned cylinder circumscribing the sphere is equal to the diameter of the base, while the circle having its radius equal to the diameter of the base is four times the base [Eucl. xii. 2], that is to say, four times the greatest of the circles in the sphere, therefore the surface of the cylinder excluding the bases is four times the greatest circle ; therefore the whole surface of the cylinder, including the bases, is six times the greatest circle. But the surface of the sphere is four times the greatest circle. Therefore the whole surface of the cylinder is one-and-a-half times the surface of the sphere.
(c) Solution of a Cubic Equation
Archimedes, On the Sphere and Cylinder ii..
Prop. 4, Archim. ed. Heiberg i. 186. 15-192. 6
To cat a given sphere, so that the segments of the sphere shall have, one towards the other, a given ratio.11
straight line the same ratio as a given area bears to the square on ΔΧ ”; in algebraical notation, to solve the equation α-χ c*	...
~ζ~ =3*. or x*(a - x)=bc\
(6) Analysis of this general problem, in which it is shown that the required point can be found as the intersection of a parabola [ax2 = c2y] and a hyperbola [(a - x)y=al]. It is stated, for the time being without proof, that x2{a-x) is greatest when a? = |a; in other words, that for a real solution
be* > ,ν °3·
(c)	Synthesis of this general problem, according as be* is greater than, equal to, or less than ,4.a*. If it be greater, there is no real solution ; if equal, there is one real solution; if less, there are two real solutions.
(d)	Proof that x\a-x) is greatest when » = |a, deferred
127
GREEK MATHEMATICS
Έστω ή δοθεΐσα σφαίρα ή ΑΒΓΔ- δει δη αυτήν τεμεΐν επιπεδω, ώστε τα τμήματα της σφαίρας προς άλληλα λόγον εχειν τον δοθεντα.
Ύετμήσθω διά της ΑΓ επιπεδω' λόγος αρα του ΑΔΓ τμήματος της σφαίρας προς το ΑΒΓ τμήμα τής σφαίρας δοθείς. τετμήσθω δε ή σφαίρα διά του κέντρον, καί έστω ή τομή μέγιστος κύκλος ό ΑΒΓΔ, κέντρον δε το Κ και διάμετρος ή ΔΒ, και πεποιήσθω, ως μεν συναμφότερος ή ΚΔΧ προς ΔΧ, όντως ή ΡΧ προς ΧΒ, ως δε συναμφότερος ή ΚΒΧ π ρος ΒΧ, ούτως ή ΛΧ προς ΧΔ, και επεζευχθωσαν αι ΑΛ, ΑΓ, ΑΡ, ΡΓ· ίσος αρα ἐστιν ό μεν ΑΛΓ κώνος τω ΑΔΓ τμήματι τής σφαίρας, 6 δε ΑΡΓ τω ΑΒΓ· λόγος αρα και του ΑΛΓ κώνου προς τον ΑΡΓ κώνον δοθείς, ως δε ό κώνος προς τον κώνον, ούτως ή ΛΧ προς ΧΡ [επείπερ την αύττ)ν βάσιν εχουσιν τον περί διάμετρον την AF κύκλον]χ· λόγος αρα και τής ΛΧ προς ΧΡ δοθείς, και διά ταύτά τοΐς προ-
1 επείπερ . . . κύκλον om. Heiberg.
in (ό). This is done in two parts, by showing that (1) if x has any value less than go, (2) if x has any value greater than |a, then x2(a - x) has a smaller value than when x = |a.
(e)	Proof that, if be2 < ι’7 a3, there are always two real solutions.
C/) Proof that, in the particular case of the general problem to which Archimedes has reduced his original problem, there is always a real solution.
(g) Synthesis of the original problem.
Of these stages, (a) and (g) alone are found in our texts of Archimedes ; but Eutocius found stages (b)-(d) in an old book, which he took to be the work of Archimedes ; and he added stages (e) and (/) himself. When it is considered that all these stages are traversed by rigorous geometrical 128
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Let ΑΒΓΔ be the given sphere ; it is required so to cut it by a plane that the segments of the sphere shall have, one towards the other, the given ratio.
Let it be cut by the plane ΑΓ ; then the ratio of the segment ΑΔΓ of the sphere to the segment ΑΒΓ of the sphere is given. Now let the sphere be cut through the centre [by a plane perpendicular to the plane through ΑΓ], and let the section be the great circle ΑΒΓΔ of centre Κ and diameter ΔΒ, and let [Α, Ρ be taken on ΒΔ produced in either direction so that]
ΚΔ+ΔΧ :ΔΧ = ΡΧ :XB,
KB +BX : ΒΧ = ΛΧ : ΧΔ,
and let ΑΛ, ΛΓ, AP, ΡΓ be joined ; then the cone ΑΛΓ is equal to the segment ΑΔΓ of the sphere, and
the cone ΑΡΓ to the segment ΑΒΓ [Prop. 2]; therefore the ratio of the cone ΑΛΓ to the cone ΑΡΓ is given. But cone ΑΛΓ : cone ΑΡΓ = ΛΧ : ΧΡ.α Therefore the ratio AX : XP is given. And in the
methods, the solution must be admitted a veritable tour de force. It is strictly analogous to the modern method of solving a cubic equation, but the concept of a cubic equation did not, of course, come within the purview of the ancient mathematicians.
“ Since they have the same base.
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τερον διά της κατασκευής, ως η ΛΔ προς ΚΔ, η KB προς BP καί η ΔΧ προς ΧΒ. καί επεί ἐστιν, ως η ΡΒ προς ΒΚ, ή ΚΔ προς ΛΔ, συνθέντι, ως η ΡΚ 7τ ρος ΚΒ, τουτεστι προς ΚΔ, όντως ή ΚΛ προς ΛΔ· καί όλη άρα η ΡΛ προς δλην την ΚΛ δστιν, ως η ΚΛ προς ΛΔ. ίσον άρα τδ ύπό των ΡΛΔ τω άπδ ΛΚ. ως άρα ή ΡΛ προς ΛΔ, τδ άπδ ΚΛ προς τδ άπδ ΛΔ. και επει εστιν, α»? ἡ ΛΔ πρδς ΔΚ, ούτως η ΔΧ πρδς ΧΒ, εσται ανάπαλιν καί συνθέντι, ως η ΚΛ πρδς ΛΔ, όντως π ΒΔ πρδς ΔΧ [και ως άρα τδ άπδ ΚΛ πρδς τδ απδ ΛΔ, όντως τδ άπδ ΒΔ πρδς τδ άπδ ΔΧ. πάλιν, Ιπεί εστιν, ώς η ΑΧ πρδς ΔΧ, συναμ-φότερος rj ΚΒ, ΒΧ πρδς ΒΧ, διεΛοντι, ως η ΑΔ πρδς ΔΧ, ούτως ή ΚΒ πρδς ΒΧ].1 καί κείσθω rfj ΚΒ ίση η ΒΖ· ὅτι γαρ εκτδς του Ρ πεσειται, δηλον [και εσται, ως ή ΛΔ πρδς ΔΧ, ούτως η ΖΒ πρδς ΒΧ* ώστε καί, ως η ΔΛ πρδς ΛΧ, ἡ ΒΖ πρδς ΖΧ].* επεί δε λόγος εστϊ της ΔΑ πρδς ΑΧ δοθείς, καί της ΡΑ άρα πρδς ΛΧ λόγος ἐστι
1 καί . . . 7Tpos ΒΧ. The words και . . . άπό ΔΧ are shown by Eutocius’s comment to be an interpolation. The words πάλιν . . . προς BX and και .. . προς ZX must also be inter- , polated, as, in order to prove that ΔΛ : ΛΧ is given, Eutocius first proves that ΒΖ : ΖΧ=ΛΔ : AX, which he would hardly have done if Archimedes had himself provided the proof.
* καί . . . προς ZX; v. preceding note.
• This is proved by Eutocius thus s Since	ΚΔ + ΔΧ: ΔΧ = ΡΧ : XB,
dirimendo,	ΚΔ:ΔΧ = ΡΒ:ΒΧ,
and permutando,	ΚΔ: BP = ΔΧ : XB,
i.e.,	KB : BP=ΔΧ : XB.
Again, siue»	KB +BX: ΧΒ=ΛΧι ΧΔ,
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same way as in a previous proposition [Prop. 2], by construction,
ΛΔ : ΚΔ-ΚΒ : ΒΡ = ΔΧ : XB“
And since	PB : BK = ΚΔ : ΛΔ, [Eucl. v. 7, coroll.
componendo, PK : ΚΒ = ΚΛ : ΛΔ,	[Eucl. ν. 18
i.e.,	PK : ΚΔ = ΚΛ : ΛΔ.
ΡΛ : ΚΛ = ΚΛ : ΛΔ.	[Eucl. ν. 12
.·.	ΡΛ . ΛΔ = ΛΚ2.	[Eucl. νϊ. 17
ΡΛ : ΛΔ = ΚΛ2: ΛΔ2.
And since ΛΔ : ΔΚ « ΔΧ : ΧΒ, invertendo et ΚΛ . ΛΔ _ ΒΔ . Δχ.	[Eucl. ν. 7
componendo,	coroll, and ν. 18
Let ΒΖ be placed equal to KB. It is plain that [Z] will fall beyond P.b Since the ratio ΔΛ : ΛΧ is given, therefore the ratio ΡΛ : ΛΧ is given.® Then,
dirimendo et permutando	ΔΧ : ΧΒ =ΛΔ : ΔΚ.
Now	ΔΧ : XB = KB : BP.
Therefore	ΛΔ : ΔΚ=ΔΧ : XB=KB : BP.
‘Since ΧΔ ι XB = KB : BP, and ΔΧ>ΧΒ, .·. KB>BP. .·. BZ>BP.
* As Eutocius’s note shows, what Archimedes wrote was : “ Since the ratio ΔΛ: AX is given, and the ratio ΡΛ: AX, therefore the ratio ΡΛ: ΛΔ is also given.” Eutocius’s proof is:
Since	KB +BX : ΒΧ=ΛΧ : ΧΔ,
.·.	ZX : ΧΒ = ΛΧ : ΧΔ $
.·.	ΧΖ:ΖΒ=ΧΛ:ΛΔ{
ΒΖ:ΖΧ=ΛΔ:ΛΧ.
But the ratio BZ: ZX is given because ZB is equal to the radius of the given sphere and BX is given. Therefore ΛΔ : ΛΧ is given.
Again, since the ratio of the segments is given, the ratio of
1S1
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Βοθείς. επεί ουν 6 της ΡΛ προς ΑΧ λόγος συνηπται εκ τε του, ον εχει η ΡΑ προς ΛΔ, και η ΔΛ προς ΑΧ, ἀλλ’ ως μεν ή ΡΛ προς ΛΔ, τό από ΔΒ προς το από ΑΧ, ως Be ή ΔΑ προς ΑΧ, ούτως η ΒΖ προς ΣΧ, ό αρα της ΡΛ προς ΑΧ Λόγος συνηπται εκ τε του, ον εχει τό από ΒΔ π ρος τό από ΑΧ, και η ΒΖ προς ΣΧ. πεποιησθω Be, ως ή ΡΑ προς ΑΧ, ή ΒΖ προς ΖΘ· λόγος δε της ΡΑ προς ΑΧ Βοθείς· λόγος αρα και της ΖΒ προς ΖΘ Βοθείς. Βοθεΐσα Be ή ΒΣ—ΐση γάρ εστι τη εκ του κέντρου* Βοθεΐσα αρα και ή ΖΘ. καί 6 της ΒΖ αρα Λόγος προς ΖΘ συνηπται εκ τε του, ον εχει τό από ΒΔ προς τό από ΑΧ, και η ΒΖ προς ΣΧ. άλλ’ 6 ΒΖ προς ΖΘ λόγος συνηπται εκ τε του της ΒΖ προς ΣΧ καί του της ΣΧ προς ΖΘ [κοινος αφηρησθω ὅ της ΒΖ προς ΖΧ]1· λοιπόν αρα ἐστίν, ως τό από ΒΔ, τουτεστι Βοθεν, προς τό από ΔΧ, ούτως ἡ ΧΖ προς ΖΘ, τουτεστι προς Βοθεν. καί ἐστιν Βοθεΐσα η ΣΑ ευθεία· ευθείαν αρα Βοθεΐσαν την ΑΣ τεμεΐν 8εϊ κατά τό Χ καί ποιεΐν, ως την ΧΖ προς Βοθεΐσαν [την ΖΘ],* ούτως τό Βοθεν [τό από ΒΔ]* προς τό από ΑΧ. τούτο ούτως απλώς μεν λεγόμενον εχει Βιορισμόν,
1	koivos . . . προς ΖΧ. Eutocius’s comment shows that these words are interpolated.
2	τήν ΖΘ, τό άπο ΒΔ. Eutocius’s comments show these
words to be glosses.
the cones ΛΛΓ, ΑΡΓ is also given, and therefore the ratio ΛΧ : XP. Therefore the ratio ΡΛ : ΛΧ is given. Since the ratios ΡΛ: ΛΧ and ΛΔ : ΛΧ are given, it follows that the ratio ΡΛ : ΛΑ is given.
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since the ratio ΡΛ : ΛΧ is composed of the ratios
ΡΛ : ΛΔ and ΔΛ : ΛΧ,
and since ΡΛ : ΛΔ = ΔΒ2: ΔΧ2,<*
ΔΛ : ΛΧ = ΒΖ : ΖΧ,
therefore the ratio ΡΛ : ΛΧ is composed of the ratios ΒΔ2 : ΔΧ2 and BZ : ZX. Let [Θ be chosen so that] ΡΛ : ΛΧ = BZ : ΖΘ.
Now the ratio ΡΛ :ΛΧ is given ; therefore the ratio ZB : ΖΘ is given. Now BZ is given—for it is equal to the radius ; therefore ΖΘ is also given. Therefore b the ratio BZ : ΖΘ is composed of the ratios ΒΔ2 : ΔΧ2 and BZ : ZX. But the ratio BZ : ΖΘ is composed of the ratios BZ : ZX and ZX : ΖΘ. Therefore, the remainder0 ΒΔ2:ΔΧ2 = ΧΖ : ΖΘ, in which ΒΔ2 and ΖΘ are given. And the straight line ΖΔ is given ; therefore it is required so to cut the given straight line ΔΖ at X that XZ bears to a given straight line the same ratio as a given area bears to the square on ΔΧ. When the problem is stated in this general form,4* it is necessary to investigate the limits of possibility,
•For	ΡΛ : ΛΔ=ΛΚ2: ΔΛ* ·
= ΒΔ2: ΔΧ.*
*	“ Therefore ” refers to the last equation.
*	i.e. the remainder in the process given fully by Eutocius as follows :
(ΒΔ3: ΔΧ2) . (BZ : ZX) =BZ : ©Z = (BZ : ZX) . (XZ : ΖΘ). Removing the common element BZ : ZX from the extreme terms, we find that the remainder ΒΔ3: ΔΧ2=ΧΖ : ΖΘ.
d In algebraic notation, if	= « and ΔΖ = α, while the
given straight line is b and the given area is c*, then α-x_c2 b ~x*' x\a-x)—bcl·.
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προστιθεμένων δε των προβλημάτων των ενθάδε υπαρχόντων [τουτέστι του τε διπλάσιάν είναι την ΔΒ τῆς ΒΖ και του μείζονα της ΖΘ την ΖΒ, ως κατά την άνάλυσιν]ι ον κ έχει διορισμόν' και εσται το πρόβλημα τοιοΰτον δυο δοθεισών ευθειών των ΒΔ, ΒΖ καί διπλάσιάς ουσης της ΒΔ τής ΒΖ και σημείου επι τής ΒΖ του Θ τεμεΐν την ΔΒ κατά το Χ και ποιεΐν, ως τό από ΒΔ προς τό από ΔΧ, την ΧΖ προς ΖΘ* έκάτερα δε ταΰτα επι τελεί άναλυθήσεταί τε και συντεθήσεται.
Eutoc. Comm, in Archim. De Sphaera et Cyl. ii., Archim. ed. Heiberg iii. 130. 17-150. 22
’Em τελεί μεν τό προρηθέν εττηγγείλατο δεΐξαι, εν ούδενΐ δε των αντιγράφων εύρεΐν ενεστι τό επάγγελμα. δθεν και Δι ονυσόδωρον μεν ευ ρίσκο μεν μη των αυτών έπιτυχόντα, άδυνατήσαντα δε επιβαλεΐν τω καταλειφθέντι λήμματι, έφ* ετέραν οδόν τ ου όλου προβλήματος ελθεΐν, ήντινα εξής γράφομεν Διοκλής μέντοι και αυτός εν τω Π ερι πυρίων αντίο συγγεγραμμένω βιβλίω έπηγγέλθαι νομίζων τον ’Αρχιμήδη, μη πεποιηκέναι δέ τό επάγγελμα, αυτός άναπληρούν επεχείρησεν, καί τό επιχείρημα εξής γράφομεν’ εστιν γάρ και αυτό ονδένα μεν έχον προς τα παραλελειμμένα λόγον, ομοίως δέ τω Α,ιονυσοδώρω δι έτέρας άποδείξεως κατασκευάζον τό πρόβλημα, εν τινι μέντοι παλαιώ
1 τοντέστι . . . άνάλυσιν. Eutocius’s notes make it seem likely that these words are interpolated.
e In the technical language of Greek mathematics, the 134.
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but under the conditions of the present case no such investigation is necessary.3 In the present case the problem will be of this nature : Given two straight lines ΒΔ, BZ, in which ΒΔ = 2ΒΖ, and a point 6 upon BZ, so to cut Δ Β at X that
ΒΔ2: ΔΧ2-ΧΖ : ΖΘ ;
and the analysis and synthesis of both problems will be given at the end.6
Eutocius, Commentary on Archimedes' Sphere and Cylinder ii., Archim. ed. Heiberg iii. 130. 17-150. 22
He promised that he would give at the end a proof of what is stated, but the fulfilment of the promise cannot be found in any of his extant writings. Dionysodorus also failed to light on it, and, being unable to tackle the omitted lemma, he approached the whole problem in an altogether different way, which I shall describe in due course. Diodes, indeed, in his work On Burning Mirrors maintained that Archimedes made the promise but had not fulfilled it, and he undertook to supply the omission himself, which attempt I shall also describe in its turn ; it bears, however, no relation to the missing discussion, but, like that of Dionysodorus, it solves the problem by a construction reached by a different proof. But
general problem requires a diorismos, for which v. vol. ϊ. p. 151 n. h and p. 396 n. a. In algebraic notation, there must be limiting conditions if the equation »*(<*-»)=δο*
is to have a real root lying between 0 and σ.
6 Having made this promise, Archimedes proceeded to give the formal synthesis of the problem which he had thus reduced.
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βιβλίω—ούδε γάρ τῆς εις πολλά ζητήσεως απεστη-μςν—εντ ετυχαμεν θεωρήμασ ι γεγραμμενοις ούκ ολίγη ν μεν την εκ των πταισμάτων εχουσιν ασάφειαν περί τε τάς κατάγραφος πολυτρόπως ήμαρτημενοις, των μέντοι ζητούμενων εΐχον την ύπόστασιν, εν μερει 8e την Άρχιμήδει φίλην Αωρίδα γλώσσαν άπεσωζον και τοΐς συνηθεσι τω άρχαίω των πραγμάτων όνόμασιν εγεγραπτο της μεν παραβολής ορθογωνίου κώνου τομής ονομαζόμενης, τής δε υπερβολής αμβλυγωνίου κώνου τομής, ως εζ αυτών διανοεΐσθαι, μη άρα και αύτα εΐη τα εν τω τελεί επηγγελμενα γράφεσθαι. δθεν σπουδαιότερον εντυγχάνοντες αυτό μεν τό ρητόν, ώς γεγραπται, διά πλήθος, ώς είρηται, των πταισμάτων δυσχερές εύρόντες τάς έννοιας κατά μικρόν άποσυλήσαντες κοινότερα καί σαφέστερα κατα το δυνατόν λεζει γράφομεν. καθόλου δε πρώτον το θεώρημα γραφήσεται, ΐνα τό λεγόμενον υπ’ αύτοΰ σαφηνισθή περί τών διορισμών· εΐτα καί τοΐς άναλελυμενοις εν τω προβλήματι προσαρμοσθή-σεται.
“ Ευθείας δοθείσης τής ΑΒ καί ετερας τής ΑΓ καί χωρίου του Α προκείσθω λαβεΐν επί τής ΑΒ σημεΐον ως τό E, ώστε είναι, ώς την ΑΕ προς ΑΓ, οΰτω τό Α χωρίον προς τό από ΕΒ.
Υεγονετω, καί κείσθω ή ΑΓ προς όρθάς τή ΑΒ, καί επιζευχθεΐσα ή ΓΕ διήχθω επί τό Ζ, καί ήχθω διά του Γ τή ΑΒ παράλληλος ή ΓΗ, δια δε του Β τῆ Α Γ παράλληλος ή ΖΒΗ συμπ'ηττουσα 136
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in a certain ancient book—for I pursued the inquiry thoroughly—I came upon some theorems which, though far from clear-owing to errors and to manifold faults in the diagrams, nevertheless gave the substance of what I sought, and furthermore preserved in part the Doric dialect beloved by Archimedes, while they kept the names favoured by ancient custom, the parabola being called a section of a right-angled'cone and the hyperbola a section of an obtuse-angled cone ; in short, I felt bound to consider whether these theorems might not be what he had promised to give at the end. For this reason I applied myself with closer attention, and, although it was difficult to get at the true text owing to the multitude of the mistakes already mentioned, gradually I routed out the meaning and now set it out, so far as I can, in more familiar and clearer language. In the first place the theorem will be treated generally, in order to make clear what he says about the limits of possibility ; then will follow the special form it takes under the conditions of his analysis of the problem.
“ Given a straight line AB and another straight line ΑΓ and an area Δ, let it be required to find a point E on AB such that AE : ΑΓ = Δ : EB2.
“ Suppose it found, and let ΑΓ be at right angles to AB, and let ΓΕ be joined and produced to Z, and through Γ let ΓΗ be drawn parallel to AB, and through Β let ZBH be drawn parallel to ΑΓ, meeting
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GREEK MATHEMATICS όκατάρα των ΓΕ, ΓΗ, και συμπζπληρώσθω το H Θ παραλληλόγραμμον, και, διά του E δποτόρα των ΓΘ, H Ζ παράλληλος ήχθω η ΚΕΑ, καί τω Δ ίσον €στω τό υπό ΓΗΜ.
" Επά οΰν ἐστιν, ως η ΕΑ προς ΑΓ, ούτως τό Δ προς τό από ΕΒ, ως δἐ η ΕΑ προς AF,· ούτως η ΓΗ προς H Ζ, ώς ή ΓΗ προς H Ζ, ούτως τό από ΓΗ προς τό υπό ΓΗ Ζ, ως άρα τό από ΓΗ 7τ ρος τό υπό ΓΗ Ζ, ούτως τό Α προς τό από ΕΒ, τουτόστί προς τό από ΚΖ· και εναλλάξ, ως τό από ΓΗ προς τό Δ, τουτεστι προς τό υπό ΓΗΜ, ούτως τό υπό ΓΗΖ προς τό από ΖΚ. ἀλλ’ ως τό από ΓΗ προς τό υπό ΓΗΜ, ούτως η ΓΗ προς ΗΜ' και ως άρα η ΓΗ προς ΗΜ, ούτως τό υπό ΓΗΖ προς τό από ΖΚ. αλλ ως ἡ ΓΗ προς H Μ, τής H Ζ κοινού ύφους λαμβανο-μίνης ούτως τό υπό ΓΗΖ προς τό υπό ΜΗΖ· ως άρα τό υπό ΓΗΖ προς τό υπό Μ H Ζ, ούτως τό υπό ΓΗΖ προς τ ο από ΖΚ· Ισον άρα το ύπο
ΜΗΖ τω από ΖΚ. iav άρα περί άξονα την Ζ H 138
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both ΓΕ and ΓΗ, and let the parallelogram ΗΘ be completed, and through E let ΚΕΛ be drawn parallel
to either ΓΘ or HZ, and let [M be taken so that] ΓΗ . ΗΜ = Δ.
“ Then, since	EA : ΑΓ =Δ:ΕΒ2 [ex hyp.
and	EA : ΑΓ =ΓΗ : HZ,
and	ΓΗ : HZ =ΓΗ2 : ΓΗ . HZ,
	ΓΗ2: ΓΗ. HZ =Δ:ΕΒ*
	= Δ : ΚΖ2;
and, permutando,	ΓΗ2: Δ [ = ΓΗ . ΗΖ : ΖΚ2,]
i.e.,	ΓΗ2: ΓΗ . ΗΜ = ΓΗ . H Ζ : ΖΚ2.
But	ΓΗ2: ΓΗ . ΗΜ = ΓΗ : ΗΜ ;
	ΓΗ: ΗΜ =ΓΗ . ΗΖ : ΖΚ2.
But, by taking a common altitude HZ,
ΓΗ:ΗΜ = ΓΗ.HZ:MH.HZ ; .·. ΓΗ , HZ : ΜΗ . ΗΖ = ΓΗ . HZ : ZK*;
MH , HZ = ZK2.
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γραφή διά τον Η παραβολή, ώστε τάς καταγόμενα? δύνασθαι παρά την ΗΜ, ήζει διά του Κ, καί εσται θέσει δεδομένη διά το δεδομένην είναι την ΗΜ τω μεγέθει περιέχονσαν μετά τη? H Γ δεδομένη? δοθέν το Δ* το άρα Κ άπτεται θέσει δεδομένη? παραβολή?, γεγράφθω ονν, ω? ειρηται, και έστω ως ή ΗΚ.
Πάλιν, επειδή το ΘΛ χωρίον ίσον έστί τω ΓΒ, τοντέστι το υπό ΘΚΛ τω υπό ΑΒΗ, εάν διά του Β περί ασύμπτωτους τάς Θ Γ, ΓΗ γραφή υπερβολή, ήξει διά του Κ διά την αντιστροφήν τον η' θεωρήματος του δευτέρου βιβλίου των Απολλώνιου Κωνικών στοιχείων, καί εσται θεσει δεδομένη διά το καί έκατέραν των ΘΓ, ΓΗ, ετι μήν καί τό Β τή θέσει δεδόσθαι. γεγράφθω, ως ειρηται, καί έστω ως ή ΚΒ· τό άρα Κ άπτεται θέσει δεδομένης υπερβολής, ήπτετο δέ καί θέσει δεδομένης παραβολής· δέδοται άρα τό Κ. και έστιν απ' αντοΰ κάθετος ή ΚΕ επί θέσει δεδομένην τήν ΑΒ* δέδοται άρα τό E. έπεί ονν έστιν, ως ή ΕΑ προς τήν δοθεισαν τήν ΑΓ, ούτως δοθέν τό Α προς τό από ΕΒ, δυο στερεών, ών βάσεις τό από ΕΒ καί τό Δ, νφη δε αι ΕΑ, ΑΓ, άντιπεπόν-
« Let ΑΒ = α, ΑΓ = ό, and Δ = ΓΗ. ΗΜ=c*. so that ΗΜ=-.
α
Then if ΗΓ be taken as the axis of x and HZ as the axis of y, the equation of the parabola is
and the equation of the hyperbola is (a- x)y=ab.
Their points of intersection give solutions of the equation x\a -x)= bc\
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If, therefore, a parabola be drawn through H about the axis ZH with the parameter HM, it will pass through Κ [Apoll. Con. i. 11, converse], and it will be given in position because HM is given in magnitude [Eucl. Data 57], comprehending with the given straight line ΗΓ the given area Δ ; therefore Κ lies on a parabola given in position. Let it then be drawn, as described, and let it be HK.
“ Again, since the area ΘΛ = ΓΒ	[Eucl. i. 43
i.e.,	ΘΚ . ΚΛ = AB . BH,
if a hyperbola be drawn through Β having ΘΓ, ΓΗ for asymptotes, it will pass through Κ by the converse to the eighth theorem of the second book of Apollonius’s Elements of Conics, and it will be given in position because both the straight lines ΘΓ, ΓΗ, and also the point B, are given in position. Let it be drawn, as described, and let it be KB ; therefore Κ lies on a hyperbola given in position. But it lies also on a parabola given in position ; therefore Κ is given.0 And ΚΕ is the perpendicular drawn from it to the straight line AB given in position ; therefore E is given. Now since the ratio of EA to the given straight line ΑΓ is equal to the ratio of the given area Δ to the square on EB, we have two solids, whose bases are the square on EB and Δ and whose altitudes are EA, ΑΓ, and the bases are inversely proto which, as already noted, Archimedes had reduced his problem. (N.B.—The axis of χ is for convenience taken in a direction contrary to that which is usual; with the usual conventions, we should get slightly different equations.)
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θασιν al βάσεις τοι? υφεσiv ώστε ίσα earl τα στερεά· το άρα από EB επί την EA ίσον εστί τφ δοθεντι τω Α επί δοθεΐσαν την ΓΑ. αλλά τό από BE επί την ΕΛ μέγιστόν ἐστι πάντων των ομοίως λαμβανομίνων επί της ΒΑ, όταν η διπλάσιά η BE της E Α, ως δειχθήσετα ι· δει άρα τό δοθεν επί την δοθεΐσαν μη μεΐζόν είναι του από τής BE επί την
ΕΑ.
“ Συντεθήσεται δε ούτως· έστω ή μεν δοθεΐσα ευθεία ή ΑΒ, άλλη δε τις δοθεΐσα ή ΑΓ, τό δἐ δοθεν χωρίον τό Α, καί δέον έστω τεμεΐν την ΑΒ, ώστε είναι, ως τό εν τμήμα προς την δοθεΐσαν την ΑΓ, ούτως τό δοθεν τό Α προς τό από του λοιπού τμήματος.
“ Είλήφθω τής ΑΒ τρίτον μέρος ή ΑΕ* * τό άρα Α επί την Α Γ ήτοι μεΐζόν ἐστι του από τής BE επί την E Α ή ίσον ή ελασσον.
“ Ει μεν οΰν μεΐζόν εστιν, ου συντεθήσεται, ως εν τή αναλύσει δεδεικται· ει δε ίσον ἐστί, τό E σημεΐον ποιήσει τό πρόβλημα, ίσων γάρ οντων των στερεών άντιπεπόνθασιν αι βάσεις τοΐς υφεσιν, καί εστιν, ώς ή E Α προς Α Γ, ούτως τό Α προς τό από BE.
“ Ει δε ελασσόν ἐστι τό Α επί την ΑΓ του από BE επί την ΕΑ, συντεθήσεται ούτως· κείσθω ή Α Γ προς όρθάς τή ΑΒ, καί διά του Γ τή ΑΒ παρ-
β In our algebraical notation, x2(a - x) is a maximum when
* = fa. We can easily prove this by the calculus. For, by differentiating and equating to zero, we see that x2(a - x) has 142
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portional to the altitudes ; therefore the solids are equal [Eucl. xi. 34] ; therefore
EB2 . ΕΑ = Δ . ΓΑ,
in which both Δ and ΓΑ are given. But, of all the figures similarly taken upon BA, BE2 . BA is greatest when BE = 2EA,a as will be proved ; it is therefore necessary that the product of the given area and the given straight line should not be greater than
BE2. EA.6
** The synthesis is as follows : Let AB be the given straight line,0 let ΑΓ be any other given straight line, let Δ be the given area, and let it be required to cut AB so that the ratio of one segment to the given straight line ΑΓ shall be equal to the ratio of the given area Δ to the square on the remaining segment.
“ Let AE be taken, the third part of AB ; then Δ . ΑΓ is greater than, equal to or less than BE2. EA.
“ If it is greater, no synthesis is possible, as was shown in the analysis ; if it is equal, the point E satisfies the conditions of the problem. For in equal solids the bases are inversely proportional to the altitudes, and EA : ΑΓ = Δ : BE2.
“ If Δ . ΑΓ is less than BE2. EA, the synthesis is thus accomplished : let ΑΓ be placed at right angles to AB, and through Γ let ΓΖ be drawn parallel to
a stationary value when 2ax- 3χ*—0, i.e., when x = 0 (which gives a minimum value) or x = %a (which gives a maximum). No such easy course was open to Archimedes.
*	8c. “ not greater than BE*. EA when BE=2EA.”
•	Figure on p. 146.
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άλληλος ηχθω ἡ ΓΖ, διά δε τοΰ Β τῆ ΑΓ παράλληλος ηχθω ή ΒΖ και συμπιπτετω τη ΓΕ εκβληθείση κατά το H, και συμπεπληρώσθω το ΖΘ παραλληλόγραμμον, και διά τοΰ E τη Ζ H παράλληλος ηχθω η ΚΕΑ. επε'ι οΰν το Δ επϊ την Α Γ ελασσόν £στι τοΰ από BE £πι την ΕΑ, εστιν, ως η E Α προς Α Γ, ούτως τό Δ προς ελασσόν τι τοΰ από της BE, τουτεστι τοΰ από της ΗΚ. έστω οΰν, ώς η ΕΑ προς ΑΓ, ούτως τό Δ προς τό από H Μ, και τω Δ ίσον έστω τό υπό ΓΖΝ. επει οΰν εστιν, ως η ΕΑ προς ΑΓ, ούτως τό Δ, τουτεστι τό υπό ΓΖΝ, προς τό από H Μ, ἀλλ’ ως η ΕΑ προς ΑΓ, ούτως η ΓΖ προς ΖΗ, ως η ΓΖ προς ΖII, ούτως τό από ΓΖ προς τό υπό ΓΖΗ, και ως άρα τό από ΓΖ προς τό υπό ΓΖΗ, ούτως τό υπό ΓΖΝ προς τό από ΗΜ· και εναλλάξ, ως τό από ΓΖ προς τό υπό ΓΖΝ, ούτως τό ΰπο ΓΖΗ π ρος τό από ΗΜ. άλλ’ ως τό από ΓΖ π ρος τό υπό ΓΖΝ, ἡ ΓΖ ττρός ΖΝ, ώς δε ἡ ΓΖ π ρος ΖΝ, της Ζ H κοινού ΰφους λαμβα νομενης ούτως τό υπό ΓΖΗ προς τό υπό ΝΖΗ· και ως άρα τό υπό ΓΖΗ προς τό υπό ΝΖΗ, ούτως τό υπό ΓΖΗ π ρος τό από ΗΜ· ίσον άρα ἐστι τό από ΗΜ τω υπό ΗΖΝ.
“ Έάν άρα διά τοΰ Ζ περί άξονα την Ζ H γράφω-μεν παραβολήν, ώστε τάς καταγομενας δύνασθαι παρά την ΖΝ, ήξει διά τοΰ Μ. γεγράφθω, καί έστω ως ή ΜΞΖ. καί επει ίσον εστι τό ΘΛ τω ΑΖ, τουτεστι τό υπό ΘΚΛ τω υπό ΑΒΖ, εάν διά 144
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AB, and through Β let BZ be drawn parallel to ΑΓ, and let it meet ΓΕ produced at H, and let the parallelogram ΖΘ be completed, and through E let ΚΕΛ be drawn parallel to ZH. Now since	Δ. ΑΓ	<BE2. EA,
ΕΑ:ΑΓ =A:(the square of some quantity less than BE)
= A:(the square of some quantity less than HK).
Let	EA : Α Γ	=Δ : HM2,
and let	Δ =ΓΖ.ΖΝ.
Then	EA : ΑΓ	=Δ : HM2
= ΓΖ . ZN : HM2.
But	EA : ΑΓ	=ΓΖ :ZH,
and	ΓΖ:ΖΗ	=ΓΖ2 : YZ .	ZH	;
ΓΖ2: ΓΖ . ZH = ΓΖ . ZN : HZ\I2; and permutando, ΓΖ2 : ΓΖ . ZN =ΓΖ . ZH : Η,λΑ But	ΓΖ2 : ΓΖ . ZN = ΓΖ : ZN,
and	ΓΖ : ZN	=ΓΖ . ZH :	NZ	. ZH,
by taking a common altitude ZH ; and.·. ΓΖ.ΖΗ : NZ . ZH = ΓΖ . ZH :HM*;
HM2= HZ . ZN.
“ Therefore if we describe through Ζ a parabola about the axis ZH and with parameter ZN, it will pass through M. Let it be described, and let it be as MHZ. Then since
ΘΛ = AZ,	[Eucl. i. 43
i.e.	ΘΚ . ΚΛ = AB . BZ,
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του Β περί ασύμπτωτους τάς Θ Γ, ΓΖ γράφωμεν υπερβολήν, ήζει διά τοΰ Κ διά την αντιστροφήν
τοΰ η' θεωρήματος των *Απολλώνιου Κωνικών στοιχείων, γεγράφθω, και έστω ως ή ΒΚ τεμ-νουσα τήν παραβολήν κατά τό Ξ, και από τοΰ Ξ επί τήν ΑΒ κάθετος ήχθω ή ΞΟΠ, και Βία τοΰ Ξ τῆ ΑΒ παράλληλος ήχθω ή ΡΞΣ. επει ουν υπερβολή εστιν ή ΒΞΚ, ασύμπτωτοι δε αι Θ Γ, ΓΖ, και παράλληλοι ήγμεναι είσιν αι ΡΞΠ ταΐς ΑΒΖ, ίσον εστι τό υπό ΡΞΠ τω υπό ΑΒΖ* ώστε και τό ΡΟ τω ΟΖ. εάν άρα από τοΰ Γ επί τό Σ επιζευχθή ευθεία, ήξει Βιά τοΰ O. ερχεσθω, και έστω ως ή ΓΟΣ. επει ουν εστιν, ως ή O Α προς ΛΓ, ούτως ή ΟΒ προς ΒΣ, τουτεστιν ή ΓΖ προς ΖΣ, ως δε ή ΓΖ προς ΖΣ, τής ΖΝ κοινοΰ ύφους λαμβα νομειηης ούτως τό υπό ΓΖΝ π ρος τό υπό ΣΖΝ, καί ως άρα ή ΟΑ προς ΑΓ, ούτως τό υπό ΓΖΝ προς τό υπό ΣΖΝ. καί εστι τω μεν υπό ΓΖΝ ίσον τό Δ χωρίον, τω Βε υπό ΣΖΝ ίσον τό από ΣΞ, τουτέστι τό από ΒΟ, διά τήν παραβολήν ώς άρα ή O Α προς Α Γ, ούτως τό Α 146
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if we describe through Β a hyperbola in the asymptotes ΘΓ, ΓΖ, it will pass through Κ by the converse of the eighth theorem [of the second book] of Apollonius’s Elements of Conics. Let it be described, and let it be as Β Κ cutting the parabola in Ξ, and from Ξ let ΞΟΠ be drawn perpendicular to AB, and through Ξ let ΡΞΣ be drawn parallel to AB. Then since ΒΞΚ is a hyperbola and ΘΓ, ΓΖ are its asymptotes, while PH, ΞΠ are parallel to AB, BZ,
ΡΞ . ΞΠ = Α Β . BZ ;	[Apoll. ii. 12
PO = OZ.
Therefore if a straight line be drawn from Γ to Σ it will pass through O [Eucl. i. 43, converse]. Let it be drawn, and let it be as ΓΟΣ. Then since
OA : ΑΓ = OB : ΒΣ	[Eucl. vi. 4
= ΓΖ : ΖΣ,
and	ΓΖ : ΖΣ = ΓΖ . ZN : ΣΖ . ZN,
by taking a common altitude ZN,
OA : ΑΓ = ΓΖ . ZN : ΣΖ . ZN.
And ΓΖ.ΖΝ = Δ, ΣΖ. ZN =ΣΕ2==Β02, by the property of the parabola [Apoll. i. 11].
OA : ΑΓ <= Δ : BO2;
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χωρίον προς το από της ΒΟ. είληπται άρα τό O σημεΐον ποιούν τό πρόβλημα.
“ ° Οτι δε Βιπλασίας ουσης της BE της ΕΑ τό από της BE επί την ΕΑ μεγ ιστόν ἐστι πάντων των ομοίως λαμβανομενων επί της ΒΑ, Βειχθήσεται ούτως. έστω γάρ, ως iv τη αναλύσει, πάλιν Βοθεΐσα ευθεία προς όρθάς τη ΑΒ ἡ Α Γ, και επι-ζενχθεΐσα ή ΓΕ εκβεβλήσθω καί συμπιπτετω τη διά του Β παραλληλία ήγμενη τη ΑΓ κατά τό Ζ, καί Βία των Γ, Ζ παράλληλοι τη ΑΒ ήχθωσαν αι ΘΖ, ΓΗ, καί εκβεβλησθω η ΓΑ επί τό Θ, καί ταυτη παράλληλος Βία του E ηχθω η ΚΕΑ, καί γεγονετω, ως η E Α προς ΑΓ, ούτως τό υπό ΓΗ Μ π ρος τό από ΕΒ* τό άρα από BE επί την E Α ίσον εστί τω υπό FHM επί την ΑΓ διά τό δυο στερεών άντιπεπονθεναι τάς βάσεις τοΐς ϋφεσιν. λέγω ουν, ότι τό υπό ΓΗΜ επί την Α Γ μεγιστόν ἐστι πάντων των ομοίως επί της ΒΑ λαμβανομενων.
“ Γεγράφθω γάρ Βιά τοΰ H περί άξονα την Ζ H παραβολή, ώστε τάς καταγομενας Βυνασθαι παρά την ΗΜ· ήξει Βή Βιά τοΰ Κ, ως εν τη αναλύσει ΒεΒεικται, καί συμπεσεΐται εκβαλλόμενη τη ΘΓ παραλληλία ουση τή Βιαμετρω τής τομής Bi α τό εβΒομον καί εικοστόν θεώρημα τοΰ πρώτου βιβλίου των 'Απολλώνιου Κωνικών στοιχείων, εκβεβλησθω καί συμπιπτετω κατά τό Ν, και Bi α του Β περί άσυμπτώτους τάς ΝΓΗ γεγράφθω υπερβολή· ήξει άρα Βιά τοΰ Κ, ως εν τη αναλύσει εΐρηται. ερχεσθω ουν ως ή ΒΚ, καί εκβληθείση τή Ζ H ίση κείσθω ή ΗΞ, καί επεζευχθω ή ΞΚ 148
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therefore the point 0 has been found satisfying the conditions of the problem.
“ That BE2 . EA is the greatest of all the figures similarly taken uporrBA when BE = 2KA will be thus proved. Let there again be, as in the analysis, a given straight line ΑΓ at right angles to AB,a and let ΓΕ be joined and let it, when produced, meet at Ζ the line through Β drawn parallel to ΑΓ, and through Γ, Ζ let ΘΖ, ΓΗ be drawn parallel to AB, and let ΓΑ be produced to θ, and through E let ΚΕΛ be drawn parallel to it, and let
EA:ΑΓ=ΓΗ . HM : EB2; then	BE2. EA = (ΓΗ . HM) . ΑΓ,
owing to the fact that in two [equal] solids the bases are inversely proportional to the altitudes. I assert, then, that (ΓΗ . HM). ΑΓ is the greatest of all the figures similarly taken upon HA.
“For let there be described through II a parabola about the axis ZII and with parameter IIM ; it will pass through K, as was proved in the analysis, and, if produced, it will meet ΘΓ, being parallel to the axis b of the parabola, by the twenty-seventh theorem of the first book of Apollonius’s Elements of Conics.c Let it be produced, and let it meet at N, and through Β let a hyperbola be drawn in the asymptotes ΝΓ, ΓΗ ; it will pass through K, as was shown in the analysis. Let it be described as BK, and let ZH be produced to Ξ so that ZH = ΗΞ, and let HK be joined e Figure on p. 151.
6 Lit. “ diameter,” in accordance with Archimedes’ usage. e Apoll. i. 26 in our texts.
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GREEK MATHEMATICS καί εκβεβλήσθω επι το Ο- φανερόν άρα, ὅτι εφάπτεται της παραβολής διά την αντιστροφήν του τετάρτου και τριακοστοϋ θεωρήματος του πρώτου βιβλίου των ’Απολλώνιου Κωνικών στοιχείων. επει οΰν διπλή εστιν ή BE τῆς E Α— ούτως γάρ υπόκειται—τουτεστιν ή ΖΚ τής ΚΘ, •
• Apoll. ι. 33 in our texts.
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and produced to 0 ; it is clear that it will touch the parabola by the converse of the thirty-fourth
theorem of the first book of Apollonius's Elements of Conics,a Then since BE = 2EA—for this hypothesis has been made—therefore ZK = 2ΚΘ, and the triangle
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καί εστιν ὅμοιον τό ΟΘΚ τρίγωνον τω ΞΖΚ τ ριγώνω, διπλάσιά, εστί καί ή ΞΚ της ΚΟ. eortv 8e καί η ΞΚ της ΚΠ διπλή δια το καί την ΞΖ της Ξ H καί παράλληλον εΐν αι την ΠΗ τη ΚΖ· ΐση άρα ή ΟΚ τη ΚΠ. η άρα ΟΚΠ φαύουσα της υπερβολής καί μεταξύ ουσα των ασύμπτωτων δίχα τεμνεται· εφάπτεται άρα της υπερβολής διά την αντιστροφήν του τρίτου θεωρήματος του δευτέρου βιβλίου των * Απολλώνιου Κωνικών στοιχείων, εφήπτετο δε καί τής παραβολής κατά τό αυτό Κ· ή άρα παραβολή τής υπερβολής εφάπτεται κατά τό Κ.
“ Νενοήσθω οΰν καί ή υπερβολή προσεκβαλ-λομενη ως επί τό Ρ, καί είλήφθω επί τής ΑΒ τυχόν σημεΐον τό Σ, καί διά του Σ τη ΚΛ παράλληλος ήχθω ή ΤΣΤ καί συμβαλλετω τη υπερβολή κατά τό Τ, καί διά τοΰ Τ τη ΓΗ παράλληλος ήχθω ή ΦΤΧ. επεί οΰν διά τήν υπερβολήν καί τάς ασύμπτωτους ίσον εστί τό Φ Υ τφ ΓΒ, κοινού άφαιρεθεντος τοΰ ΓΣ ίσον γίνεται τό ΦΣ τω ΣΗ, καί διά τούτο ή από τοΰ Γ επί τό Χ επιζευγνυ-μενη ευθεία ήξει διά τοΰ Σ. ερχεσθω καί έστω ως ή ΓΣΧ. καί επεί τό από ΨΧ ίσον εστί τω υπό ΧΗΜ διά τήν παραβολήν, τό από ΤΧ ελασσόν
° In the same notation as before, the condition BE*. EA= 4
(ΓΙΙ.ΙΙΜ).ΑΓ is —a8=lcl; and Archimedes has proved
c*
that, when this condition holds, the parabola x* = -y touches
the hyperbola (a - x)y=ab at the point (|a, 36^ because they
both touch at this point the same straight line, that is the 152
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ΟΘΚ is similar to the triangle SZK, so that HK = 2KO. But HK = 2ΚΠ because ΞΖ = 2HH and ΠΗ is parallel to KZ ; therefore OK = ΚΠ. Therefore ΟΚΠ, which meets the hyperbola and lies between the asymptotes, is bisected ; therefore, by the converse of the third theorem of the second book of Apollonius’s Elements of Conics, it is a tangent to the hyperbola. But it touches the parabola at the same point K. Therefore the parabola touches the hyperbola at K.°
“ Let the hyperbola be therefore conceived as produced to P, and upon AB let any point Σ be taken, and through Σ let ΤΣΥ be drawn parallel to ΚΛ and let it meet the hyperbola at T, and through Τ let ΦΤΧ be drawn parallel to ΓΗ. Now by virtue of the property of the hyperbola and its asymptotes, ΦΥ = ΓΒ, and, the common element ΓΣ being subtracted, ΦΣ = ΣΗ, and therefore the straight line drawn from Γ to X will pass through Σ [Eucl. i. 43, conv.]. Let it be drawn, and let it be as ΓΣΧ. Then since, in virtue of the property of the parabola, ΨΧ2 = ΧΗ.ΗΜ, [Apoll.i. 11
line 9bx -ay -3ab=0, as may easily be shown. We may prove this fact in the following simple manner. Their points of intersection are given by the equation x2(a -x) = be2,
which may be written
4	4
a?3 - ax2 +27°®=	- be2,
or
Therefore, when δο2 = ί^α3 there are two coincident solu-2
tions, x=^a, lying between 0 and a, and a third solution
outside that range.
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ἐστι τού υπό ΧΗΜ. γεγονότα) ουν τω από ΤΧ ίσον τό υπό ΧΗΩ. επεί ουν εστιν, ώς η Σ Α προς Α Γ, ούτως ἡ ΓΗ προς H Χ, άλλ’ ώς ἡ ΓΗ προς ΗΧ, της H Ω κοινού ύφους λαμβανομενης ούτως τό υπό ΓΗΩ π ρος τό υπό ΧΗΩ και προς τό ίσον αύτω τό από XT, τουτεστι τό από ΒΣ, τό αρα από ΒΣ επί την Σ Α ΐσον εστί τω υπό ΓΗΩ επί την ΓΑ. τό Be υπό ΓΗΩ επί την ΡΑ ελασσόν εστι του υπό ΓΗΜ επί την ΓΑ· τό αρα από ΒΣ επί την Σ Α ελατ τον ἐστι του από BE em την ΕΑ. ομοίως Βη Βειχθησεται και επί πάντων των σημείων των μεταξύ λαμβανομόνων των E, Β.
“ *Αλλά Βη είληφθω μεταξύ των E, Α σημ€ΐον τό Γ. λόγω, οτι καί ούτως τό από της BE επί την ΕΑ μεΐζόν όστι τού από Βγ όπι την γΑ.
“Των γαρ αυτών κατ εσκευασμόνων ηχθω Βία. του S' τη ΚΛ παράλληλος ή	καί συμβαλλότω
τη υπερβολή κατά, τό Ρ· συμβαλεΐ γάρ αύτη Βία τό παράλληλος είναι τη άσυμπτώτω' καί Βία τού Ρ παράλληλος άχθεΐσα τη ΑΒ ή Α'ΡΒ' συμβαλλότω τη H Ζ εκβαλλόμενη κατά τό Β', καί επεί πάλιν Βία την υπερβολήν ΐσον εστί τό Γ,(ί τω Α H, ἡ από τού Γ επί τό Β/ επιζευγνυμενη ευθεία ηξει Βία του S', ερχεσθω καί έστω ως η ΓγΕΓ. καί επεί πάλιν Βία την παραβολήν ΐσον εστί τό από ΑΈ7 τω υπό Β'ΗΜ, τό αρα από ΡΒ' ελασσόν εστι του υπό Β'ΗΜ. γεγονετω τό από ΡΒ7 ΐσον τω υπό ΒΉΩ. επεί ουν εστιν, ως η S’ Α προς ΑΓ, ούτως η ΓΗ προς ΗΒ', ἀλλ’ ως η ΓΗ προς ΗΒ', της
154
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.·.	TX2	<XH . HM.
Let	TX2	=XH . ΗΩ.
Then since ΣΑ:ΑΓ=ΓΗ:ΗΧ,
while	ΓΗ : HX = ΓΗ . ΗΩ : XH . ΗΩ,
by taking a common altitude ΗΩ,
= ΓΗ . ΗΩ :XTa = ΓΗ . ΗΩ : ΒΣ2,
ΒΣ2. ΣΑ = (ΓΗ . ΗΩ). ΓΑ.
But (ΓΗ . ΗΩ) . ΓΑ <(ΓΗ . H Μ) . ΓΑ ; ΒΣ2. ΣΑ <ΒΕ2. E Α.
This can be proved similarly for all points taken between E, B.
“ Now let there be taken a point Γ between E, A. Ί assert that in this case also BE2 . EA> Br . ΓΑ.
“ With the same construction, let ζθ’Ρ be drawn® through Γ parallel to ΚΛ and let it meet the hyperbola at Ρ; it will meet the hyperbola because it is parallel to an asymptote [Apoll. ii. 13]; and through Ρ let A'PB' be drawn parallel to Α Β and let it meet HZ produced in B\ Since, in virtue of the property of the hyperbola, Γ'ζ = ΑΗ, the straight line drawn from Γ to B' will pass through Γ [Eucl. i. 43, conv.]. Let it be drawn and let it be as ΓγΒ'. Again, since, in virtue of the property of the parabola,
A'B'2	=B'H . HM,
PB'2	<B'H . HM.
Let	PB'2 =B'H . ΗΩ.
Then since S"A :ΑΓ =ΓΗ : Η Β',
while ΓΗ : ΗΒ' = ΓΗ . ΗΩ : ΒΉ . ΗΩ,
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ΗΩ κοινού ΰφους λαμβανομενης ούτως το υπ6 ΓΗΩ προς το υπό ΒΉΩ, τουτίστι προς τό από
ΡΒ' , τουτίστι προς το άπο Βθ’, τό αρα από Βθ’ επί την S"Α ίσον ἐστι τω υπό ΓΗΩ επί την ΓΑ. και μεΐζον τό υπό ΓΗ Μ του υπό ΓΗΩ· μεΐζον αρα και τό από BE επι την ΕΑ του από Βγ ειτι· 156
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= ΓΗ . ΗΩ : PB'a =ΓΗ.ΗΩ : Bra, Bs"2. s*A = (ΓΉ . ΗΩ) . ΓΑ. And	ΓΗ . HM > ΓΗ . ΗΩ ;
BE2. ΕΑ >Βγ2.γΑ.
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τήν θ’ Α. ομοίως δἡ δειχθήσεται καί ini πάντων των σημείων των μεταξύ των E, Α λαμβανομενων. εδείχθη δε καί επι πάντων των μεταξύ των E, Β· πάντων άρα των επι της ΑΒ ομοίως λαμβανομενων μεγιστόν εστιν το από της BE επί την E Α, ὅταν η διπλάσιά η BE της ΕΑ.”
*Επιστήσαι δε χρη καί τοΐς άκολουθοΰσιν κατά την ειρημενην καταγραφήν, επει γαρ δεδεικται το από Β Σ επι την Σ Α και τό από Βθ’ επι την ΓΑ ελασσον τον από BE επι την ΕΑ, δυνατόν εστι και του δοθεντος χωρίου επι την δοθεΐσαν ελάσ-σονος οντος του από τής BE επι την ΕΑ κατά δύο σημεία την ΑΒ τεμνομενην ποιεΐν τό εξ αρχής πρόβλημα, τούτο δε γίνεται, ει νοήσαιμεν περί διάμετρον την ΧΗ γραφομενην παραβολήν, ώστε τάς καταγομενας δύνασθαι παρά την ΗΩ· ή γάρ τοιαντη παραβολή πάντως ερχεται διά του Τ. και επειδή ανάγκη αυτήν συμπίπτειν τή ΓΝ παραλ-λήλω οϋση τή δια μετρώ, δήλ ον, ότι τεμνει τήν υπερβολήν και κατ' άλλο σημεΐον ανωτέρω του Κ, ως ενταύθα κατά τό Ρ, και από του Ρ επι τήν ΑΒ κάθετος αγόμενη, ως ενταύθα ή Ργ, τεμνει τήν ΑΒ κατά τό θ’, ώστε τό Γ σημεΐον ποιεΐν τό πρό-
α There is some uncertainty where the quotation from Archimedes ends and Eutocius’s comments are resumed. Heiberg, with some reason, makes Eutocius resume his comments at this point.
6 In the mss. the figures on pp. 150 and 156 are com-158
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This can be proved similarly for all points taken between E, A. And it was proved for all points between E, Β ; therefore for all figures similarly taken upon AB, BE2 . EA is greatest when BE = 2EA.*’
The following consequences α should also be noticed in the aforementioned figure,6 Inasmuch as it has been proved that
ΒΣ2 . ΣΑ <BE2.
and	Βθ’2 . Γ A <BE2. EA,
if the product of the given space and the given straight line is less than BE2 . EA, it is possible to cut AB in two points satisfying the conditions of the original problem.® This comes about if we conceive a parabola described about the axis XH with parameter ΗΩ ; for such a parabola will necessarily pass through Τγ’ And since it must necessarily meet ΓΝ, being parallel to a diameter [Apoll. Con. i. 26], it is clear that it cuts the hyperbola in another point above K, as at Ρ in this case, and a perpendicular drawn from Ρ to AB, as Pr in this case, will cut AB in ς-, so that the point Γ satisfies the conditions of the
bined ; in this edition it is convenient, for the sake of clarity, to give separate figures.
*	With the same notation as before this may be stated :
4>
when bo2<^a3, there are always two real solutions of the
cubic equation x2(a - x) = be2 lying between 0 and a. If the cubic has two real roots it must, of course, have a third real root as well, but the Greeks did not recognize negative solutions.
*	By Apoll. i. 11, since TX*=XH . ΗΩ.
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βλήμα, και ίσον γίνεσθαι το από ΒΣ επί την ΣΑ τω από Βγ επί την ΓΑ, ως ἐστι διά των προειρημένων αποδείξεων εμφανές·, ώστε δυνατού οντος επί της ΒΑ δυο σημεία λαμβάνειν ποιοΰντα το ζητούμενου, έξεστιν, όπότερόν τις βούλοιτο, λαμ-βάνειν η τό μεταξύ των E, Β ἡ τό μεταξύ των E, Α. ει μεν γάρ τό μεταξύ των E, Β, ως ειρηται, της δια των H, Τ σημείων γραφομένης παραβολής κατο, δύο σημεία τεμνούσης την υπερβολήν τό μεν εγγύτερον του H, τουτέστι του αξονος της παραβολής, εύρησει τό μεταξύ των E, Β, ως ενταύθα τό Τ ευρίσκει τό Σ, τό δε άπωτέρω τό μεταξύ των E, Α, ως ενταύθα τό Ρ ευρίσκει τό θ’.
Καθόλου μεν οΰν ούτως άναλέλυται και συντε-θειται τό πρόβλημα- ινα δε καί τοΐς ’Αρχιμηδείοις ρημασιν εφαρμοσθη, νενοησθω ως εν αυτί} τη τού ρητού καταγραφή διάμετρος μεν της σφαίρας η ΔΒ, η δε εκ τού κέντρου η ΒΖ, καί η δεδομένη η ΖΘ. κατηντησαμεν άρα, φησίν, εις τό “ την ΔΖ τεμεΐν κατο, τό Χ, ώστε είναι, ως την ΧΖ προς την δοθεΐσαν, ούτως τό δοθέν προς το απο της ΔΧ. τούτο δε απλώς μεν λεγόμενον έχει διορισμόν.’1 ει γάρ τό δοθέν επί την δοθεΐσαν μεΐζον έτύγχανεν τού από της ΔΒ επί την ΒΖ, αδύνατον ην τό πρόβλημα, ως δέδεικται, ει δε ίσον, τό Β σημεΐον έποίει τό πρόβλημα, και ούτως ούδέν ην προς την εξ αρχής ’Αρχιμηδους πρό-θεσιν η γάρ σφαίρα ούκ ετέμνετο εις τον δοθέντα
° Archimedes’ figure is re-drawn (ν. page 162) so that Β, Ζ come on the left of the figure and Δ on the right, instead of Β, Ζ on the right and Δ on the left.
b υ. svpra, p. 133.
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problem, and ΒΣ2.ΣΑ = Β$-2 . ς· A, as is clear from the above proof. Inasmuch as it is possible to take on BA two points satisfying what is sought, it is permissible to take whichever one wills, either the point between E, Β or that between E, A. If we choose the point between E, B, the parabola described through the points Η, Τ will, as stated, cut the hyperbola in two points ; of these the one nearer to H, that is to the axis of the parabola, will determine the point between E, B, as in this case Τ determines Σ, while the point farther away will determine the point between E, A, as in this case Ρ determines Γ.
The analysis and synthesis of the general problem have thus been completed ; but in order that it may be harmonized with Archimedes’ words, let there be conceived, as in Archimedes’ own figure γ’ a diameter ΔΒ of the sphere, with radius [equal to] BZ, and a given straight line ΖΘ. We are therefore faced with the problem, he says, “so to cut ΔΖ at X that XZ bears to the given straight line the same ratio as the given area bears to the square on ΔΧ. When the problem is stated in this general form, it is necessary to investigate the limits of possibility.”6 If therefore the product of the given area and the given straight line chanced to be greater than ΔΒ2. BZ,C the problem would not admit a solution, as was proved, and if it were equal the point Β would satisfy the conditions of the problem, which also would be of no avail for the purpose Archimedes set himself at the outset ; for the sphere would not be
e For ΔΒ = |ΔΖ [ex hyp.], and so ΔΒ in the figure on p. 162 corresponds with BE in the figure on p. 146, while BZ in the figure on p. 162 corresponds with EA in the figure on p. 146.
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λόγον, απλώς άρα λεγόμενον είχεν προσδιορισμόν “ προστιθέμενων δε των προβλημάτων των ενθάδε
υπαρχόντων ** τουτεστι του τε διπλάσιάν είναι την ΔΒ της ΖΒ και του μείζονα είναι την ΒΖ της ΖΘ, “ ούκ εχει διορισμόν.” τό γάρ από ΔΒ τό δοθεν επί την Ζ Θ την δοθεΐσαν ελαττόν εστι του από τής ΔΒ επί την ΒΖ διά τό την ΒΖ τής ΖΘ μείζον α είναι, ουπερ ύπάρχοντος εδείξαμεν δυνατόν, καί όπως προβαίνει τό πρόβλημα.
° Eutocius proceeds to give solutions of the problem by Dionysodorus and Diodes, by whose time, as he has explained, Archimedes’ own solution had already disappeared. Dionysodorus solves the less general equation by means of the intersection of a parabola and a rectangular hyperbola ; Diodes solves the general problem by the intersection of an ellipse with a rectangular hyperbola, and his proof is both ingenious and intricate. Details may be consulted in Heath, H.O.M. ii. 46-49 and more fully in Heath, 162
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cut in the given ratio. Therefore when the problem was stated generally, an investigation of the limits of possibility was necessary as well; “but under the conditions of the present case,” that is, if ΔΒ = 2ΖΒ and ΒΖ>ΖΘ, “ no such investigation is necessary.” For the product of the given area ΔΒ2 into the given straight line ΖΘ is less than the product of ΔΒ2 into BZ by reason of the fact that BZ is greater than ΖΘ, and we have shown that in this case there is a solution, and how it can be effected.®
The Works of Archimedes, pp. cxxiii-cxli, which deals with the whole subject of cubic equations in Greek mathematical history. It is there pointed out that the problem of finding mean proportionals is equivalent to the solution of a pure
cubic equation, ~3=^» and that Menaechmus’s solution, by
the intersection of two conic sections {υ. vol. i. pp. 278-283), is the precursor of the method adopted by Archimedes, Dionysodorus and Diodes. The solution of cubic equations by means of conics was, no doubt, found easier than a solution by the manipulation of parallelepipeds, which would have been analogous to the solution of quadratic equations by the application of areas (v. vol. i. pp. 186-215). No other examples of the solution of cubic equations have survived, but in his preface to the book On Conoids and Spheroids Archimedes says the results there obtained can be used to solve other problems, including the following, “ from a given spheroidal figure or conoid to cut off, by a plane drawn parallel to a given plane, a segment which shall be equal to a given cone or cylinder, or to a given sphere ” (Archim. ed. Heiberg i. 258. 11-15); the case of the paraboloid of revolution does not lead to a cubic equation, but those of the spheroid and hyperboloid of revolution do lead to cubics, which Archimedes may be presumed to have solved. The conclusion reached by Heath is that Archimedes solved completely, so far as the real roots are concerned, a cubic equation in which the term in χ is absent: and as all cubic equations can be reduced to this form, he may be regarded as having solved geometrically the general cubic.
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(d) Conoids and Spheroids (i.) Preface
Archim. De Con. et Sphaer., Praef., Archim, ed. Heiberg i. 216. 1-14
Αρχιμηδης Δοσιθέω ευ πράττεtv.
’Αποστέλλω τοι, γράφας ἐν τωδε τω βιβλίω των τ€ λοιπών θεωρημάτων τάς άποδείζιας, ών ούκ είχες εν τοΐς πρότερον άπεσταλμένοις, και άλλων ύστερον π οτεξευρημένων, α πρότερον μεν ηδη πολλάκις εγχειρησας έπισκέπτεσθαι Βυσκολον εχειν τι φανείσας μοι τάς εύρέσιος αυτών απόρησα* * διόπερ ουδέ συνεζεδόθεν τοΐς άλλοις αυτά τα προβεβλημένα. ύστερον δε επιμελέστερον ποτ αύτοΐς γενόμενος έξεϋρον τα άπορηθέντα. ήν δέ τα μεν λοιπά τών προτέρων θεωρημάτων περί του ορθογωνίου κωνοειδέος προβεβλημένα, τα δε νυν έντι ποτεξευρημένα περί τε αμβλυγωνίου κωνοειδέος καί περί σφαιροειδέων σχημάτων, ών τα μεν παραμάκεα, τα δε επιπλατέα καλέω.
(η.) Two Lemmas
Ibid., Lemma ad Prop. 1, Archim. ed. Heiberg
i. 260. 17-24
Ει κα έωντι μεγέθεα όποσαοΰν τω ισω άλλάλων
° In the books On the Sphere and Cylinder, On Spirals and an the Quadrature of a Parabola. b i.e., the paraboloid of revolution. c i.e., the hyperboloid of revolution.
* An oblong spheroid is formed by the revolution of an
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(d)	Conoids and Spheroids (i.) Preface
Archimedes, On Conoids and Spheroids, Preface, Archim. ed. Heiberg i. 246. 1-14
Archimedes to Dositheus greeting.
I have written out and now send you in this book the proofs of the remaining theorems, which you did not have among those sent to you before,0 and also of some others discovered later, which I had often tried to investigate previously but their discovery was attended with some difficulty and I was at a loss over them ; and for this reason not even the propositions themselves were forwarded with the rest. But later, when I had studied them more carefully, I discovered what had left me at a loss before. Now the remainder of the earlier theorems were propositions about the right-angled, conoid b ; but the discoveries now added relate to an obtuse-angled conoid 0 and to spheroidal figures, of which I call some oblong and others fiat.d
(ii.) Two Lemmas
Ibid., Lemma to Prop. 1, Archim. ed. Heiberg i. 260. 17-24
If there be a series of magnitudes, as many as you please, in which each term exceeds the previous term by an
ellipse about its major axis, a flat spheroid by the revolution of an ellipse about its minor axis.
In the remainder of our preface Archimedes gives a number of definitions connected with those solids. They are of importance in studying the development of Greek mathematical terminology.
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ύπερέχοντα, η δε α υπέροχά ΐσα τω ελαχίστω, καί άλλα μεγεθεα τω μεν πληθει ΐσα τούτοι?, τω δε μεγεθει έκαστον ίσον τω μεγίστω, πάντα τα μεγεθεα, ών εστιν έκαστον Ισον τω μεγίστω, πάντων μεν των τω ΐσω ύπερεχόντων ελασσόνα εσσουνται η διπλάσια, των δε λοιπών χωρίς του μεγίστου μείζονα ἡ διπλάσια, α δε άπόδειζις τούτου φανερά.
Ibid., Prop. 1, Archim. ed. Heiberg 1. 260. 26-261. 22
Ει κα μεγεθεα όποσαοΰν τω πληθει άλλοις μεγε-θεσιν ΐσοις τω πληθει κατά δυο τον αυτόν λόγον εχωντι τα ομοίως τεταγμενα, λεγηται δε τά τε πρώτα μεγεθεα ποτ άλλα μεγεθεα η πάντα η τινα αυτών εν λόγοις όποιοισοΰν, και τα ύστερον ποτ’ άλλα μεγεθεα τα ομόλογα εν τοΐς αύτοΐς λόγοις, πάντα τα πρώτα μεγεθεα ποτι πάντα, α λέγονται, τον αυτόν εξοΰντι λόγον, ον εχοντι πάντα τα ύστερον μεγεθεα ποτι πάντα, α λέγονται.
"Έστω τινα μεγεθεα τα Α, Β, Γ, Δ, E, Ζ άλλοις μεγεθεσιν ΐσοις τω πληθει τόΐς, H, Θ, Ι, Κ, Α, Μ
° If Λ is the common difference, the first series is h, 2h, 3h . . . nh, and the second series is nh, nh . . .ton terms, its sum obviously being n2A. The lemma asserts that
2(h+2h+3h + . . . n- ih)<n*A<2(A +2h +3h + . . . nh). It is proved in the book On Spirals, Prop. 11. The proof is geometrical, lines being placed side by side to represent the 166
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equal quantity, which common difference is equal to the least term, and if there he a second series of magnitudes, equal to the first in number, in which each term is equal to the greatest term \in the first series], the sum of the magnitudes in the series in which each term is equal to the greatest term is less than double of the sum of the magnitudes differing by an equal quantity, but greater than double of the sum of those magnitudes less the greatest term. The proof of this is clear.®
Ibid., Prop. 1, Archim. ed. Heiberg i. 260. 26-261. 22
If there be a series of magnitudes, as many as you please, and it be equal in number to another series of magnitudes, and the terms have the same ratio two by two, and if any or all of the first series of magnitudes form any proportion with another series of magnitudes, and if the second series of magnitudes form the same proportion with the corresponding terms of another series of magnitudes, the sum of the first series of magnitudes bears to the sum of those with which they are in proportion the same ratio as the sum of the second series of magnitudes bears to the sums of the terms with which they are in proportion.
Let the series of magnitudes Α, Β, Γ, Δ, E, Ζ be equal in number to the series of magnitudes Η, Θ, I,
terms of the arithmetical progression and produced until each is equal to the greatest term. It is equivalent to this algebraical proof:
Let	Sn=k+2h+Sh+ . . . +nh.
Then	l)h+(n-2)h+ ... +h.
Adding,	2Sn =n{n + 1)1,
and so	2Sn-i = {η - 1 )nh.
Therefore	2Sn-i<n2h <2Sn.
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κατά 8υο τον αυτόν εχοντα λόγον, και εχετω το μεν Α ΤΓθτι τό Β τον αυτόν λόγον, ον τό H ποτι τό Θ, τό δε Β ποτι τό Γ, ον τό Θ ποτι τό Ι, καί τα άλλα ομοίως τοντοις, λεγεσθω 8ε τα μεν Α, Β, Γ, Δ, E, Ζ μεγεθεα ποτ άλλα μεγεθεα τα Ν, Ξ, O, Π, Ρ, Σ εν λόγοις όποιοισονν, τἀ δε H, Θ, Ι, Κ, Α, Μ ποτ άλλα τα Τ, Τ, Φ, Χ, ψ, Ω, τα ομόλογα εν τοΐς αντοΐς λόγοις, και ον μεν εχει λόγον τό Α ποτι τό Ν, τό H εχετω ποτι τό Τ, ον 8ε λόγον εχει τό Β ποτι τό Ξ, τό Θ εχετω ποτι τό Τ, και τα άλλα ομοίως τοντοις· 8εικτεον, ότι πάντα τα Α, Β, Γ, Δ, E, Ζ ποτι πάντα τα Ν, Ξ, O, Π, Ρ, Σ τον αυτόν εχοντι λόγον, ον πάντα τα H, Θ, Ι, Κ, Α, Μ ποτι πάντα τά Τ, Τ, Φ, Χ, ψ, Ω.
Now since Α : Β = Η : Θ,	[ex hyp.
.·. componendo Α+Β:Α = Η + Θ:Η,	[Eucl. ν. 18
i.e., permutando Α + Β:Η + Θ = Α:Η.	[Eucl. ν. 16
But since Ν:Α=Τ:Η,	[ex hyp.
.·. Α : H =Ν : Τ	lEucl. ν. 16
= Ξ: Υ	[ibid.
= 0 : Φ	[ibid.
= Γ : Ι.	[ibid.
Λ Α+Β:Η+Θ=Γ:Ι. .·. Α+Β + ΓίΗ+Θ + Ι = Γ:Ι	[Eucl. v. 18
= 0 : Φ	[Eucl. v. 16
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“Since Ν: Α = Τ : H, Α : Β = H : Θ,	[ex hyp.
.·. ex aequo	Ν : Β = T : Θ.	[Eucl. ν. 22
But	Β : Ξ = Θ : Υ;	[ex hyp.
.·. ex aequo	Ν : Ξ = Τ : Υ.	[Eucl. ν. 22
Similarly
Ξ:0=Υ:Φ, 0.·Π = Φ:Χ, Π:Ρ = Χ:Τ, Ρ:Σ = Ψ:Ω.
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Κ, Λ, M, and let them have the same ratio two by two, so that
A : B = H : θ, Β : Γ = θ : I,
and so on, and let the series of magnitudes Α, Β, Γ, Δ, E, Ζ form any proportion with another series of magnitudes N, S, Ο, Π, P, Σ, and let Η, θ, Ι, Κ, Λ, M form the same proportion with the corresponding terms of another series, Τ, Υ, Φ, X, Ψ, Ω so that
A : Χ = Η : Τ, Β : Ξ = Θ : Y, and so on ; it is required to prove that
= Π : X	[ibid.
=A:K.	[ibid.
By pursuing this method it may be proved that
Α + Β+ Γ + Δ+ Ε + Ζ:Η + Θ+ Ι + Κ+Λ+Μ=Α: H, or, permutando,
Α + Β+Γ + Δ + Ε + Ζ:Α = Η + Θ+Ι + Κ + Λ + Μ:Η. (I) Now	Ν : Ξ =T : Y;
componendo et permutando,
Ν +Ξ : Τ + Υ = Ξ : Y [Eucl. ν. 18, ν. 16 = 0 : Φ;	[Eucl. ν. 16
whence Ν + Ξ + 0:Τ+Υ + Φ = 0:Φ,	[Eucl.V. 18
and so on until we obtain
Ν + Ξ + 0 + Π+Ρ+Σ:Τ+Υ + Φ+Χ + Ψ + Ω = Ν:Τ .	, (2)
But	A : Ν=H : Τ ;	[ex hyp.
,·. by (1) and (2),
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(iii.) Volume of a Segment of a Paraboloid of
Revolution
Ibid., Prop. 21, Archim. ed. Heiberg i. 344. 21-354. 20
Παν τ μαμα ορθογωνίου κωνοειδεος άποτετμα-μενον επιπεδω όρθώ ττοτί τον άξονα ημιόλίόν ἐστι του κώνου του βάσιν εχοντος τάν αύτάν τω τμάματι καί άξονα.
"Εστω γάρ τμάμα ορθογωνίου κωνοειδεος άπο-τετμα μόνον ορθω επιπεδω ιτοτί τον άξονα, και τμαθεντος αύτοΰ επιπεδω άλλω διά του άξονος τα? μεν επιφάνειας τομά έστω α ΑΒΓ ορθογωνίου κώνου τομά, του 8ε επίπεδου του άποτεμνοντος τό τμάμα α ΓΑ ευθεία, άξων δε έστω τοΰ τμά-ματος α ΒΔ, έστω δε καί κώνος τάν αύτάν βάσιν εχων τω τμάματι καί άξονα τον αυτόν, ου κορυφά το Β. δεικτέον, οτι το τμάμα τοΰ κωνοειδεος ημιόλίόν εστι τοΰ κώνου τούτου.
Έκκείσθω γάρ κώνος 6 Ψ ημιόλιος εών τοΰ κώνου, οΰ βάσις 6 περί διάμετρον τάν ΑΓ, άξων δε ά ΒΔ, έστω δε καί κύλινδρος βάσιν μεν εχων 170
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(iii.) Volume of a Segment of a Paraboloid of Revolution
Ibid., Prop. 21, Archim. ed. Heiberg i. 344. 21-354. 20 Any segment of a right-angled conoid cut off by a plane perpendicular to the axis is one-and-a-half times the cone having the same base as the segment and the same axis.
For let there be a segment of a right-angled conoid cut off by a plane perpendicular to the axis, and let it be cut by another plane through the axis, and let the section be the section of a right-angled cone ΑΒΓ,° and let ΓΑ be a straight line in the plane cutting off the segment, and let ΒΔ be the axis of the segment, and let there be a cone, with vertex B, having the same base and the same axis as the segment. It is required to prove that the segment of the conoid is one-and-a-half times this cone.
For let there be set out a cone Ψ one-and-a-half times as great as the cone with base about the diameter ΑΓ and with axis ΒΔ, and let there be a •
• It is proved in Prop. 11 that the section will be a parabola.
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τον κύκλον τον περί διάμετρον τάν Α Γ, άξονα δε τάν ΒΔ* εσσεΐται ονν 6 Ψ κώνος ημίθεος του κυλίνδρου [επείπερ ήμιόλιός εστιν 6 Ψ κώνος του αντοΰ κώνου].1 λέγω, ὅτι τό τ μαμα του κωνοειδέος ίσον ἐστι τω Ψ κώνω.
Ει γάρ μη εστιν ίσον, ήτοι μεΐζόν εντι η ελασσον. έστω δη πρότερον, ει δυνατόν, μεΐζον. εγγεγράφθω δη σχήμα στερεόν εις τό τμάμα, καί άλλο περιγεγράφθω εκ κυλίνδρων ύφος ίσον εχόν-των συγκείμενον, ώστε τό περίγραφον σχήμα του εγγραφεντος ύπερεχειν ελάσσονι, ή αλίκω ύπερεχει τό τοΰ κωνοειδεος τμάμα τοΰ Ψ κώνου, καί έστω τών κυλίνδρων, εξ ών σύγκειται τό περίγραφον σχήμα, μέγιστος μεν ό βάσιν εχων τον κύκλον τον περί διάμετρον τάν ΑΓ, άξονα δἐ τάν ΕΔ, ελάχιστος δε ό βάσιν μεν εχων τον κύκλον τον περί διάμετρον τάν ΣΤ, άξονα δε τάν BI, τών δε κυλίνδρων, εξ ών σύγκειται τό εγγραφεν σχήμα, μέγιστος μεν έστω 6 βάσιν εχων τον κύκλον τον περί διάμετρον τάν ΚΛ, άξονα δε τάν ΔΕ, ελάχιστος δε ό βάσιν μεν εχων τον κύκλον τον περί διάμετρον τάν ΣΤ, άξονα δε τάν ΘΙ, εκβεβλήσθω δε τα επίπεδα πάντων τών κυλίνδρων ποτί τάν
1 ineinep . . . κώνον om. Heiberg. •
• For the cylinder is three times, and the cone Τ one-and-a-
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cylinder having for its base the circle about the diameter ΑΓ and for its axis ΒΔ ; then the cone Ψ is one-half of the cylinder a ; I say that the segment of the conoid is equal to the cone Ῥ.
If it be not equal, it is either greater or less. Let it first be, if possible, greater. Then let there be inscribed in the segment a solid figure and let there be circumscribed another solid figure made up of cylinders having an equal altitude,6 in such a way that the circumscribed figure exceeds the inscribed figure by a quantity less than that by which the segment of the conoid exceeds the cone Ψ [Prop. 19] ; and let the greatest of the cylinders composing the circumscribed figure be that having for its base the circle about the diameter ΑΓ and for axis ΕΔ, and let the least be that having for its base the circle about the diameter ΣΤ and for axis BI ; and let the greatest of the cylinders composing the inscribed figure be that having for its base the circle about the diameter ΚΛ and for axis ΔΕ, and let the least be that having for its base the circle about the diameter ΣΤ and for axis ΘΙ ; and let the planes of all the cylinders be
half times, as great as the same cone ; but because του αύτοΰ κώνου is obscure and eireiirep often introduces an interpolation, Heiberg rejects the explanation to this effect in the text.
6 Archimedes has used those inscribed and circumscribed figures in previous propositions. The paraboloid is generated by the revolution of the parabola ΑΒΓ about its axis ΒΔ. Chords ΚΛ ... ΣΤ are drawn in the parabola at right angles to the axis and at equal intervals from each other. From the points where they meet the parabola, perpendiculars are drawn to the next chords. In this way there are built up inside and outside the parabola “ staggered ” figures consisting of decreasing rectangles. When the parabola revolves, the rectangles become cylinders, and the segment of the paraboloid Hes between the inscribed set of cylinders and the circumscribed set of cylinders.
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επιφάνειαν του κυλίνδρου του βάσιν εχοντος τον κύκλον τον περί διάμετρον τάν Α Γ, άξονα δε τάν ΒΔ· εσσεΐται δη ό ὅλος κύλινδρος διηρημενος εις κυλίνδρους τω μεν πληθει ίσους τοΐς κυλίνδροις τοΐς εν τω περιγεγραμμένω σχηματι, τω δε με-γεθει ίσους τω μεγίστω αυτών, καί επεί το 7τεριγεγραμμενον σχήμα περί τό τμάμα ελάσσονι ύπερεχει του εγγεγραμμένου σχήματος η τό τμάμα του κώνου, δηλον, δτι καί τό εγγεγραμμενον σχήμα εν τω τμάματι μεΐζόν εστι του Ψ κώνου, ό δη πρώτος κύλινδρος τών εν τω δλω κυλίνδρω ο εχων άξονα τάν ΔΕ ποτί τον πρώτον κύλινδρον τών εν τω εγγεγραμμενω σχηματι τον εχοντα άξονα τάν ΔΕ τον αυτόν εχει λόγον, ον α ΔΑ ποτί τάν ΚΕ δυνάμει· οντος δε εστιν ό αυτός τω, ον εχει α ΒΔ ποτί τάν BE, καί τω, ον εχει α ΔΑ ποτί τάν ΕΞ. ομοίως δε δειχθησεται καί 6 δειίτερος κύλινδρος τών εν τώ δλω κυλίνδρω 6 εχων άξονα τον E Ζ ποτί τον δεύτερον κύλινδρον τών εν τω εγγεγραμμενω σχηματι τον αυτόν εχειν λόγον, ον α Π E, τουτεστιν ά ΔΑ, ποτί τάν ΖΟ, καί τών άλλων κυλίνδρων έκαστος τών εν τφ δλω κυλίνδρω άξονα εχόντων ίσον τα ΔΕ ποτί έκαστον τών κυλίνδρων τών εν τω εγγεγραμμενω σχηματι άξονα εχόντων τον αυτόν εξει τούτον τον λόγον, ον α ημίσεια τάς διαμέτρου τάς βάσιος αύτοϋ ποτί τάν άπολελαμμεναν απ' αυτάς μεταξύ τάν ΑΒ, ΒΔ ευθείαν καί πάντες οΰν οι κύλινδροι οι εν τω κυλίνδρω, ου βάσις μεν εστιν ό κύκλος ό περί διάμετρον τάν Α Γ, άξων δε [ἐστιν]1 α ΔΙ ευθεία, ποτί πάντας τούς κυλίνδρους τούς εν τω εγγεγραμμενω σχηματι τον αυτόν εξοϋντι λόγον, ον 174
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produced to the surface of the cylinder having for its base the circle about the diameter ΑΓ and for axis ΒΔ ; then the whole cylinder is divided into cylinders equal in number to the cylinders in the circumscribed figure and in magnitude equal to the greatest of them. And since the figure circumscribed about the segment exceeds the inscribed figure by a quantity less than that by which the segment exceeds the cone, it is clear that the figure inscribed in tlie segment is greater than the cone Ψ.α Now the first cylinder of those in the whole cylinder, that having ΔΕ for its axis, bears to the first cylinder in the inscribed figure, which also has ΔΕ for its axis, the ratio ΔΑ2 : ΚΕ2 [Eucl. xii. 11 and xii. 2]; but ΔΑ2 : ΚΕ2 = ΒΔ : BE b = ΔΑ : EH. Similarly it may be proved that the second cylinder of those in the whole cylinder, that having EZ for its axis, bears to the second cylinder in the inscribed figure the ratio ΠΕ : ZO, that is, ΔΑ : ZO, and each of the other cylinders in the whole cylinder, having its axis equal to ΔΕ, bears to each of the cylinders in the inscribed figure, having the same axis in order, the same ratio as half the diameter of the base bears to the part cut off between the straight lines AB, ΒΔ ; and therefore the sum of the cylinders in the cylinder having for its base the circle about the diameter Α Γ and for axis the straight line ΔΙ bears to the sum of the cylinders in the inscribed figure the same ratio as the sum of
• Because the circumscribed figure is greater than the segment.
b By the property of the parabola; v. Quadr. parab. 3.
ioriv om. Heiberg.
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7τάσαι αι εύθεΐαι at εκ των κέντρων των κύκλων, οι ivrt βάσιες των είρημένων κυλίνδρων, ποτι πάσας τάς ευθείας τάς άπολελαμμένας απ' αύτάν μεταξύ ταν ΑΒ, ΒΔ. αι δέ είρημέναι εύθεΐαι των είρημένων χωρίς τάς ΑΔ μείζονές εντι η διπλάσιαι· ώστε καί οΐ κύλινδροι πάντες οι εν τω κυλίνδρω, ου άξων ό ΔΙ, μείζονές εντι ἡ διπλάσιοι τοΰ εγγεγραμμένου σχήματος■ πολλω άρα και 6 ολος κύλινδρος, ου άξων α ΔΒ, μείζων εντι ή διπλάσιων του εγγεγραμμένου σχήματος, τοΰ δε Ψ κώνου ήν διπλάσιων έλασσον άρα τδ έγγεγραμ-μένον σχήμα τοΰ Ψ κώνου· δπερ αδύνατον έδείχθη γάρ μεΐζον. ούκ άρα εστιν μεΐζον το κωνοειδές τοΰ Τ κώνου.
'Ομοίως δε ουδέ ελασσον πάλιν γάρ έγγε-γράφθω το σχήμα καί περιγεγράφθω, ώστε ύπερέχειν [έκαστον]1 έλάσσονι, ή άλίκω υπερέχει 6 Ψ κώνος τοΰ κωνοειδέος, και τα άλλα τα αυτά τοΐς πρότερον κατεσκευάσθω. έπεί ουν έλασσόν έστι το έγγεγραμμένον σχήμα τοΰ τμάματος, καί το έγγραφέν τοΰ περιγραφέντος έλάσσονι λείπεται ή το τμάμα τοΰ Ψ κώνου, δήλον, ως ελασσον εστι το περιγραφέν σχήμα τοΰ Ψ κώνου, πάλιν δέ ο
1 ἔκ·αστον om. Heiberg, ίκαστον έκάστον Torelli (for εκάτερον ΐκατίρου).
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the radii of the circles, which are the bases of the aforesaid cylinders, bears to the sum of the straight lines cut oif from them between AB, ΒΔ.® But the sum of the aforesaid straight lines is greater than double of the aforesaid straight lines without ΑΔ 6 ; so that the sum of the cylinders in the cylinder whose axis is ΔΙ is greater than double of the inscribed figure ; therefore the whole cylinder, whose axis is ΔΒ, is greater by far than double of the inscribed figure. But it was double of the cone Ψ; therefore the inscribed figure is less than the cone Ψ; which is impossible, for it was proved to be greater. Therefore the conoid is not greater than the cone Ψ.
Similarly [it can be shown] not to be less ; for let the figure be again inscribed and another circumscribed so that the excess is less than that by which the cone Ψ exceeds the conoid, and let the rest of the construction be as before. Then because the inscribed figure is less than the segment, and the inscribed figure is less than the circumscribed by some quantity less than the difference between the segment and the cone Ψ, it is clear that the circumscribed figure is less than the cone Ψ. Again, the first
This follows from Prop. 1, for
First cylinder in whole cylinder _ ΔΑ Second cylinder in whole cylinder- “Eli*
and so on, and thus the other condition of the theorem is satisfied.
6 For ΔΑ, ΕΞ, ZO ... is a series diminishing in arithmetical progression, and ΔΑ, ΕΠ ... is a series, equal in number, in which each term is equal to the greatest in the arithmetical progression. Therefore, by the Lemma to Prop. 1,
ΔΑ+ΕΠ + . . .>2(ΕΞ + ΖΟ+ . . .)·
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πρώτος κύλινδρος των εν τω ολω κυλίνδρω 6 εχων άξονα τάν ΔΕ ποτϊ τον πρώτον κύλινδρον τών iv τω περιγεγραμμενω σχηματι τον τον αυτόν έχοντα άξονα τάν ΕΔ τον αυτόν εχει λόγον, ον το από τάς ΑΔ τετράγωνον ποτι τό αυτό, 6 δε δεύτερος κύλινδρος τών εν τω ολω κυλίνδρω 6 εχων άξονα τάν ΕΖ ποτι τον δεύτερον κύλινδρον τών εν τω περιγεγραμμενω σχηματι τον εχοντα άξονα τάν ΕΖ τον αυτόν εχει λόγον, ον α ΔΑ ποτι τάν ΚΕ δυνάμει· οΰτος δε ἐστιν 6 αυτός τω, ον εχει α ΒΔ ποτι τάν BE, και τω, ον εχει ά ΔΑ ποτι τάν ΕΞ* και τών άλλων κυλίνδρων έκαστος τών εν τω ολω κυλίνδρω άξονα εχόντων ίσον τα ΔΕ ποτι έκαστον τών κυλίνδρων τών εν τω περιγεγραμμενω σχηματι άξονα εχόντων τον αυτόν, έξει τούτον τον λόγον, ον α ήμίσεια τάς διαμέτρου τάς βάσιος αυτου ποτι τάν άπολελαμμεναν απ' αντος μεταξύ τάν ΑΒ, ΒΔ εύθειάν’ και πάντες οΰν οι κύλινδροι οι εν τω ολω κυλίνδρω, ου άξων εστιν α ΒΔ ευθεία, ποτι πάντας τους κυλίνδρους τους εν τω περιγεγραμμενω σχηματι τον αυτόν εξουντι λόγον, ον πάσαι αι εύθεΐαι ποτι πάσας τάς ευθείας, αι δε εύθεΐαι πάσαι αι εκ τών κέντρων τών κύκλων, οι βάσιες εντι τών κυλίνδρων, τάν εύθειάν πασάν τάν άπο-λελαμμενάν απ' αύτάν συν τα ΑΔ ελάσσονες εντι
• As before,
First cylinder in whole cylinder __ _ΔΑ
First cylinder in circumscribed figure —ΔΑ
Second cylinder in whole cylinder_______ΔΑ_ΕΠ
Second cylinder in circumscribed figure” ΕΞ - E3* and so on.
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cylinder of those in the whole cylinder, having ΔΕ for its axis, bears to the first cylinder of those in the circumscribed figure, having the same axis ΕΔ, the ratio ΑΔ2 : ΑΔ2; the second cylinder in the whole cylinder, having EZ for its axis, bears to the second cylinder in the circumscribed figure, having EZ also for its axis, the ratio ΔΑ2 : ΚΕ2 ; this is the same as ΒΔ : BE, and this is the same as ΔΑ : ΕΞ ; and each of the other cylinders in the whole cylinder, having its axis equal to ΔΕ, will bear to the corresponding cylinder in the circumscribed figure, having the same axis, the same ratio as half the diameter of the base bears to the portion cut off from it between the straight lines AB, ΒΔ ; and therefore the sum of the cylinders in the whole cylinder, whose axis is the straight line ΒΔ, bears to the sum of the cylinders in the circumscribed figure the same ratio as the sum of the one set of straight lines bears to the sum of the other set of straight lines.® But the sum of the radii of the circles which are the bases of the cylinders is less than double of the sum of the straight lines cut off from them together with ΑΔ 6 ; it is therefore clear
And
First cylinder in whole cylinder	— ι — ^A
Second cylinder in whole cylinder — —E1I* and so on.
Therefore the conditions of Prop. 1 are satisfied and Whole cylinder _ ΔΑ +E Π + . . .
Circumscribed figure— ΔΑ + ΕΞ + . .
* As before, ΔΑ, ΕΞ ... is a series diminishing in arithmetical progression, and ΔΑ, ΕΠ ... is a series, equal in number, in which each term is equal to the greatest in the arithmetical progression.
Therefore, by the Lemma to Prop. 1,
ΔΑ + ΕΠ+ . . . <2(ΔΑ + ΕΞ+ . . .)·
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ἡ διπλάσιαΐ' δήλον οΰν, ὅτι καί οι κύλινδροι πάντες οι εν τω ολω κυλίνδρω ελάσσονες εντι ἡ διπλάσιοι των κυλίνδρων των εν τω ιτεριγεγραμμενω σχή-ματι· ο άρα κύλινδρος 6 βάσιν εχων τον κύκλον τον περι διάμετρον τάν ΑΓ, άξονα δε τάν ΒΔ, ἐλάσσων εστιν ή διπλάσιων του περιγεγραμμενου σχήματος, ούκ εστι δε, άλλα μείζων ή διπλάσιος· του γάρ Ψ κώνου διπλάσιων εστί, τό δε περιγε-γραμμενον σχήμα ελαττον εδείχθη του ψ κώνου, ούκ άρα εστιν ουδέ ελασσον τό του κωνοειδεος τ μαμα τοΰ Ψ κώνου, εδείχθη δε, ότι ουδέ μεΐζον ήμιόλιον άρα εστιν τοΰ κώνου τοΰ βάσιν εχοντος τάν αύτάν τω τμάματι και άξονα τον αυτόν.
α Archimedes’ proof may be shown to be equivalent to an integration, as Heath has done (The Works of Archimedes, cxlvii-exlviii).
For, if n be the number of cylinders in the whole cylinder, and AA=nh, Archimedes has shown that
Whole cylinder_____________________nVi______________
Inscribed figure	~h + Qh + 3h + . . . (n-l)h
>2,	[Lemma to Prop. 1
and
Whole cylinder	____________ n2h_______
Circumscribed figure « + 2Λ+3Λ + . . . +nh
<2.	[ibid.
In Props. 19 and 20 he has meanwhile shown that, by increasing n sufficiently, the inscribed and circumscribed figures can be made to differ by less than any assigned volume.
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that the sum of all the cylinders in the whole cylinder is less than double of the cylinders in the circumscribed figure ; therefore the cylinder having for its base the circle about the diameter Α Γ and for axis ΒΔ is less than double of the circumscribed figure. But it is not, for it is greater than double ; for it is double of the cone Ψ, and the circumscribed figure was proved to be less than the cone Ψ. Therefore the segment of the conoid is not less than the cone Ψ. But it was proved not to be greater ; therefore it is one-and-a-half times the cone having the same base as the segment and the same axis.®
When n is increased, Λ is diminished, but their product remains constant; let nh=c.
Then the proof is equivalent to an assertion that, when n is indefinitely increased,
limitof h[h+2h+3h+. .	+(n-l)A]=£ca,
which, in the notation of the integral calculus reads,
If the paraboloid is formed by the revolution of the parabola yi=ax about its axis, we should express the volume of a segment as
The constant does not appear in Archimedes’ proof because he merely compares the volume of the segment with the cone,* and does not give its absolute value. But his method is seen to be equivalent to a genuine integration.
As in other cases, Archimedes refrains from the final step of making the divisions in his circumscribed and inscribed figures' indefinitely large ; he proceeds by the orthodox method of reductio ad absurdum.
or
VOL. II
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(e)	The Spiral of Archimedes (i.) Definitions
Archim. Be Lin. Spir., Deflf., Archim. ed. Heiberg it 44. 17-46. 21
a*. El κα εύθεΐα έπιζευχθή γράμμα έν έπιπέΒω και μένοντος του έτερον πέρατος αντος ισοταχέως περιενεχθεΐσα όσακισοΰν άποκατασταθή πάλιν, οθεν ώρμασεν, άμα δε τα γράμμα περιαγομένφ φέρηταί τι σαμεΐον ισοταχέως αυτό έαυτω κατά τάς ευθείας άρξάμενον από του μένοντος πέρατος, τό σαμεΐον έλικα γράφει εν τω έπιπέΒω.
β'. Ιιίαλείσθω οΰν τό μεν πέρας τας ευθείας τό μένον 7τεριαγομένας αντος άρχά τας έλικος.
γ'. ‘Α Βέ θέσις τας γραμμάς, άφ* ας άρξατο ἀ εύθεΐα περιφέρεσθαι, άρχά της περιφοράς.
Β'. Έινθεΐα, αν μεν έν τα πρώτα περιφορά Βια-πορενθη τό σαμεΐον τό κατά τας ευθείας φερό-μενον, πρώτα καλείσθω, αν δ* έν τα Βεντέρα περιφορά τό αυτό σαμεΐον Βιανυση, Βεντέρα, και αι αλλαι ομοίως τανταις όμωνυμως ταῖς περι-φοραΐς καλείσθωσαν.
ε'. Τό Βέ χωρίον τό περιλαφθέν υπό τε τα? έλικος τα? έν τα πριοτα περιφορά γραφείσας και τάς ευθείας, α ἐστιν πρώτα, πρώτον καλείσθω, τό Βέ περιλαφθέν υπό τε τάς έλικος τάς έν τα Βεντέρα περιφορά γραφείσας και τάς ευθείας τάς Βευτέρας Βευτερον καλείσθω, και τα ἀλλα εξής οϋτω καλείσθω.
Γ7. Και ει κα από του σαμεΐον, ο ἐστιν άρχά τάς έλικος, άχθη τις εύθεΐα γραμμά, τάς ευθείας ταυτας 182
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(e) The Spiral of Archimedes (i.) Definitions
Archimedes, On Spirals, Definitions, Archim. ed.
Heiberg ii. 44. 17-46. 21
1.	If a straight line drawn in a plane revolve uniformly any number of times about a fixed extremity until it return to its original position, and if, at the same time as the line revolves, a point move uniformly along the straight line, beginning at the fixed extremity, the point will describe a spiral in the plane.
2.	Let the extremity of the straight line which remains fixed while the straight line revolves be called the origin of the spiral.
3.	Let the position of the line, from which the straight line began to revolve, be called the initial line of the revolution.
4.	Let the distance along the straight line which the point moving along the straight line traverses in the first turn be called the first distance,let the distance which the same point traverses in the second turn be called the second distance, and in the same way let the other distances be called according to the number of turns.
5.	Let the area comprised between the first turn of the spiral and the first distance be called the first area, let the area comprised between the second turn of the spiral and the second distance be called the second area, and let the remaining areas be so called in order.
6.	And if any straight line be drawn from the origin, let [points] on the side of this straight line in
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τα επί τα αυτά, εφ’ α κα α περιφορά γένηται, προαγούμενα καλείσθω, τα 8ε επί θάτερα επόμενα.
ζ'. “O τε γραφείς κύκλος κεντρω μεν τω σαμείω, δ εστιν αργά τάς ελικος, διαστηματι δε τφ ευθεία, α εστιν πρώτα, πρώτος καλείσθω, ό δε γραφείς κεντρω μεν τω αύτώ, διαστηματι δε τα διπλάσιά ευθεία δεύτερος καλείσθω, καί οι άλλοι δε έξης τούτοις τον αυτόν τρόπον.
(ii.) Fundamental Property Ibid., Prop. 14, Archim. ed. Heiberg ii. 50. 9-52. 15
Ει κα ποτί τάν έλικα τάν εν τφ πρώτα περιφορά γεγραμμεναν ποτιπεσώντι δυο εύθεΐαι από του σαμείου, δ εστιν αργά τάς ελικος, καί εκβληθέωντι ποτί τάν του πρώτου κύκλον περιφέρειαν, τον αυτόν εξοΰντι λόγον αι ποτί τάν έλικα ποτιπίπ-τουσαι ποτ* ἀλλάλας, ον αι περιφερειαι του κύκλου αι μεταξύ του περατος τάς ελικος καί των περάτων τάν εκβληθεισάν εύθειάν των επί τάς περιφερείας γινομένων, επί τα προαγούμενα λαμβανομενάν τάν περιφερειών από του περατος τάς ελικος.
"Εστω ελιξ α ΑΒΓΔΕΘ εν τα πρώτα περιφορά γεγραμμένα, αργά δε τάς μεν ελικος έστω το Α σαμεΐον, α δε ΘΑ ευθεία αργά τάς περιφοράς έστω, καί κύκλος 6 ΘΚΗ έστω ό πρώτος, ποτιπιπτόντων δε από του Α σαμείου ποτί τάν έλικα αι ΑΕ, ΑΔ καί εκπιπτόντων ποτί τάν τοΰ κύκλου περιφέρειαν επί τά Ζ, H. δεικτέον, δτι τον αυτόν εγοντι λόγον α ΑΕ ποτί τάν ΑΔ, ον α ΘΚΖ περιφέρεια ποτί τάν ΘΚΗ περιφέρειαν.
Περιαγομένας γάρ τάς ΑΘ γραμμάς δηλον, ως 184
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the direction of the revolution be called forward, and let those on the other side be called rearward.
7.	Let the circle described with the origin as centre and the first distance as radius be called thejirsi circle, let the circle described with the same centre and double of the radius of the first circle α be called the second circle, and let the remaining circles in order be called after the same manner.
(ii.) Fundamental Property Ibid., Prop. 14, Archim. ed. Heiberg ii. 50. 9-52. 15
If, from the origin of the spiral, two straight lines he drawn to meet the first turn of the spiral and produced to meet the circumference of the first circle, the lines drawn to the spiral will have the same ratio one to the other as the arcs of the circle between the extremity of the spiral and the extremities of the straight lines produced to meet the circumference, the arcs being measured in a forward direction from the extremity of the spiral.
Let ΑΒΓΔΕΘ be the first turn of a spiral, let the point A be the origin of the spiral, let ΘΑ be the initial line, let ΘΚΗ be the first circle, and from the point A let AE, ΑΔ be drawn to meet the spiral and be produced to meet the circumference of the circle at Ζ, H. It is required to prove that AE : AA = arc ΘΚΖ : arc ΘΚΗ.
When the line A θ revolves it is clear that the point •
• i.e., with radius equal to the sum of the radii of the first and second circles,
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τό μεν Θ σαμεΐον κατά, τάς του ΘΚΗ κύκλον περιφέρειας ενηνεγμενον εστίν ισοταχεως, τό δε
Α κατά τάς ευθείας φερόμενον τάν ΑΘ γραμμάν πορεύεται, και τό Θ σαμεΐον κατά τάς του κύκλου περιφέρειας φερόμενον τάν ΘΚΖ περιφέρειαν, το δε Α τάν ΑΕ ευθείαν, και πάλιν τό τε Α σαμεΐον τάν ΑΔ γραμμάν και το Θ τάν ΘΚΗ περιφέρειαν, εκάτερον ισοταχεως αυτό εαυτω φερόμενον· δῆλον ούν, οτι τον αυτόν εχοντι λόγον α ΑΕ ποτί τάν ΑΔ, ον α ΘΚΖ περιφέρεια ποτι τάν ΘΚΗ περιφέρειαν [δεδεικται γάρ τούτο εζω εν τοΐς πρώτοις].1
*Ομοίως δε δειχθησεται, και ει κα α ετερα τάν ποτιπιπτονσάν επί τό πέρας τάς ελικος ποτιπιπττ], οτι τό αυτό συμβαίνει.
(ίϋ.) Α Verging
Ibid,., Prop. 7, Archim. ed. Heiberg ii. 22. 14-24. 7
Των αυτών δεδομένων καί τάς εν τω κύκλω ευθείας εκβεβλημε νας δυνατόν ἐστιν από του 186
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θ moves uniformly round the circumference ΘΚΗ of the circle while the point A, which moves along the straight line, traverses the line ΑΘ ; the point θ which moves round the circumference of the circle traverses the arc ΘΚΖ while A traverses the straight line AE ; and furthermore the point A traverses the line ΑΔ in the same time as θ traverses the arc ΘΚΗ, each moving uniformly ; it is clear, therefore, that AE : AA = arc i)KZ : arc ΘΚΗ [Prop. 2].
Similarly it may be shown that if one of the straight lines be drawn to the extremity of the spiral the same conclusion follows.®
(iii.) A Verging h
Ibid., Prop. 7, Archim. ed. Heiberg ii. 22. 14-24. 7
With the same data and the chord in the circle pro-duced,G it is possible to dram a line from the centre to meet
•	In Prop. 15 Archimedes shows (using different letters, however) that if AE, ΑΔ are drawn to meet the second turn of the spiral, while AZ, AH are drawn, as before, to meet the circumference of the first circle, then
AE:AA=arc ΘΚΖ + circumference of first circle : aro ΘΚΗ +circumference of first circle, and so on for higher turns.
In general, if E, Δ lie on the nth turn of the spiral, and the circumference of the first circle is c, then
AE ϊ AA=arc ΘΚΖ +n - 1 c : arc ΘΚΗ +λ - 1 c.
These theorems correspond to the equation of the curve τ=αθ in polar co-ordinates.
•	This theorem is essential to the one that follows.
•	See η. a on this page.
δέδεικται . , . πρώτοις om, Heiberg.
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κέντρου ποτιβαλεΐν ποτί τάν εκβεβλημεναν, ώστε τ αν μεταξύ τας περιφέρειας καί τας εκβεβλημενας ποτι τάν επιζευχθεΐσαν από του περατος τας εναπολαφθείσας ποτί τό πέρας τας εκβεβλημενας τον ταχθεντα λόγον ίχειν, ει κα ό δοθείς λόγος μείζων η του, ον εχει ά ημίσεια τας εν τω κύκλω δεδομενας ποτϊ τάν από τού κέντρου κάθετον επ' αύτάν άγμίναν.
Αεδόσθω τα αυτά, καί έστω α εν τω κύκλω γραμμά εκβεβλημενα, ό δε δοθείς λόγος έστω, ον εχει ά Ζ ποτι τάν H, μείζων τού, ον εχει α ΓΘ ποτί τάν ΘΚ· μείζων ούν εσσεΐται καί του, ον εχε ά ΚΓ ποτί ΓΛ. ον δη λόγον εχει α Ζ ποτί H τούτον εξει α ΚΓ ποτί ελασσόνα τας ΓΛ. εχετα ποτί IN νεύουσαν επί τό Γ—δυνατόν δε εστιν ούτως τεμνειν—καί πεσεΐται εντός τας ΓΛ, επειδή ἐλάσσων εστί τας ΓΛ. επεί ούν τον αυτόν εχει λόγον ά ΚΓ ποτί IN, ον ά Ζ ποτί H, καί α ΕΙ ποτί ΙΓ τον αυτόν εξει λόγον, ον ά Ζ ποτί τάν H.
β ΑΓ is a chord in a circle of centre K, and BN is the diameter drawn parallel to ΑΓ and produced. From K, ΚΘ is drawn perpendicular to ΑΓ, and ΓΛ is drawn perpendicular to ΚΓ so as to meet the diameter in Λ. Archimedes asserts that it is possible to draw ΚΕ to meet the circle in I and ΑΓ produced in E so that ΕΙ: ΙΓ=Ζ: H, an assigned ratio, provided that Ζ : Η>ΓΘ : ΘΚ. The straight line IT meets ΒΛ in N. In Prop. 5 Archimedes has proved a similar proposition when ΑΓ is a tangent, and in Prop. 6 he has proved the proposition for the case where the positions of I, Γ are reversed.
6 For triangle ΓΙΕ is similar to triangle KIN, and therefore ΚΙ: IN=EI: ΙΓ [Eucl. vi. 4]; and ΚΙ=ΚΓ.
.* The type of problem known as vtuoeis, vergings, Has already been encountered (vol. i. p. 244 n. a). In this pro-' position, as in Props. 5 and 6, Archimedes gives no hint how 1S8
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the produced chord so that the distance between the circumference and the produced chord shall bear to the distance between the extremity of the line intercepted [by the circle] and the extremity of the produced chord an assigned ratio, provided that the given ratio is greater than that which half of the given chord in the circle bears to the perpendicular drawn to it from the centre.
Let the same things be given,® and let the chord in the circle be produced, and let the given ratio be Ζ : H, and let it be greater than Γθ : ΘΚ ; therefore it will be greater than ΚΓ ; ΓΛ [Eucl. vi. 4], Then Ζ : H is equal to the ratio of ΚΓ to some line less than ΓΛ [Eucl. v. 10]. Let it be to IN verging upon Γ—for it is possible to make such an intercept— and IN will fall within ΓΛ, since it is less than ΓΛ. Then since	ΚΓ:ΙΝ = Ζ:Η,
therefore b	ΕΙ: ΙΓ =Z : H.°
the construction is to be accomplished, though he was presumably familiar with a solution.
In the figure of the text, let Τ be the foot of the perpen-
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Ει κα τα? ελικος τάς iv τα πρώτα περιφορά γεγραμμενας ευθεία γράμμα επιφαύη μη κατά το πέρας τάς ελικος, από 8e τάς άφάς επί τάν άρχάν τάς ελικος ευθεία επιζευχθη, καί κεντρω μεν τα άρχά τάς ελικος, Βιαστήματι 8ε τα επιζευχθείσα κύκλος γραφή, από 8ε τάς άρχάς τάς ελικος άχθη τις ποτ όρθάς τα από τάς άφάς επί τάν άρχάν τάς ελικος επιζευχθείσα, συμπεσεΐται αΰτα ποτί τάν επιφαύουσαν, καί εσσεΐται α μεταξύ ευθεία τάς τε συμπτώσιος καί τάς άρχάς τάς ελικος ίσα τξ. περιφέρεια του γραφεντος κύκλου τα μεταξύ τάς άφάς καί τάς τομάς, καθ’ αν τεμνει 6 γραφείς κύκλος τάν άρχάν τάς περιφοράς, επί τα προαγου-μενα λαμβανομενας τάς περιφέρειας άπό του σαμείου του εν τα άρχά τάς περιφοράς.
’Έστω ελιξ, εφ' ας ά ΑΒΓΔ, εν τφ πρώτα περιφορά γεγραμμένα, καί επιφαυετω τις αύτάς ευθεία α E Ζ κατά τό Α, άπό 8ε του Α ποτί τάν
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(iv.) Property of the Subtangent Ibid., Prop. 20, Archim. ed. Heiberg ii. 72. 4-74. 26
If a straight line touch the first tum of the spiral other than at the extremity of the spiral, and from the point of contact a straight line be drawn to the origin, and with the origin as centre and this connecting line as radius a circle be drawn, and from the origin a straight line be drawn at right angles to the straight line joining the point of contact to the origin, it will meet the tangent, and the straight line between the point of meeting and the origin will be equal to the arc of the circle between the point of contact and tke point in which the circle cuts the initial line, the arc being measured in the forward direction from the point on the initial line.
Let ΑΒΓΔ lie on the first turn of a spiral, and let
the straight line EZ touch it at Δ, and from Δ let ΑΔ
so that values of χ and y satisfying the conditions of the problem are given by the points of intersection of a certain parabola and a certain hyperbola.
The whole question of vergings, including this problem, is admirably discussed by Heath, The Works of Archimedes, c-cxxii.
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άρχάν τάς ελικος επεζεύχθω α ΑΔ, καί κεντρω μεν τω Α, διαστηματι δε τω ΑΔ κύκλος γεγράφθω 6 ΔΜΝ, τεμνετω δ’ οντος τ αν άρχάν τάς περιφοράς κατά το Κ, άχθω δε α ΖΑ ποτϊ τάν Α Α ορθά, οτι μεν οΰν αύτα συμπίπτει, δηλον δτι δε καί ίσα ἐστιν α ΖΑ ευθεία τα ΚΜΝΔ περιφέρεια, δεικτέον.
Ει γάρ μη, ήτοι μείζων εστίν η ἐλάσσων, έστω, ει δυνατόν, πρότερον μείζων, λελάφθω δε τις α ΛΑ τάς μεν ΖΑ ευθείας ἐλάσσων, τάς 8e ΚΜΝΔ περίφερείας μείζων. πάλιν δη κύκλος εστίν ό ΚΜ Ν καί εν τω κύκλω γράμμα ἐλάσσων τάς διάμετρον ά ΔΝ καί λόγος, ον εχει α ΔΑ ποτί ΑΑ, μείζων του, ον εχει α ἡμίσεια τάς ΔΝ ποτί τάν από τοΰ Α κάθετον επ' αύτάν άγμεναν δυνατόν οΰν εστιν από τοΰ Α ποτιβαλεΐν τάν ΑΕ ποτί τάν ΝΔ εκβεβλημεναν, ώστε τάν EP ποτί τάν Δ Ρ τον αυτόν εχειν λόγον, ον ἀ ΔΑ ποτί τάν ΑΛ* δεδεικται γάρ τούτο δυνατόν εόν εξει οΰν καί ά EP ποτί τάν ΑΡ τον αυτόν λόγον, ον ά ΔΡ ποτί τάν ΑΑ. α δε Δ Ρ ποτί τάν ΑΑ ελάσσονα λόγον εχει η α ΔΡ περιφέρεια ποτί τάν ΚΜΔ περιφέρειαν, επεί ά μεν Δ Ρ ελάσσων εστί τάς Δ Ρ περιφέρειας, ά δε ΑΑ μείζων τάς ΚΜΔ περιφέρειας· ελάσσονα οΰν λόγον εχει α EP ευθεία ποτί ΡΑ η ά ΔΡ περιφέρεια ποτί τάν ΚΜΔ περιφέρειαν ώστε καί ά ΑΕ ποτί ΑΡ ελάσσονα λόγον εχει η α ΚΜ Ρ περιφέρεια ποτί τάν ΚΜΔ περι-
0 For in Prop. 16 the angle ΑΔΖ was shown to be acute. b For ΔΝ touches the spiral and so can have no part within the spiral, and therefore cannot pass through A; therefore it is a chord of the circle and less than the diameter.
e For, if a perpendicular be drawn from A to ΔΝ, it bisects 192
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be drawn to the origin, and with centre A and radius ΑΔ let the circle ΔΜΝ be described, and let this circle cut the initial line at K, and let ΖΑ be drawn at right angles to ΑΔ. That it will meet [ΖΔ] is clear α ; it is required to prove that the straight line ΖΑ is equal to the arc ΚΜΝΔ.
If not, it is either greater or less. Let it first be, if possible, greater, and let ΛΑ be taken less than the straight line ΖΑ, but greater than the arc ΚΜΝΔ [Prop. 4]. Again, KMN is a circle, and in this circle ΔΝ is a line less than the diameter,6 and the ratio ΔΑ : ΑΛ is greater than the ratio of half ΔΝ to the perpendicular drawn to it from A c; it is therefore possible to draw from A a straight line AE meeting ΝΔ produced in such a way that EP:ΔΡ=ΔΑ:ΑΛ;
for this has been proved possible [Prop. 7] ; therefore EP : ΑΡ = ΔΡ :ΑΛ.“
But	ΔΡ : ΑΛ <arc ΔΡ : arc ΚΜΔ,
since ΔΡ is less than the arc ΔΡ, and ΑΛ is greater than the arc ΚΜΔ ;
EP : ΡΑ <arc ΔΡ : arc ΚΜΔ ;
AE : AP <arc KMP : arc ΚΜΔ.
[Eucl. v. 18
ΔΝ [Eucl. iii. 3] and divides triangle ΔΑΖ into two triangles of wnich one is similar to triangle ΔΑΖ [Eucl. vi. 8]; therefore ΔΑ s AZ= £ΝΔ s (perpendicular from A to ΝΔ).
[Eucl. vi. 4
But AZ> ΑΛ;
.·. ΔΑ : ΑΛ> £ΝΔ : (perpendicular from A to ΝΔ).
d For ΔΑ=ΑΡ, being a radius of the same circle; and the proportion follows permutando.
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φέρειαν. ον δε λόγον έχει α. ΚΜ Ρ ποτί τάν ΚΜΔ περιφέρειαν, τοϋτον εχει α ΧΑ ποτί ΑΔ* ελασσόνα αρα λόγον εχει α ΕΑ ποτί ΑΡ ἡ α ΑΧ ττοτί ΔΑ· όπερ ἐστιν αδύνατον, ούκ αρα μείζων α ΖΑ τάς ΚΜΔ περιφέρειας. ομοίως δε τοΐς πρότερον δειχθήσεται, ότι ουδέ ἐλάσσων ἐστίν ίσα αρα.
(f)	Semi-Regular Solids Papp. Coll. ν. 19, ed. Hultsch i. 352. 7-354. 10
Πολλά γάρ επινοησαι δυνατόν στερεά σχήματα παντοίας επιφάνειας εχοντα, μάλλον δ* αν τις άζιώσειε λόγου τα τετάχθαι δοκοΰντα [καί τούτων πολύ πλέον τους τε κώνους καί κυλίνδρους και τα καλούμενα πολύεδρα].1 ταΰτα δ’ εστϊν ου μόνον τα παρά τω θειοτάτω Υίλάτωνι πέντε σχήματα, τουτέστιν τετράεδρόν τε καί έζάεδρον, οκτάεδρόν τε καλ δωδεκάεδρον, πέμπτον δ’ είκοσάεδρον, αλλά καί τα υπό ’Αρχιμήδους εύρεθέντα τριακαίδεκα τον αριθμόν υπό ισοπλεύρων μεν καί ισογωνίων ούχ όμοιων δε πολυγώνων περιεχόμενα.
1 καί . . . πολύεδρα, om. Hultsch.
• This part of the proof involves a verging assumed in Prop. 8, just as the earlier part assumed the verging of Prop.
7.	The verging of Prop. 8 has already been described (vol. i. p. 350 n. b) in connexion with Pappus’s comments on it.
6 Archimedes goes on to show that the theorem is true even if the tangent touches the spiral in its second or some higher turn, not at the extremity of the turn ; and in Props. 18 and 19 he has shown that the theorem is true if the tangent should touch at an extremity of a turn.
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Now arc KMP : arc ΚΜΔ = XA : ΑΔ ; [Prop. 14
EA:AP <AX:ΔΑ;
which is impossible. Therefore ΖΑ is not greater than the arc ΚΜΔ. In the same way as above it may be shown to be not less α ; therefore it is equal.6
(f)	Semi-Regular Solids Pappus, Collection v. 19, ed. Hultsch i. 352. 7-354. 10
Although many solid figures having all kinds of surfaces can be conceived, those which appear to be regularly formed are most deserving of attention. Those include not only the five figures found in the godlike Plato, that is, the tetrahedron and the cube, the octahedron and the dodecahedron, and fifthly the icosahedron,® but also the solids, thirteen in number, which were discovered by Archimedes d and are contained by equilateral and equiangular, but not similar, polygons.
As Pappus (ed. Hultsch 302. 14-18) notes, the theorem can be established without recourse to propositions involving solid, loci (for the meaning of which see vol. i. pp. 348-349), and proofs involving only “ plane ” methods have been developed by Tannery, MSmoires scientifiques, i., 1912, pp. 300-316 and Heath, H.O.M. ii. 556-561. It must remain a puzzle why Archimedes chose his particular method of proof, especially as Heath’s proof is suggested by the figures of Props. 6 and 9 ; Heath (loc. cit., p. 557) says “ it is scarcely possible to assign any reason except his definite predilection for the form of proof by reductio ad absurdum based ultimately on his famous * Lemma ’ or Axiom.”
• For the five regular solids, see vol. i. pp. 216-225. a Heron (Definitions 104, ed. Heiberg 66. 1-9) asserts that two were known to Plato. One is that described as Ps below, but the other, said to be bounded by eight squares and six triangles, is wrongly given.
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Τό μεν γάρ πρώτον οκτάεδρόν εστιν περιεχό-μενον υπό τριγώνων S καί εζαγώνων δ.
Τρία δε μετά τούτο τεσσαρεσκαιδεκάεδρα, ών τό μεν πρώτον περιεχεται τριγώνοις η και τετραγώνου Γ, τό δε δεύτερον τετραγώνου Γ και εζα-γώνοις η, τό δε τρίτον τριγώνοις η και όκταγώνοις Γ.
Merct δε ταΰτα εκκαιεικοσάεδρά ἐστιν δύο, ών τό μεν πρώτον περιεχεται τριγώνοις η καί τετρα-γώνοις ϊη, τό δε δεύτερον τετραγώνοις ιβ, εζα-γώνοις η καί όκταγώνοις Γ.
Μετά δε ταΰτα δυοκαιτριακοντάεδρά εστιν τρία, ών τό μεν πρώτον περιεχεται τριγώνοις κ καί πενταγώνοις ιβ, τό δε δεύτερον πενταγώνους ιβ και εζαγώνοις κ, τό δε τρίτον τριγώνοις κ καί δεκαγώνοις ιβ.
Μετά δε ταΰτα εν εστιν όκτωκαιτριακοντάεδρον περιεχόμενον υπό τριγώνων λβ καί τετραγώνων s'.
Μετά δε τοΰτο δνοκαιεζηκοντάεδρά ἐστι δύο, ών τό μεν πρώτον περιεχεται jτριγώνοις κ καί τετραγώνους Χ καί πενταγώνους ιβ, τό δε δεύτερον τετραγώνους Χ καί εζαγώνοις κ καί δεκαγώνοις ιβ.
Μετά Se ταΰτα τεΧευταΐόν εστιν δνοκαιενενη-κοντάεδρον, ο περιεχεται τριγώνοις π καί πενταγώνους ιβ.
α For the purposes of n. b, the thirteen polyhedra will be designated as P1% P2 . . ■*V	_
6 Kepler, in his Harmonice mundi {Opera, 1861·, v. 123-126), appears to have been the first to examine these figures systematically, though a method of obtaining some is given in a scholium to the Vatican ms. of Pappus. If a solid angle of a regular solid be cut by a plane so that the same length is cut off from each of the edges meeting at the solid angle, 196
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The first is a figure of eight bases, being contained by four triangles and four hexagons [Px].a
After this come three figures of fourteen bases, the first contained by eight triangles and six squares [P2]> the second by six squares and eight hexagons [P3], and the third by eight triangles and six octagons
these come two figures of twenty-six bases, the first contained by eight triangles and eighteen squares [P5], the second by twelve squares, eight hexagons and six octagons [P6].
After these come three figures of thirty-two bases, the first contained by twenty triangles and twelve pentagons [P7], the second by twelve pentagons and twenty hexagons [P8], and the third by twenty triangles and twelve decagons [P,].
After these comes one figure of thirty-eight bases, being contained by thirty-two triangles and six squares [P10].
After this come two figures of sixty-two bases, the first contained by twenty triangles, thirty squares and twelve pentagons [Pu], the second by thirty squares, twenty hexagons and twelve decagons [P12].
After these there comes lastly a figure of ninety-two bases, which is contained by eighty triangles and twelve pentagons [P13].6
the section is a regular polygon which is a triangle, square or pentagon according as the solid angle is composed of three, four or five plane angles. If certain equal lengths be cut off in this way from all the solid angles, regular polygons will also be left in the faces of the solid. This happens (i) obviously when the cutting planes bisect the edges of the solid, and (ii) when the cutting planes cut off a smaller length from each edge in such a way that a regular polygon is left in each face with double the number of sides. This method gives (I) from the tetrahedron, Px; (2) from the
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(g)	System of expressing Large Numbers
Archim. Aren. 3, Archim. ed. Heiberg ii. 236. 17-240. 1
“A μεν ovv υποτίθεμαι, ταΰτα- χρήσιμον δε εΐμεν υπολαμβάνω τάν κατονόμαζιν των αριθμών ρηθημεν, όπως και των άλλων οι τω βιβλίω μη περιτετευχότες τω π οτ ι Ζ,εύζιππον γεγραμμενω μη πλανώνται διά το μηδέν εΐμεν υπέρ αύτάς εν τώδε τω βιβλίω προειρημενον. συμβαίνει δη τα ονόματα των αριθμών ες τό μεν τών μυρίων ύπάρχειν άμΐν παραδεδομενα, και υπέρ τό τών μυρίων [μεν]1 άποχρεόντως γιγνώσκομες μυριάδων αριθμόν λεγοντες εστε ποτί τάς μυρίας μυριάδας, εστων οΰν άμΐν οι μεν νυν είρημενοι αριθμοί ες τάς μυρίας μυριάδας πρώτοι καλούμενοι, τών δε πρώτων αριθμών αι μύρια ι μυριάδες μονάς καλείσθω δεύτερων αριθμών, καί άριθμείσθων τών δεύτερων μονάδες καί εκ τάν μονάδων δεκάδες καί εκατοντάδες καί χιλιάδες καί μυριάδες ες τάς μυρίας μυριάδας, πάλιν δε καί αι μυριαι μυριάδες τών δεύτερων αριθμών μονάς καλείσθω τρίτων αριθμών, καί άριθμείσθων τών τρίτων αριθμών μονάδες και από τάν μονάδων δεκάδες καί εκατοντάδες καί χιλιάδες καί μυριάδες ες τα? μυρίας μυριάδας, τον άρτον δε τρόπον καί τών τρίτων άριθμών μυριαι μυριάδες μονάς καλείσθω τετάρτων άριθμών, 1 μϊν om. Heiberg.
cube, Ρ, and Pt; (3) from the octahedron, Pt and Ps; (4) from the icosahedron, P7 and P8; (5) from the dodecahedron, P, and Pa. It was probably the method used by Plato.
Four more of the semi-regular solids are obtained by first cutting all the edges symmetrically and equally by planes parallel to the edges, and then cutting off angles. This 198
ARCHIMEDES
(g)	System of expressing Large Numbers
Archimedes, Sand-Reckoner 3, Archim. ed.
Heiberg ii. 236. 17-240. 1
Such are then the assumptions I make; but I think it would be useful to explain the naming of the numbers, in order that, as in other matters, those who have not come across the book sent to Zeuxippus may not find themselves in difficulty through the fact that there had been no preliminary discussion of it in this book. Now we already have names for the numbers up to a myriad [104], and beyond a myriad we can count in myriads up to a myriad myriads [108]. Therefore, let the aforesaid numbers up to a myriad myriads be called numbers of the first order [numbers from 1 to 108], and let a myriad myriads of numbers of the first order be called a unit of numbers of the second order [numbers from 108 to 1016], and let units of the numbers of the second order be enumerable, and out of the units let there be formed tens and hundreds and thousands and myriads up to a myriad m)rriads. Again, let a myriad myriads of numbers of the second order be called a unit of numbers of the third order [numbers from 1016 to 1024], and let units of numbers of the third order be enumerable, and from the units let there be formed tens and hundreds and thousands and myriads up to a myriad myriads. In the same manner, let a myriad myriads of numbers of the third order be gives (1) from the cube, Ps and P9; (2) from the icosahedron, Pu ; (3) from the dodecahedron, Pia.
The two remaining solids are more difficult to obtain ; Ρ» is the snub cube in which each solid angle is formed by the angles of four equilateral triangles and one square; P13 is the snub dodecahedron in which each solid angle is formed by the angles of four equilateral triangles and one regular pentagon.	jnn
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καί αι τών τετάρτων αριθμών μυριαι μυριάδες μονάς καλείσθω πέμπτων αριθμών, και αει ούτως προάγοντες οι αριθμοί τα ονόματα εχόντων ες τάς μυριακισμυριοστών αριθμών μυρίας μυριάδας.
* Αποχρεοντι μεν οΰν καί επί τοσοΰτον οι αριθμοί γιγνωσκομενοι, εζεστι δε καί επί πλέον προάγειν. έστω ν γάρ οι μεν νυν είρημενοι αριθμοί πρώτας περιόδου καλούμενοι, 6 δε έσχατος αριθμός τάς πρώτας περιόδου μονάς καλείσθω δευτερας περιόδου πρώτων αριθμών, πάλιν δε καί αι μυριαι μυριάδες τάς δευτερας περιόδου πρώτων αριθμών μονάς καλείσθω τάς δευτερας περιόδου δεύτερων αριθμών, ομοίως δε καί τούτων 6 έσχατος μονάς καλείσθω δευτερας περιόδου τρίτων αριθμών, καί αει ούτως οι αριθμοί προάγοντες τα ονόματα εχόντων τάς δευτερας περιόδου ες τάς μυριακισ-μυριοστών αριθμών μυρίας μυριάδας.
Πάλιν δε καί 6 έσχατος αριθμός τάς δευτερας περιόδου μονάς καλείσθω τρίτας περιόδου πρώτων αριθμών, καί αει ούτως προαγόντων ες τάς μυρια-κισμυριοστάς περιόδου μυριακισμυριοστών αριθμών μυρίας μυριάδας. •
• Expressed in full, the last number would be 1 followed by 80,000 million millions of ciphers. Archimedes uses this system to show that it is more than sufficient to express the number of grains of sand which it would take to fill the universe, basing his argument on estimates by astronomers uf the sizes and distances of the sun and moon and their relation to the size of the universe and allowing a wide margin for safety. Assuming that a poppy-head (for so αή/αυν is here to be understood, not “ poppy-seed," v. D’Arcy W. Thompson, The Classical Review, lvi. (1942), p. 75) would contain not more than 10,000 grains of sand, and that its diameter is not less than a finger’s breadth, and having proved that the 200
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called a unit of numbers of the fourth order [numbers from 1024 to 1032], and let a myriad myriads of numbers of the fourth order be called a unit of numbers of the fifth order [numbers from 1032 to 1040], and let the process continue in this way until the designations reach a myriad myriads taken a myriad myriad times [lO8 *1()8].
It is sufficient to know the numbers up to this point, but we may go beyond it. For let the numbers now mentioned be called numbers of the first period [1 to 108 · 1q8], and let the last number of the first period be called a unit of members of the first order of the second period [lO8 · x°8 to 108 · 108.108]. And again, let a myriad myriads of numbers of the first order of the second period be called a unit of numbers of the second order of the second period [lO8 · 1q8. 108 to 108 · x°8.1016]. Similarly let the last of these numbers be called a unit of numbers of the third order of the second period [lO8 ·108. 1016 to 108 ·108. 1024], and let the process continue in this way until the designations of numbers in the second period reach a myriad myriads taken a myriad myriad times [lO8 ·108. 108 ·lt)8, or (lO8 · 1°8)2].
Again, let the last number of the second period be called a unit of numbers of the first order of the third period [(lO8 · 1q8)2 to (lO8 ·lt>8)9.108], and let the process continue in this way up to a myriad myriad units of numbers of the myriad myriadth order of the myriad myriadth period [(lO8 ·10®)10 or ΙΟ8 · 1<)1β].β
sphere of the fixed stars is less than 107 times the sphere in which the sun’s orbit is a great circle, Archimedes shows that the number of grains of sand which would fill the universe is less than “ 10,000,000 units of the eighth order of numbers,” or 10es. The work contains several references important for the history of astronomy.
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(A) Indeterminate Analysis : The Cattle Problem
Archim. (?) Prob. Βου., Archim. ed. Heiberg ii. 528. 1-532. 9
Πρόβλημα
οπερ *Αρχιμήδης εν επιγράμμασιν ευρών rocs εν ’Αλεξάνδρειά περί ταΰτα πραγματευόμενοις ζητεΐν άπεστειλεν εν τη προς Έρατοσθενην τον Κυρη-ναΐον επιστολή.
Τίληθνν Ήελίοιο βοών, ώ ξεΐνε, μετρησον φροντίδ* επιστησας, ει μετεχεις σοφίης, πόσση α ρ' εν πεδίοις Σικελης ποτ εβόσκετο νήσου Θρινακίης τετραχη στίφεα δασσαμενη χροιην άλλάσσοντα* τό μεν λευκοΐο γάλακτος, κυανεω δ’ ετερον χρώματι λαμπόμενον, άλλο γε μεν ξανθόν, τό δε ποικίλον. εν δε εκάστω στίφει εσαν ταύροι πληθεσι βριθόμενοι συμμετρίης τοιησδε τετευχότες· άργότριχας μεν κυανεων ταύρων ήμίσει ήδε τρίτω και ξανθοΐς σύμπασιν ίσους, ω ξεΐνε, νόησον, αύτάρ κυανεους τω τετράτω τε μερει μικτοχρόων και πεμπτω, ετι ξανθοΐσί τε πάσιν.
τούς δ’ ύπολειπομένους ποικιλόχρωτας άθρει άργεννών ταύρων εκτω μερει εβδομάτω τε και ξανθοΐς αυτούς πάσιν ισαζόμενους. θηλείαισι δε βουσι τάδ’ επλετο* Αευκότριχες μεν ησαν συμπάσης κυανεης αγέλης τω τριτάτω τε μερει και τετράτω άτρεκες ΐσαί’ αύτάρ κυάνεαι τω τετράτω τε πάλιν μικτοχρόων και πεμπτω όμου μερει ισάζοντο συν ταύροις πάσαις εις νομόν ερχομόναις.
ARCHIMEDES
(A) Indeterminate Analysis : The Cattle Problem
Archimedes (?), Cattle ProblemArchim. ed. Heiberg ii. 528. 1-532. 9
A Problem
which Archimedes solved in epigrams, and which he communicated to students of such matters at Alexandria in a letter to Eratosthenes of Cyrene.
If thou art diligent and wise, O stranger, compute the number of cattle of the Sun, who once upon a time grazed on the fields of the Thrinacian isle of Sicily, divided into four herds of different colours, one milk white, another a glossy black, the third yellow and the last dappled. In each herd were bulls, mighty in number according to these proportions : Understand, stranger, that the white bulls were equal to a half and a third of the black together with the whole of the yellow, while the black were equal to the fourth part of the dappled and a fifth, together with, once more, the whole of the yellow. Observe further that the remaining bulls, the dappled, were equal to a sixth part of the white and a seventh, together with all the yellow. These were the proportions of the cows : The white were precisely equal to the third part and a fourth of the whole herd of the black ; while the black were equal to the fourth part once more of the dappled and with it a fifth part, when all, including the bulls, went to pasture together. Now * It is unlikely that the epigram itself, first edited by G. E. Lessing in 1773, is the work of Archimedes, but there is ample evidence from antiquity that he studied the actual problem. The most important papers bearing on the subject have already been mentioned (vol. i. p. 16 n. c), and further references to the literature are given by Heiberg ad loc.
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ξανθοτρίχων δ’ αγέλης πεμπτω μερει ήδε καί εκτω ποικίλαι Ισάριθμον πλήθος εχον τετραχή. ξανθαί δ’ ήριθμεϋντο μέρους τρίτου ἡμίσει ισαι άργεννής αγέλης εβδομάτω τε μερει. ξεΐνε, συ δ\ ’Ηελίοιο βόες πόσαι, άτρεκες είπών, χωρίς μεν ταύρων ζατρεφεων αριθμόν, χωρίς δ’ αν, θήλειαι οσαι κατά χροιάν εκασται, ούκ άιδρίς κε λεγοι ούδ’ αριθμών αδαής, ου μήν πω γε σοφοΐς εναρίθμιος. ἀλλ’ ΐθι φράζευ καί τάδε πάντα βοών ’Ηελίοιο πάθη. άργάτριχες ταύροι μεν επεί μιξαίατο πληθυν κυανεοις, ισταντ' εμπεδον Ισόμετροι εις βάθος εις εΰρός τε, τα δ’ αΰ περιμήκεα πάντη πίμπλαντο πλήθους1 Θρινακίης πεδία, ξανθοί δ’ αυτ εις εν καί ποικίλοι άθροισθεντες ισταντ άμβολάδην εξ ενός άρχόμενοι σχήμα τελείοΰντες τό τρικράσπεδον οΰτε προσόντων άλλοχρόων ταύρων ουτ επιλειπομενων. ταΰτα συνεξευρών καί ενί πραπίδεσσιν άθροίσας καί πληθεων άποδους, ξεΐνε, τα πάντα μέτρα ερχεο κυδιόων νικηφόρος ΐσθι τε πάντως κεκριμενος ταυτη γ* ομττνιος εν σοφίη.
1 πλήθους Krumbiegel, πλίνθου cod. * 6
β i.e. a fifth and a sixth both of the males and of the females.
6 At a first glance this would appear to mean that the sum of the number of white and black bulls is a square, but this makes the solution of the problem intolerably difficult. There is, however, an easier interpretation. If the bulls are packed together so as to form a square figure, their number need not be a square, since each bull is longer than it is broad. The simplified condition is that the sum of the number of white and black bulls shall be a rectangle.
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the dappled in four parts® were equal in number to a fifth part and a sixth of the yellow herd. Finally the yellow were in number equal to a sixth part and a seventh of the white herd. If thou canst accurately tell, O stranger, the number of cattle of the Sun, giving separately the number of well-fed bulls and again the number of females according to each colour, thou wouldst not be called unskilled or ignorant of numbers, but not yet shalt thou be numbered among the wise. But come, understand also all these conditions regarding the cows of the Sun. When the white bulls mingled their number with the black, they stood firm, equal in depth and breadth,6 and the plains of Thrinacia, stretching far in all ways, were filled with their multitude. Again, when the yellow and the dappled bulls were gathered into one berd they stood in such a manner that their number, beginning from one, grew slowly greater till it completed a triangular figure, there being no bulls of other colours in their midst nor none of them lacking. If thou art able, O stranger, to find out all these things and gather them together in your mind, giving all the relations, thou shalt depart crowned with glory and knowing that thou hast been adjudged perfect in this species of wisdom.® •
• If
Χ, χ are the numbers of white bulls and cows respectively,
Y,	y	„	„	„	black
Z,	2	„	,,	,,	yellow	„	,,	„
IP. w	„	m	··	dappled	,,	,,	„
the first part of the epigram states that (a)	X=(i + i )Y+Z .	.	.	. (1)
Y={i+i)W+Z .... (2) W=U + })X + Z .	.	.	.	(3)
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(ϊ) Mechanics : Centres of Gravity (i.) Postulates
Archim. De Plan. Aequil., Deff., Archira. ed. Heiberg ii. 124. 3-126. 3
α'. Αϊτού μέθα τα Ίσα βαρέα από Ίσων μα κεών Ισορροττεΐν, τα Ίσα βαρέα από των άνίσων μα κεών μη Ισορροπεΐν, αλλά ρεπειν επί τό βάρος το από του μείζονος μάκεος.
(Ι)	a; = U + i)(F+y)	.	.	.	. (4)
+	....	(5)
w=li+\){z+z)	· « * .	(β)
z=U + })(X+x)	....	(7)
The second part of the epigram states that
X+ Y=& rectangular number .	.	(8)
Ζ + W=a triangular number .	.	.	(9)
This was solved by J. F. Wurm, and the solution is given by A. Amthor, Zeitschrift fur Math. υ. Physik. (IJist.-litt. Ahtheilung), xxv. (1880), pp. 153-171, and by Heath, The Works of Archimedes, pp. 319-326. For reasons of space, only the results can be noted here.
Equations (1) to (7) give the following as the values of the unknowns in terms of an unknown integer n j X= 10366182η	* = 7206360»
7460514η	y=4893246»
Z= 4149387?!	ζ =	5139213»
IV= 7358060»	w =	3515820».
We have now to find a value of n such that equation (9) is also satisfied—equation (8) will then be simultaneously satisfied. Equation (9) means that
z+IK=2irtI>,
whete ρ is some positive integer, or
(4149387 +7358060)» =
206
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(*) Mechanics : Centres of Gravity
(i.) Postulates
Archimedes, On Plane Equilibriums,a Definitions, Archim. ed. Heiberg ii. 124. 3-126. 3
1. I postulate that equal weights at equal distances balance, and equal weights at unequal distances do not balance, but incline towards the weight which is at the greater distance.
p(n +1)
i.e.	2471.4657»=	^ — >
This is found to be satisfied by
n =3* . 4349,
and the final solution is
X = 1217263415886	a:	=	846192410280
Y= 876035935422	y	=	574579625058
Z= 487233469701	ζ	=	638688708099
W= 864005479380	«>=412838131860
and the total is 5916837175686.
If equation (8) is taken to be that ΑΓ+ F=a square number, the solution is much more arduous ; Amthor found that in this case,
W= 1598 <206541),
where (206541) means that there are 206541 more digits to follow, and the whole number of cattle = 7766 <206541). Merely to write out the eight numbers, Amthor calculates, would require a volume of 660 pages, so we may reasonably doubt whether the problem was really framed in this more difficult form, or, if it were, whether Archimedes solved it.
0 This is the earliest surviving treatise on mechanics ; it presumably had predecessors, but we may doubt whether mechanics had previously been developed by rigorous geometrical principles from a small number of assumptions. References to the principle of the lever and the parallelogram of velocities in the Aristotelian Mechanics have already been given (vol. i. pp. 430-433).
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β'. ει κα βαρέων ίσορροπεόντων από τινων μακεων ττοτί το ετερον των βαρέων ποτιτεθή, μἡ ίσορροπεΐν, άλλα ρεπειν επί τό βάρος εκείνο, ω ποτετεθη.
y . *Ομοίως δε καί, ει κα από τοϋ ετερου των βαρέων άφαιρεθή τι, μη ίσορροπεΐν, άλλα ρεπειν επί τό βάρος, a<j> ου ονκ άφηρεθη.
δ'. Των ίσων καί όμοιων σχημάτων επίπεδων εφαρμοζόμενων επ' άλλαλα καί τα κέντρα των βαρέων εφαρμόζει επ' άλλαλα.
ε'. Των δε άνίσων, όμοιων δε, τα κέντρα των βαρέων ομοίως εσσεΐτα ι κείμενα. ομοίως δε λεγομες σαμεΐα κέεσθαι ποτί τα όμοια σχήματα, άφ* ών επί τάς ΐσας γωνίας άγόμεναι ευθεία ι ποιεοντι γωνίας ΐσας ποτί τάς ομολόγους πλευράς.
γ'. Ει κα μεγεθεα από τινων μακεων ίσορρο-πεωντι, καί τα ίσα αυτοΐς από των αυτών μακεων ισορροπήσει.
ζ'. Π αντος σχήματος, ου κα α περίμετρος επί τα αυτά κοίλα ή, τό κέντρον του βάρεος εντός εΐμεν δει τοϋ σχήματος.
(ii.) Principle of the Lever
Ibid., Props. 6 et 7, Archim. ed. Heiberg ii. 132. 13-188. 8 Γ'
Τα σύμμετρα μεγεθεα ίσορροπεοντι από μακεων άντιπεπονθότως τον αυτόν λόγον εχόντων τοΐς βάρεσιν.
"Έστω σύμμετρα μεγεθεα τα. Α, Β, ών κέντρα τα Α, Β, καί μακος έστω τι τό ΕΔ, καί έστω, ως τό Α ποτί τό Β, ούτως τό Δ Γ μακος ποτί τό ΓΕ
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2.	If weights at certain distances balance, and something is added to one of the weights, they will not remain in equilibrium, but will incline towards that weight to which the addition was made.
3.	Similarly, if anything be taken away from one of the weights, they will not remain in equilibrium, but will incline towards the weight from which nothing was subtracted.
4.	When equal and similar plane figures are applied one to the other, their centres of gravity also coincide.
5.	In unequal but similar figures, the centres of gravity will be similarly situated. By points similarly situated in relation to similar figures, I mean points such that, if straight lines be drawn from them to the equal angles, they make equal angles with the corresponding sides.
6.	If magnitudes at certain distances balance, magnitudes equal to them will also balance at the same distances.
7.	In any figure whose perimeter is concave in the same direction, the centre of gravity must be within the figure.
(ii.) Principle of the Lever
Ibid., Props. 6 and 7, Archim. ed. Heiberg ii. 132. 13-138. 8
Prop. 6
Commensurable magnitudes balance at distances reciprocally proportional to their weights.
Let Α, Β be commensurable magnitudes with centres [of gravity] A, B, and let ΕΔ be any distance, and let	A : Β = ΔΓ : ΓΕ ;
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μα/co?· δεικτέον, οτι του εξ άμφοτέρων των Α, Β συγκειμένου μεγέθεος κέντρον ἐστι του βάρεος
το Γ.
Έιτβι γάρ ἐστιν, ως τό Α ποτί το Β, ούτως το Δ Γ ττοτι το ΓΕ, τδ δε Α τω Β σύμμετρον, και το ΓΔ άρα τω ΓΕ σύμμετρον, τουτέστιν ευθεία τα ευθεία* ώστε των ΕΓ, ΓΔ έστι κοινόν μέτρον, έστω δη τδ Ν, και κείσθω τα μεν ΕΓ ίσα εκατέρα ταν ΔΗ, ΔΚ, τα δέ ΔΓ ίσα α ΕΛ. και έττεί ίσα
α ΔΗ τα ΓΕ, ίσα και α ΔΓ τα ΕΗ· ώστε και α ΑΕ ίσα τα EII. διπλάσιά άρα α μεν ΛΗ τας ΔΓ, ά δε H Κ τας ΓΕ· ώστε τδ Ν και έκατέραν ταν ΛΗ, H Κ μετρεΐ, έπειδηπερ καί τα ήμίσεα αύταν. καί επεί εστιν, ως τδ Α ποτί τδ Β, ούτως ά ΔΓ ποτί ΓΕ, ως δέ α ΔΓ ποτί ΓΕ, ούτως α ΛΗ ποτί ΗΚ—διπλάσιά γαρ εκατέρα έκατέρας —καί ως άρα τό Α ποτί τδ Β, ούτως α ΑΗ ποτ ί ΗΚ. δσαπλασίων δἐ εστιν α ΑΗ τας Ν, τοσαυ-210
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it is required to prove that the centre of gravity of the magnitude composed of both Α, Β is Γ.
Since	A : Β = ΔΓ : ΓΕ,
and A is commensurate with B, therefore ΓΔ is commensurate with ΓΕ, that is, a straight line with a straight line [Eucl. x. 11]; so that ΕΓ, ΓΔ have a common measure. Let it be N, and let ΔΗ, ΔΚ be each equal to ΕΓ, and let ΕΛ be equal to ΔΓ. Then since ΔΗ = ΓΕ, it follows that ΔΓ = ΕΗ; so that ΛΕΕ = Η. Therefore ΛΗ = 2ΔΓ and ΗΚ = 2ΓΕ; so that Ν measures both ΛΗ and HK, since it measures their halves [Eucl. x. 12]. And since A : Β = ΔΓ : ΓΕ,
while	ΔΓ : ΓΕ = ΛΗ : HK—
for each is double of the other— therefore	A : Β = ΛΗ : HK.
Now let Ζ be the same part of A as Ν is of ΛΗ;
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τ απλασιών έστω καί το Α του Ζ- ἐστιν α ρα, ως α Λ H 7ΓΟΤΙ Ν, ούτως το Α ποτι Ζ. Ιση δε καί, ώ? α ΚΗ 7Γ0ΤΙ ΛΗ, ούτως το Β ποτϊ Α* δι ίσου <χ/>α έστίν, ως ἀ ΚΗ ποτί Ν, όντως το Β ποτί Ζ" Ισάκις αρα πολλαπλασίων έστίν ά ΚΗ τάς Ν και τό Β τον Ζ. έδείχθη δέ του Ζ και το Α πολλαπλάσιον έόν ώστε τό Ζ των Α, Β κοινόν εστι μέτρον, διαιρεθείσας ονν τάς μεν ΛΗ ei? τα? τα Ν ϊ, σας, του δέ Α εις τα τω Ζ ΐσα, τα ἐν τα Λ H τμάματα ίσο μεγέθεα τα. Ν ίσα εσσεΐται τω πληθει τοΐς έν τω Α τμαμάτεσσιν ΐσοις έοΰσιν τω Ζ. ώστε, αν έφ' έκαστον των τμαμάτων των ἐν τα Α H έπιτεθη μέγεθος ίσον τω Ζ το κέντρον του βάρεος έχον επί μέσου τον τμάματος, τά τε πάντα μεγέθεα ΐσα έντί τω Α, καί του εκ πάντων συγκειμένου κέντρον εσσεΐται του βάρεος το E* άρτια τε γάρ εστι τα πάντα τω πληθει, καί τα εφ* έκάτερα του E ίσα τω πλήθει διά το ΐσαν εΐμεν τάν ΛΕ τα HE.
* Ομοίως δε δειχθησεται, οτι καν, ει κα έφ’ έκαστον των ἐν τα ΚΗ τμαμάτων έπιτεθη μέγεθος ίσον τω Ζ κέντρον του βάρεος εχον επί του μέσον του τμάματος, τά τε πάντα μεγέθεα ίσα εσσεΐται τω Β, καί τον εκ πάντων συγκειμένου κέντρον του βάρεος εσσεΐται τό Δ· εσσεΐται οΰν τό μεν Α επικείμενον κατά τό E, τό δέ Β κατά τό Δ. εσσεΐται δη μεγέθεα ΐσα άλλάλοις επ' ευθείας κείμενα, ών τα κέντρα του βάρεος ΐσα άπ* άλλάλων διέστακεν, [συγκείμενα]1 άρτια τω πληθει· δήλον οΰν, οτι τον εκ πάντων συγκειμένου μεγέθεος κέντρον έστί του βάρεος α διχοτομία τάς ευθείας τάς έχον σας τά κέντρα των μέσων μεγεθέων. έπεί δ’ ΐσαι έντί 212
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then	ΛΗ : N = A : Z. [Eucl. v., Def. 5
And	ΚΗ : ΛΗ = Β : A ; [Eucl. v. 7, coroll,
therefore, ex aequo,
ΚΗ : N = B : Ζ ;	[Eucl. ν. 22
therefore Ζ is the same part of Β as Ν is of ΚΗ. Now A was proved to be a multiple of Ζ ; therefore Ζ is a common measure of A, B. Therefore, if ΛΗ is divided into segments equal to Ν and A into segments equal to Z, the segments in ΛΗ equal in magnitude to Ν will be equal in number to the segments of A equal to Z. It follows that, if there be placed on each of the segments in ΛΗ a magnitude equal to Z, having its centre of gravity at tile middle of the segment, the sum of the magnitudes will be equal to A, and the centre of gravity of the figure compounded of them all will be E ; for they are even in number, and the numbers on either side of E will be equal because ΛΕ = ΗΕ. [Prop. 5, coroll. 2.]
Similarly it may be proved that, if a magnitude equal to Ζ be placed on each of the segments [equal to N] in ΚΗ, having its centre of gravity at the middle of the segment, the sum of the magnitudes will be equal to B, and the centre of gravity of the figure compounded of them all will be Δ [Prop. 5, coroll. 2], Therefore A may be regarded as placed at E, and Β at Δ. But they will be a set of magnitudes lying on a straight line, equal one to another, with their centres of gravity at equal intervals, and even in number ; it is therefore clear that the centre of gravity of the magnitude compounded of them all is the point of bisection of the Line containing the centres [of gravity] of the middle magnitudes [from Prop. 5, coroll. 2].
VOL. π
συγκείμενα om. Heiberg.
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a μεν ΛΕ τα ΓΔ, α 8c ΕΓ τα ΔΚ, καί ολα apa ἀ ΛΓ ίσα τα ΓΚ· ωστε τοΰ εκ πάντων μεγέθεος κέντρον τοΰ βάρεος το Γ σαμεΐον. του μεν άρα Α καμένου κατά το E, του δε Β κατά το Δ, ίσορροπησοΰντι κατά το Γ.
Γ
Και τοίνυν, α κα ασύμμετρα εωντι τα μεγέθεα, ομοίως ίσορροπησοΰντι από μακέων άντιπεπονθό-τως τον αυτόν λόγον εχόντων τοΐς μεγέθεσιν.
‘Έστω ασύμμετρα μεγέθεα τα ΑΒ, Γ, μάκεα 8έ τά ΔΕ, ΕΖ, εχέτω δε τό ΑΒ ποτι τό Γ τον αυτόν λόγον, ον και τό ΕΔ ποτι τό ΕΖ μάκος· λέγω, οτι τοΰ εξ άμφοτέρων των ΑΒ, Γ κέντρον τοΰ βάρεός ἐστι τό E.
Ει γάρ μη ισορροπήσει τό ΑΒ τεθέν επί τω Ζ τω Γ τεθέντι επί τω Δ, ήτοι μεΐζόν ἐστι τό ΑΒ
τοΰ Γ η ώστε ίσορροπεΐν [τω Γ]1 η ου. έστω μεΐζον, καί άφηρήσθω από τοΰ ΑΒ έλασσον τἀ? ύπεροχας, ξ, μεΐζόν εστι τό ΑΒ τοΰ Γ ἡ ώστε ίσορροπεΐν, ώστε [τό]* λοιπόν τό Α σύμμετρον 214
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And since ΛΕ = ΓΔ and ΕΓ = ΔΚ, therefore ΛΓ = ΓΚ; so that the centre of gravity of the magnitude compounded of them all is the point Γ. Therefore if A is placed at E and Β at Δ, they will balance about Γ.
Prop. 7
And now, if the magnitudes he incommensurable, they will likewise balance at distances reciprocally proportional to the magnitudes.
Let (A + Β), Γ be incommensurable magnitudes,® and let ΔΕ, EZ be distances, and let (A + Β) : Γ =* * ΕΔ : EZ ;
I say that the centre of gravity of the magnitude composed of both (A + Β), Γ is E.
For if (A + B) placed at Ζ do not balance Γ placed at Δ, either (A + B) is too much greater than Γ to balance or less. Let it [first] be too much greater, and let there be subtracted from (A + B) a magnitude less than the excess by which (A + B) is too much greater than Γ to balance, so that the remainder Λ is
0 As becomes clear later in the proof, the first magnitude is regarded as made up of two parts—A, which is commensurate with Γ and B, which is not commensurate ; if (A + B) is too big for equilibrium with Γ, then Β is so chosen that, when it is taken away, the remainder A is still too big for equilibrium with Γ. Similarly if (A + B) is too small for equilibrium.
1 τω Γ om. Eutocius.
* τὰ om. Eutocius.
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€Ϊμεν τω Γ. επεί οδν σύμμετρα ἐστι τα Α, Γ μεγέθεα, καί ελασσόνα λόγον εχει τό Α ποτϊ τό Γ ἡ ά ΔΕ ποτί ΕΖ, ούκ ίσορροπησοϋντι τα Α, Γ από των ΔΕ, ΕΖ μακέων, τεθεντος του μεν Α επί τω Ζ, τον δε Γ επί τω Α. δια ταυ τα δ’, ούδ’ εί τό Γ μεΐζόν ἐστιν η ώστε Ισορροπεΐν τω ΑΒ.
m Centre of Gravity of a Parallelogram Ibid,., Props. 9 et 10, Archim. ed. Heiberg ii. 140. 16-144. 4
θ'
Π αντος παραλληλόγραμμον τό κέντρον του βάρεός εστιν επί τας ευθείας τας επιζενγνυονσας τας δίχοτομίας τ αν κατ εναντίον του παραλληλογράμμου πλευράν.
"Εστω παραλληλόγραμμον τό ΑΒΓΔ, επί δε τάν διχοτομίαν τάν ΑΒ, ΓΔ α ΕΖ· φαμϊ δη, ότι του ΑΒΓΔ παραλληλογράμμου τό κέντρον του βάρεος εσσεΐται επί τας ΕΖ.
Μἡ γάρ, ἀλλ’, ει δυνατόν, έστω τό Θ, καί άχθω παρά τάν ΑΒ α ΘΙ. τας [δε]1 δη ΕΒ διχοτομούμενος αίεί εσσεΐται πόκα α καταλειπομενα ἐλάσσων 1 δέ om. Heiberg.
“ The proof is incomplete and obscure; it may be thus completed.
Since	Α:Γ<ΔΕ:ΕΖ,
Δ will be depressed, which is impossible, since there has been taken away from (A+B) a magnitude less than the deduo-216
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commensurate with Γ. Then, since Α, Γ are commensurable magnitudes, and
A : Γ <ΔΕ : EZ,
Α, Γ will not balance at the distances ΔΕ, EZ, A being placed at Ζ and Γ at Δ. By the same reasoning, they will not do so if Γ is greater than the magnitude necessary to balance (A + B).a
(iii.) Centre of Gravity of a Parallelogram 6
Ibid., Props. 9 and 10, Archim. ed. Heiberg ii. 140. 16-144. 4
Prop. 9
The centre of gravity of any parallelogram is on the straight line joining the points of bisection of opposite sides of the parallelogram.
Let ΑΒΓΔ be a parallelogram, and let EZ be the straight line joining the mid-points of AB, ΓΔ ; then I say that the centre of gravity of the parallelogram ΑΒΓΔ will be on EZ.
For if it be not, let it, if possible, be θ, and let ΘΙ be drawn parallel to AB. Now if EB be bisected, and the half be bisected, and so on continually, there will be left some line less than ΙΘ ; [let EK be less than
tion necessary to produce equilibrium, so that Ζ remains depressed. Therefore (A + B) is not greater than the magnitude necessary to produce equilibrium ; in the same way it can be proved not to be less ; therefore it is equal.
b The centres of gravity of a triangle and a trapezium are also found by Archimedes in the first book ; the second book is wholly devoted to finding the centres of gravity of a parabolic segment and of a portion of it cut off by a parallel to the base.
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τάς ΙΘ· και διηρησθω εκατερα τάν ΑΕ, ΕΒ els τάς τα ΕΚ ΐσας, καί από τών κατο, τάς διαιρόσιας
σαμείων άχθωσαν παρα. τάν ΕΖ· διαιρεθησεται δἡ τό δλον παραλληλόγραμμον els παραλληλόγραμμα τα ΐσα καί όμοια τω ΚΖ. των οΰν παραλληλόγραμμων των ίσων και όμοιων τω ΚΖ εφαρμοζόμενων ἐπ’ άλλαλα καί τα κόντρα του βάρ€ος αυτών επ' άλλαλα π€σοΰνται. όσσοΰνται δη μεγόθεά τινα, παραλληλόγραμμα ΐσα τω ΚΖ, άρτια τψ πληθει, καί τα κόντρα του βάρεος αυτών επ' ευθείας κείμενα, καί τα μόσα ΐσα, καί πάντα τα εφ' εκάτερα τών μόσων αυτά τ€ ΐσα εντι και αι μεταξύ των κόντρων εύθεΐαι ΐσαι· του όκ πάντων αυτών άρα συγκείμενου μεγόθεος τό κόντρον όσσεΐται του βάρεος όπι τας ευθείας τάς επιζευγνυουσας τα κόντρα του βάρεος τών μόσων χωρίων, ούκ όστι δό' τό γάρ Θ όκτός όστι τών μόσων παραλληλογράμμων. φανερόν οΰν, ότι όπι τάς ΕΖ ευθείας τό κέντρον όστι του βάρεος του ΑΒΓΔ παραλληλογράμμου.
ι'
Ποπτος παραλληλογράμμου τό κέντρον του βάρεος όστι τό σαμεΐον, καθ' δ αι διάμετροι συμ-πίπτοντι.
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ΙΘ,] and let each of AE, EB be divided into parts equal to EK, and from the points of division let straight lines be drawn parallel to EZ ; then the whole parallelogram will be divided into parallelograms equal and similar to KZ. Therefore, if these parallelograms equal and similar to KZ be applied to each other, their centres of gravity will also coincide [Post. 4]. Thus there will be a set of magnitudes, being parallelograms equal to KZ, which are even in number and whose centres of gravity lie on a straight line, and the middle magnitudes will be equal, and the magnitudes on either side of the middle magnitudes will also be equal, and the straight lines between their centres [of gravity] will be equal; therefore the centre of gravity of the magnitude compounded of them all will be on the straight line joining the centres of gravity of the middle areas [Prop. 5, coroll. 2]. But it is not; for θ lies without the middle parallelograms. It is therefore manifest that the centre of gravity of the parallelogram ΑΒΓΔ will be on the straight line EZ.
Prop. 10
The centre of gravity of any parallelogram is the point in which the diagonals meet.
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Έστω παραλληλόγραμμον τό ΑΒΓΔ καί iv αύτω α ΕΖ δίχα τέμνουσα τάς ΑΒ, ΓΔ, α δε ΚΛ
τάς ΑΓ, ΒΔ· εστιν δἡ του ΑΒΓΔ παραλληλογράμμου τό κέντρον του βαρέος επί τάς ΕΖ· δέδεικται γάρ τούτο, διά ταύτά δε και έπι τάς ΚΛ* τό Θ άρα σαμεΐον κέντρον του βάρεος. κατά δε τό Θ αι διαμέτρου τοΰ παραλληλογράμμου συμπίπτοντι* ώστε δέδεικται τό προτεθέν.
(J) Mechanical Method in Geometry
Archim. Meth., Praef., Archim. ed. Heiberg ii. 426. 3-430. 22
*	Αρχιμήδης Όρατοσθένει ευ πράττε ιν . . .
Όρων δέ σε, καθάπερ λέγω, σπουδαΐον και
φιλοσοφίας προεστώτα άζιολόγως και την εν τοΐς
•	According to Heath (Η.Ο.Μ. ii. 21), Wallis has observed that Archimedes might seem, “ as it were of set purpose to have covered up the traces of his investigation, as if he had grudged posterity the secret of his method of inquiry, while he wished to extort from them assent to his results.” A comparison of the Method with other treatises now reveals to us how Archimedes found the areas and volumes of certain figures. His method was to balance elements of the figure against elements of another figure whose mensuration was 220
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For let ΑΒΓΔ be a parallelogram, and in it let EZ bisect AB, ΓΔ and let ΚΛ bisect ΑΓ, ΒΔ ; now the centre of gravity of the parallelogram ΑΒΓΔ is on EZ—for this has been proved. By the same reasoning it lies on ΚΛ ; therefore the point θ is the centre of gravity. And the diagonals of the parallelogram meet at θ ; so that the proposition has been proved.
(j) Mechanical Method in Geometry a
Archimedes, The Method,b Preface, Arcliim. ed. Heiberg ii. 426. 3-430. 22
Archimedes to Eratosthenes c greeting . . .
Moreover, seeing in you, as I say, a zealous student and a man of considerable eminence in philosophy,
known. This gave him the result, and then he proved it by rigorous geometrical methods based on the principle of reductio ad absurdum.
The case of the parabola is particularly instructive. In the Method, Prop. 1, Archimedes conceives a segment of a parabola as made up of straight lines, and by his mechanical method he proves that the segment is four-thirds of the triangle having the same base and equal height. In his Quadrature of a Parabola, Prop. 14, he conceives the parabola as made up of a large number of trapezia, and by mechanical methods again reaches the same result. This is more satisfactory, but still not completely rigorous, so in Prop. 24 he proves the theorem without any help from mechanics by reductio ad absurdum.
b The Method had to be classed among the lost works of Archimedes until 1906, when it was discovered at Constantinople by Heiberg in the ms. which he has termed C. Unfortunately the ms. is often difficult to decipher, and students of the text should consult Heiberg’s edition. Moreover, the diagrams have to be supplied as they are undecipherable in the ms.
* For Eratosthenes, v. infra, pp. 260-273 and vol. i. pp. 100-103, 256-261, and 290-299.
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ααθήμασιν κατά τ6 ΰποπιπτον θεωρίαν τετιμηκότα εδοκίμασα γράφαι σοι και εις τό αυτό βιβλίον εξορίσαι τρόπου τινός ιδιότητα, καθ' ον σοι παρεχόμενον carat λαμβάνειν άφορμάς εις τό δύνασθαί τινα των εν τοΐς μαθήμασι θεωρεΐν διά των μηχανικών. τούτο δε πεπεισμαι χρήσιμον είναι ούδεν ησσον και εις την άπόδειζιν αυτών τών θεωρημάτων. και γάρ τινα τών πρότερον μοι φανεντων μηχανικώς ύστερον γεωμετρικώς άπ-εδείχθη διά τό χωρίς άποδείξεως είναι την διά τούτου τοΰ τρόπου θεωρίαν* ετοιμότερου γάρ εστι προλαβόντα διά τοΰ τρόπου γνώσίν τινα τών ζητημάτων πορίσασθαι την άπόδειξιν μάλλον η μηδενός εγνωσμένου ζητεΐν. . . . γράφομεν οΰν πρώτον τό καί πρώτον φανεν διά τών μηχανικών, οτι παν τμήμα ορθογωνίου κώνου τομής επίτριτόν εστιν τριγώνου τοΰ βάσιν εχοντος την αυτήν και ύφος ίσον.
Ibid., Prop. 1, Archim. ed. Heiberg ii. 434. 14-438. 21
"Εστω τμήμα τό ΑΒΓ περιεχόμενον υπό ευθείας της ΑΓ καί ορθογωνίου κώνου τομής της ΑΒΓ, καί τετμησθω δίχα η ΑΓ τω Δ, καί παρά την διάμετρον ηχθω ή ΔΒΕ, καί επεζεύχθωσαν αι ΑΒ,ΒΓ.β
Κεγω, ότι επίτριτόν εστιν τό ΑΒΓ τμήμα τοΰ ΑΒΓ τριγώνου.
’’Ηχθωσαν από τών Α, Γ σημείων ή μεν ΑΖ παρά την ΔΒΕ, ή δε ΓΖ επιφαυουσα τής τομής, καί εκβεβλήσθω ή ΓΒ επί τό Κ, καί κείσθω τή ΓΚ ΐση ή ΚΘ. νοείσθω ζυγός ό ΓΘ καί μέσον
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who gives due honour to mathematical inquiries when they arise, I have thought fit to write out for you and explain in detail in the same book the peculiarity of a certain method, with which furnished you will be able to make a beginning in the investigation by mechanics of some of the problems in mathematics. I am persuaded that this method is no less useful even for the proof of the theorems themselves. For some things first became clear to me by mechanics, though they had later to be proved geometrically owing to the fact that investigation by this method does not amount to actual proof; but it is, of course, easier to provide the proof when some knowledge of the things sought has been acquired by this method rather than to seek it with no prior knowledge. ... At the outset therefore I will write out the very first theorem that became clear to me through mechanics, that any segment of a section of a right-angled, cone is four-thirds of the triangle having the same base and equal height.
Ibid., Prop. 1, Archim. ed. Heiberg ii. 434. 14-438. 91
Let ΑΒΓ be a segment bounded by the straight line ΑΓ and the section ΑΒΓ of a right-angled cone, and let Α Γ be bisected at Δ, and let ΔΒΕ be drawn parallel to the axis, and let AB, ΒΓ be joined.
I say that the segment ΑΒΓ is four-thirds of the triangle ΑΒΓ.
From the points Α, Γ let AZ be drawn parallel to ΔΒΕ, and let ΓΖ be drawn to touch the section, and let ΓΒ be produced to K, and let ΚΘ be placed equal to ΓΚ. Let ΓΘ be imagined to be a balance
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αύτοΰ το Κ και τη ΕΔ παράλληλος· τυχοΰσα η
ΜΞ.
Έττει ούν παραβολή εστιν η ΓΒΑ, και Εφάπτεται
η ΓΖ, και τεταγμενως η ΓΔ, Ίση ἐστιν η ΕΒ τῆ ΒΔ· τούτο yap εν τοΐς στοιχείοις 8είκνυται· δια 8η τούτο, και διότι παράλληλοί είσιν αι ΖΑ, Μώ τῆ ΕΔ, Ίση εστιν και ή μεν ΜΝ τη ΝΞ, η Se ΖΚ τη ΚΑ. και επεί ἐστιν, ως η ΓΑ προς Αα, ούτως η ΜΞ προς ΞΟ [τούτο yap εν λήμματι Βείκνυται],1 ως δε η ΓΑ προς ΑΞ, ούτως η ΓΚ προς ΚΝ, καί Ίση εστιν η ΓΚ τη ΚΘ, ως άρα η ΘΚ προς ΚΝ, όντως η ΜΞ προς ΞΟ. και επει το Ν σημεΐον κέντρον του βάρους της Μώ ευθείας εστιν, επειπερ Ίση εστιν ή ΜΝ τη ΝΞ, εάν άρα τη ϋΟ Ίση ν θ ω μεν την TH και κέντρον του βάρους αυτής το Θ, όπως Ίση ή ή ΤΘ τη ΘΗ, ισορροπήσει ή ΤΘΗ τη Μΰ αύτοΰ μενονση διά το άντιπεπονθότως τετμήσθαι 224
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with mid-point K, and let ΜΞ be drawn parallel to ΕΔ.
Then since ΓΒΑ is a parabola,'“ and ΓΖ touches it, and ΓΔ is a semi-ordinate, EB = ΒΔ—for this is proved in the elements 6 ; for this reason, and because ΖΑ, MH are parallel to ΕΔ, MN = N5 and ZK = KA [Eucl. vi. 4, v. 9]· And since
ΓΑ : AS = MS : SO, [Quad, parab. 5, Eucl. v. 18
and	ΓΑ : ΑΗ = ΓΚ : KN, [Eucl. vi. 2, v. 18
while	ΓΚ = ΚΘ,
therefore ΘΚ : KN = ΜΞ : EO.
And since the point Ν is the centre of gravity of the straight line MS, inasmuch as MN = ΝΗ [Lemma 4], if we place TH = SO, with θ for its centre of gravity, so that ΤΘ = ΘΗ [Lemma 4], then ΤΘΗ will balance MH in its present position, because ΘΝ is cut
α Archimedes would have said “ section of a right-angled cone ”—ορθογώνιον κώνον τομά.
b The reference will be to the Elements of Conics by Euclid and Aristaeus for which v. vol. i. pp. 486-491 and infra, p. 280 n. a; cf. similar expressions in On Conoids and Spheroids, Prop. 3 and Quadrature of a Parabola, Prop. 3 ; the theorem is Quadrature of a Parabola, Prop. 2. 1
1 τοΰτο . . . SeUwrai om. Heiberg. It is probably an interpolator’s reference to a marginal lemma.
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την ΘΝ τοΐς TH, ΜΞ βάρεσιν, και ως την ΘΚ προς ΚΝ, ούτως την ΜΞ προς την ΗΤ* ώστε τον έξ άμφοτέρων βάρους κέντρον έστιν τοΰ βάρους το Κ. ομοίως δέ καί, ὅσαι αν άχθώσιν iv τω ΖΑΓ τριγώνω παράλληλοι τη ΕΔ, ίσορροπησουσιν αύτοΰ μένουσαι ταΐς άπολαμβανομέναις απ’ αυτών υπό της τομής μετενεχθείσαις έπϊ τό Θ, ώστε είναι τοΰ έξ άμφοτέρων κέντρον τοΰ βάρους τό Κ. και έπεί έκ μέν των έν τω ΓΖΑ τριγώνω τό ΓΖΑ τρίγωνον συνέστηκεν, έκ δέ των έν τη τομή ομοίως τη ΞΟ λαμβανομένων συνέστηκε τό ΑΒΓ τμήμα, ισορροπήσει άρα τό ΖΑΓ τρίγωνον αύτοΰ μένον τω τ μη μάτι της τομής τεθέντι περί κέντρον τοΰ βάρους τό Θ κατά τό Κ σημεΐον, ώστε τοΰ έζ άμφοτέρων κέντρον είναι τοΰ βάρους τό Κ. τε-τμησθω δη η ΓΚ τω Χ, ώστε τριπλασίαν είναι την ΓΚ της ΚΧ· εσται άρα τό Χ σημεΐον κέντρον βάρους τοΰ ΑΖΓ τρίγωνον δέδεικται γάρ έν τοΐς Ίσορροπικοΐς. έπεί οΰν ίσόρροπον τό ΖΑΓ τρίγωνον αύτοΰ μένον τω ΒΑΓ τ μη μάτι κατά τό Κ τεθέντι περί τό Θ κέντρον τοΰ βάρους, καί ἐστιν τοΰ ΖΑΓ τριγώνου κέντρον βάρους τό Χ, ἐστιν άρα, ως τό ΑΖΓ τρίγωνον προς τό ΑΒΓ τμήμα κείμενον περί τό Θ κέντρον, ούτως ή ΘΚ προς ΧΚ. τριπλάσια δέ έστιν ή ΘΚ τής ΚΧ* τριπλάσιον άρα και τό ΑΖΓ τρίγωνον τοΰ ΑΒΓ τμήματος, έστι δέ και τό ΖΑΓ τρίγωνον τετραπλάσιον τοΰ ΑΒΓ τριγώνου διά τό ΐσην είναι την μεν ΖΚ τη ΚΑ, την δέ ΑΔ τη ΔΓ· έπίτριτον άρα έστιν τό ΑΒΓ τμήμα τοΰ ΑΒΓ τριγώνου. [τούτο οΰν φανερόν έστιν].1
1 τούτο . . . ἔστιν om. Heiberg.
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in the inverse proportion of the weights TH, MH, and	ΘΚ:ΚΝ = ΜΗ:ΗΤ;
therefore the centre of gravity of both [TH, MS] taken together is K. In the same way, as often as parallels to ΕΔ are drawn in the triangle ΖΑΓ, these parallels, remaining in the same position, will balance the parts cut off from them by the section and transferred to θ, so that the centre of gravity of both together is K. And since the triangle ΓΖΑ is composed of the [straight lines drawn] in ΓΖΑ, and the segment ΑΒΓ is composed of the lines in the section formed in the same way as HO, therefore the triangle ΖΑΓ in its present position will be balanced about Κ by the segment of the section placed with θ for its centre of gravity, so that the centre of gravity of both combined is K. Now let ΓΚ be cut at X so that ΓΚ = 3ΚΧ; then the point X will be the centre of gravity of the triangle ΑΖΓ ; for this has been proved in the books On Equilibriums:0 Then since the triangle ΖΑΓ in its present position is balanced about Κ by the segment ΒΑΓ placed so as to have θ for its centre of gravity, and since the centre of gravity of the triangle ΖΑΓ is X, therefore the ratio of the triangle ΑΖΓ to the segment ΑΒΓ placed about θ as its centre [of gravity] is equal to ΘΚ : XK. But ΘΚ = 3ΚΧ ; therefore
triangle ΑΖΓ * 3 . segment ΑΒΓ.
And	triangle ΖΑΓ = 4 . triangle ΑΒΓ,
because ZK = KA and ΑΔ = ΔΓ ; therefore	segment ΑΒΓ = £ triangle ΑΒΓ.
Of. De Plan. Equil. i. 15.
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‘Τοΰτο δἡ διά μεν τών νυν είρημενων ούκ άποδε-δεικται, εμφασιν δ ί τινα πεποίηκε το συμπέρασμα αληθές είναι' διόπερ ημείς όρώντες μεν ούκ αποδεδειγμένου, υπονοοΰντες δε το συμπέρασμα αληθές είναι, τάξομεν την γεωμετρουμενην άπόδειξιν εξευ-ρόντες αυτοί την εκδοθεΐσαν πρότερον.1
Archim. Quadr. Parab., Praef., Archim. ed. Heiberg ii.
262. 2-266. 4
* Αρχιμήδης Δοσιθεω εΰ πράττειν.
*Ακούσας Κόνωνα μεν τετελευτηκεναι, ος ήν ούδεν επιλείπων άμΐν εν φιλία, τίν δε Κόνωνος γνώριμον γεγενησθαι και γεωμετρίας οικεΐον εΐμεν του μεν τετελευτηκότος εινεκεν ελυπηθημες ως και φίλου του άνδρός γεναμενου καί εν τοΐς μαθη-μάτεσσι θαυμαστού τινος, επροχειριζάμεθα δε άποστεΐλαί τοι γράφαντες, ως Κόνωνι γράφειν εγνωκότες η μες, γεωμετρικών θεωρημάτων, ο πρότερον μεν ούκ ην τεθεωρημενον, νυν δε ύφ* άμών τεθεώρηται, πρότερον μεν διά μηχανικών εύρεθεν, επειτα δε και διά τών γεωμετρικών επι-δειχθεν. τών μεν οΰν πρότερον περί γεωμετρίαν πραγματευθεντων επεχείρησάν τινες γράφε ιν ως δυνατόν εόν κύκλω τω δοθεντι καί κύκλου τμάματι τω δοθεντι χωρίον εύρεΐν εύθύγραμμον ίσον, καί μετά ταΰτα τό περιεχόμενον χωρίον υπό τε τάς
1 τούτο . . . πρότΐρον. In the ms. the whole paragraph from τούτο to nporepov comes at the beginning of Prop. 2; it is more appropriate at the end of Prop. 1.
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This, indeed, has not been actually demonstrated by the arguments now used, but they have given some indication that the conclusion is true ; seeing, therefore, that the theorem is not demonstrated, but suspecting that the conclusion is true, we shall have recourse 0 to the geometrical proof which I myself discovered and have already published.6
Archimedes, Quadrature of a Parabola, Preface, Arehim.
ed. Heiberg ii. 262. 2-266. 4 Archimedes to Dositheus greeting.
On hearing that Conon, who fulfilled in the highest degree the obligations of friendship, was dead, but that you were an acquaintance of Conon and also versed in geometry, while I grieved for the death of a friend and an excellent mathematician, I set myself the task of communicating to you; as I had determined to communicate to Conon, a certain geometrical theorem, which had not been investigated before, but has now been investigated by me, and which I first discovered by means of mechanics and later proved by means of geometry. Now some of those who in former times engaged in mathematics tried to find a rectilineal area equal to a given circle 0 and to a given segment of a circle, and afterwards they tried to square the area bounded by the section
β I have followed Heath’s rendering of τάξομεν, which seems more probable than Heiberg’s “ suo loco proponemus,” though it is a difficult meaning to extract from τάξομεν.
b Presumably Quadr. Parab. 24, the second of the proofs now to be given. The theorem has not been demonstrated, of course, because the triangle and the segment may not be supposed to be composed of straight lines.
c This seems to indicate that Archimedes had not at this time written his own book On the Measurement of a Circle. For attempts to square the circle, v. vol. ϊ. pp. 303-347.
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όλου του κώνου τομάς και ευθείας τετραγώνιζαν έπειρώντο λαμβάνοντες ούκ εύπαραχώρητα λήμματα, διόπερ αύτοις ύπό των ττλείστων ούκ ευρισκόμενα ταυτα κατεγνώσθεν. τό δε υπ’ ευθείας τε και ορθογωνίου κώνου τομάς τμάμα περιεχό-μενον ούδένα των προτέρων έγχειρησαντα τετραγώνιζαν έπιστάμεθα, ο δη νυν ύφ' άμών εϋρηται· δείκνυται γάρ, ότι παν τμάμα περιεχόμενον ύπό εύθείας καί ορθογωνίου κώνου τομάς επίτριτόν ἐστι του τριγώνου τού βάσιν εχοντος τάν αύτάν καί ύφος ίσον τω τμάματι λαμβανομένου τοΰδε του λήμματος ες ταν άπόδειζιν αύτοϋ’ των άνίσων χωρίων ταν ύπεροχάν, α υπερέχει τό μεΐζον τού ελάσσονος, δυνατόν εΐμεν αύταν έαυτφ συντιθε-μέναν παντός ύπερέχειν του προτεθέντος πεπερασμένου χωρίου. * κέχρηνται δε καί οι πρότερον γεωμέτραι τωδε τω λημματι· τους τε γάρ κύκλους δητλασίονα λόγον έχειν ποτ’ αλλάλους τάν διαμέτρων άποδεδείχασιν αύτω τούτω τω λημματι χρωμένοι, καί τάς σφαίρας ότι τριπλασίονα λόγον έχοντι ποτ’ άλλάλα? τάν διάμετρων, ετι δέ καί ότι πάσα πυραμίς τρίτον μέρος εστί του πρίσματος του τάν αύτάν βάσιν εχοντος τα πυραμίδι καί ύφος ίσον καί διότι πάς κώνος τρίτον μέρος εστί του κυλίνδρου τού τάν αύτάν βάσιν εχοντος τω κώνω καί ύφος ίσον, όμοιον τω προειρημένω λημμά τι λαμβάνοντες έγραφον. συμβαίνει δέ των προειρημένων θεωρημάτων έκαστον μηδενός ήσσον των άνευ τούτου τού λήμματος αποδεδειγμένων πεπι-στευκέναι- αρκεί δέ ές τάν όμοίαν πίστιν τούτοίς άναγμένων των ύφ’ άμών εκδιδομένων. ανα-γράφαντες οδν αύτοΰ τάς άποδείξιας άποστέλλομες 230
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of the whole cone and a straight line,® assuming lemmas far from obvious, so that it was recognized by most people that the problem had not been solved. But I do not know that any of my predecessors has attempted to square the area bounded by a straight line and a section of a right-angled cone, the solution of which problem I have now discovered ; for it is shown that any segment bounded by a straight line and a section of a right-angled cone is four-thirds of the triangle which has the same base and height equal to the segment, and for the proof this lemma is assumed : given [two] unequal areas, the excess by which the greater exceeds the less can, by being added to itself, be made to exceed any given finite area. Earlier geometers have also used this lemma : for, by using this same lemma, they proved that circles are to one another in the duplicate ratio of their diameters, and that spheres are to one another in the triplicate ratio of their diameters, and also that any pyramid is a third part of the prism having the same base as the pyramid and equal height ; and, further, by assuming a lemma similar to that aforesaid, they proved that any cone is a third part of the cylinder having the same base as the cone and equal height.6 In the event, each of the aforesaid theorems has been accepted, no less than those proved without this lemma ; and it will satisfy me if the theorems now published by me obtain the same degree of acceptance. I have therefore written out the proofs, and now send them, first
° A “ section of the whole cone ” is probably a section cutting right through it, i.e., an ellipse, but the expression is odd.
* For this lemma, υ. supra, p. 46 η. a.
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•πρώτον μεν, ώς διά των μηχανικών εθεωρήθη, μετά ταΰτα δε καί, ως Βία τών γεωμετρουμενών άποδείκνυται. προγράφεται 8ε και στοιχεία κωνικά χρείαν εχοντα ες τάς άπόδειξιν. ερρωσο.
Ibid., Prop. 14, Archim. ed. Heiberg ii. 284. 24-290. 17
*Έστω τμάμα το ΒΘΓ 7τεριεχόμενον υπό ευθείας καί ορθογωνίου κώνου τομάς. έστω δἡ πρώτον
ἀ ΒΓ ποτ* όρθάς τφ διαμετρω, και άχθω από μεν του Β σαμείου ά ΒΔ παρά τάν Βιάμετρον, από δε του Γ α ΓΔ επιφαυουσα τάς του κώνου τομάς κατά τό Γ* εσσεΐται δη το ΒΓΔ τρίγωνον ορθογώνιον. Βιηρησθω δη ά ΒΓ ες ίσα τμάματα όποσαοΰν τά BE, ΕΖ, ΖΗ, HI, ΙΓ, και από τάν τομάν άχθωσαν παρά τάν διάμετρον αι ΕΣ, ΖΤ, H Τ, ΙΞ, από δε τών σαμείων, καθ* α τεμνοντι 232
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as they were investigated by means of mechanics, and also as they may be proved by means of geometry. By way of preface are included the elements of conics which are needed in the demonstration. Farewell.
Ibid., Prop. 14, Archim. ed. Heiberg ii. 284. 24-290. 17
Let ΒΘΓ be a segment bounded by a straight line and a section of a right-angled cone. First let ΒΓ be at right angles to the axis, and from Β let ΒΔ be drawn parallel to the axis, and from Γ let ΓΔ be drawn touching the section of the cone at Γ; then the triangle ΒΓΔ will be right-angled [Eucl. i. 29]. Let ΒΓ be divided into any number of equal segments BE, EZ, ZH, HI, ΙΓ, and from the points of section let ΕΣ, ZT, HY, IS be drawn parallel to the axis, and from the points in which these cut the
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αΰται τάν τοΰ κώνου τομάν, επεζευχθωσαν ενΙ το Γ καί εκβεβλήσθωσαν. φαμί δἡ τό τρίγωνον το ΒΔΓ των μεν τραπεζίων των ΚΕ, ΛΖ, ΜΗ, ΝΙ και τ ου ΞΙ Γ τριγώνου ελασσον εΐμεν η τριπλά-σιον, των 8e τραπεζίων των ΖΦ, H Θ, ΙΠ καί του ΙΟΓ τριγώνου μεΐζόν [ἐστιν]1 ή τριπλάσιον.
Αιάχθω γάρ ευθεία α ΑΒΓ, καί άπολελάφθω α ΑΒ ίσα τα ΒΓ, καί νοείσθω ζυγιον το ΑΓ· μέσον δε αύτοϋ εσσεΐται το Β· καί κρεμάσθω εκ τοΰ Β, κρεμάσθω δε καί τό ΒΔΓ εκ τοΰ ζυγοΰ κατά τα Β, Γ, ἐκ δέ τοΰ θατερου μερεος τοΰ ζυγοΰ κρε-μάσθω τα Ρ, Χ, Ψ, Ω, Δ χωρία κατά τό Α, καί ισορροπείτω τό μεν Ρ χωρίον τω ΔΕ τραπεζίω ούτως εχοντι, τό δε Χ τω ΖΣ τραπεζίω, τό δε Ψ τω TH, τό δε Ω τω ΤΙ, το δε Α τω ΞΙΓ τριγώνω* ισορροπήσει δἡ καί τό όλον τω ολατ ώστε τριπλάσιον αν εΐη τό ΒΔΓ τρίγωνον τοΰ ΡΧΨΏΔ χωρίου, καί επεί εστιν τμαμα τό ΒΓΘ, ὅ περιεχε-ται υπό τε ευθείας καί ορθογωνίου κώνου τομάς, καί από μεν τοΰ Β παρά τάν διάμετρον άκται α ΒΔ, από Se τοΰ Γ α ΓΔ επιφαύουσα τάς τον κώνου τομάς κατά τό Γ, άκται δε τις καί άλλα παρά τάν διάμετρον α ΣΕ, τον αυτόν εχει λόγον α ΒΓ ποτί τάν BE, ον α ΣΕ ποτί τάν ΕΦ· ώστε καί α ΒΑ ποτί τάν BE τον αυτόν εχει λόγον, ον τό ΔΕ τραπεζιον ποτί τό ΚΕ. ομοίως δε δειχθή-σεται α ΑΒ ποτί τάν ΒΖ τον αυτόν εχουσα λόγον, ον τό ΣΖ τραπεζιον ποτί τό ΛΖ, ποτί δε τάν ΒΗ, ον τό TH ποτί τό ΜΗ, ποτί δε τάν BI, ον τό ΤΙ ποτί τό ΝΙ. επεί οΰν εστι τραπεζιον τό ΔΕ τάς
1 εστιν οιη. Heiberg.
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section of the cone let straight lines be drawn to Γ and produced. Then I say that the triangle ΒΔΓ is less than three times the trapezia ΚΕ, ΛΖ, ΜΗ, ΝI and the triangle ΞΙΓ, but greater than three times the trapezia ΖΦ, Ηθ, ΙΠ and the triangle 10Γ.
For let the straight line ΑΒΓ be drawn, and let AB be cut off equal to ΒΓ, and let ΑΓ be imagined to be a balance ; its middle point will be Β ; let it be suspended from B, and let the triangle ΒΔΓ be suspended from the balance at Β, Γ, and from the other part of the balance let the areas Ρ, X, Ψ, Ω, Δ be suspended at A, and let the area Ρ balance the trapezium ΔΕ in this position, let X balance the trapezium ΖΣ, let Ῥ balance TH, let Ω balance YI, and let Δ balance the triangle ΞΙΓ ; then the whole will balance the whole ; so that the triangle ΒΔΓ will be three times the area Ρ+Χ+Ψ + Ω+ Δ [Prop. 6]. And since ΒΓΘ is a segment bounded by a straight line and a section of a right-angled cone, and ΒΔ has been drawn from Β parallel to the axis, and ΓΔ has been drawn from Γ touching the section of a cone at Γ, and another straight line ΣΕ has been drawn parallel to the axis,
ΒΓ:ΒΕ = ΣΕ:ΕΦ;	[Prop. 5
therefore BA : BE = trapezium ΔΕ : trapezium ΚΕ.® Similarly it may be proved that
AB : BZ = ΣΖ : ΛΖ,
AB :BH = TH : MH,
AB :BI = YI : NI.
Therefore, since ΔΕ is a trapezium with right angles « For BA = Β Γ and ΔΕ : ΚΕ = ΣΕ : ΕΦ.
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μεν ποτί τοΐς Β, E σαμείοις γωνίας όρθάς έχον, τάς δέ πλευράς επί το Γ νευούσας, ισορροπεί 8ε τι χωρίον αύτω τό Ρ κρεμάμενον εκ του ζυγοΰ κατά τό Α ούτως εχοντος του τραπεζίου, ως νυν κεΐται, καί εστιν, ώς α ΒΑ ποτί τάν BE, ούτως τό ΔΕ τραπέζιου ποτ ι τό ΚΕ, μεΐζον άρα εστιν τό ΚΕ χωρίον του Ρ χωρίου· 8έ8εικται γάρ τούτο, πάλιν δε καί τό ΖΣ τραπέζιου τάς μεν ποτ ι τοΐς Ζ, E γωνίας όρθάς έχον, τάν δε ΣΤ νενουσαν επι τό Γ, ισορροπεί δε αύτω χωρίον τό Χ εκ του ζυγοΰ κρεμάμενον κατά τό Α ούτως εχοντος του τραπεζίου, ως νυν κεΐται, καί εστιν, ως μεν α ΑΒ ποτι τάν BE, οὅτως τό Ζ Σ τραπέζιου ποτί τό ΖΦ, ως δε α ΑΒ ποτί τάν ΒΖ, ούτως τό ΖΣ τραπέζιου ποτί τό ΛΖ* εΐη οΰν κ α τό Χ χωρίον του μεν ΛΖ τραπεζίου έλασσον, του δε ΖΦ μεΐζον δέδεικται γάρ καί τούτο, διά τα αυτά δη καί τό Ψ χωρίον του μεν ΜΗ τραπεζίου έλασσον, του δε Θ H μεΐζον, καί τό Ω χωρίον τοΰ μεν ΝΟΙΗ τραπεζίου έλασσον, του δέ ΠΙ μεΐζον, ομοίως δε καί τό Δ χωρίον τοΰ μεν ΞΙΓ τρίγωνου ελασσον, τοΰ δέ ΠΟ μεΐζον. έπεί οΰν τό μεν ΚΕ τραπέζιου μεΐζον ἐστι τοΰ Ρ χωρίου, τό δε ΛΖ του Χ, τό δέ ΜΗ τοΰ Ψ, τό δέ ΝΙ τοΰ Ω, τό δέ ΞΙΓ τρίγωνον τοΰ Α, φανερόν, οτι και πάντα τα είρημένα χωρία μείζονά ἐστι τοΰ ΡΧΨΏΔ χωρίου, εστιν δε τό ΡΧΨΩΔ τρίτον μέρος τοΰ ΒΓΔ τριγώνου· δηλον άρα, οτι τό ΒΓΔ τρίγωνον ελασσον εστιν η τριπλάσιον των ΚΕ, ΑΖ, ΜΗ, ΝΙ τραπεζίων καί τοΰ ΞΙΓ τριγώνου. πάλιν, έπει τό μεν ΖΦ τραπέζιου έλασσον ἐστι του Χ χωρίου, τό δέ Θ H τοΰ Ψ, τό δέ ΙΠ τοΰ Ω, τό δέ ΙΟΓ τρίγωνον τοΰ φανερόν, ότι καί πάντα 236
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at the points Β, E and with sides converging on Γ, and it balances the area Ρ suspended from the balance at A, if the trapezium be in its present position, while
BA : ΒΕ=ΔΕ : ΚΕ, therefore	KE>P;
for this has been proved [Prop. 10]. Again, since ΖΣ is a trapezium with right angles at the points Ζ, E and with ΣΤ converging on Γ, and it balances the area X suspended from the balance at A, if the trapezium be in its present position, while AB :ΒΕ = ΖΣ:ΖΦ,
AB : ΒΖ=ΖΣ : AZ, therefore	ΛΖ>Χ>ΖΦ;
for this also has been proved [Prop. 12], By the same reasoning
ΜΗ>Ψ>ΘΗ, and	Ν01Η>ί2>ΠΙ,
and similarly ΗΙΓ> Δ> ΠΟ.
Then, since KE> Ρ, AZ> Χ, MH> ψ, NI> Ω, ΗΙΓ> Δ, it is clear that the sum of the aforesaid areas is greater than the area Ρ+Χ+Ψ+Ω+Δ. But
Ρ+Χ+Ψ+Ω+Δ=ι Ι5ΓΔ; [Prop. 6 it is therefore plain that
ΒΓΔ <3(KE +ΛΖ +MH +NI +ΞΙΓ).
Again, since ΖΦ <X, ΘΗ <Ψ, III <Ω, ΙΟΓ <Δ, it is
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τα είρημένα έλάσσονά ἐστι τ ου ΔΩΨΧ χωρίον φανερόν οΰν, ὅτι και τό ΒΔΓ τρίγωνον μεΐζόν εστιν η τριπλάσιον των ΦΖ, ΘΗ, ΙΠ τραπεζίων και τ ου ΙΓΟ τριγώνου, ελασσον δε η τριπλάσιον των προγεγραμμένων.
IbidProp. 24, Archim. ed. Heiberg ii. 312. 2-314. 27
Παν τ μαμα το περιεχόμενον ύπδ ευθείας και ορθογωνίου κώνου τομάς επίτριτον ἐστι τριγώνου του τάν αύτάν βάσιν έχοντος αύτω και ύφος ίσον.
"Εστω γάρ το ΑΔΒΕΓ τμάμα περιεχόμενον υπό ευθείας και ορθογωνίου κώνου τομάς, τό δε ΑΒΓ τρίγωνον έστω τάν αυτόν βάσιν έχον τω τμάματι
και ύφος ίσον, του δε ΑΒΓ τριγώνου έστω επί-τριτον τό Κ χωρίον, δεικτέον, ότι ίσον εστι τω ΑΔΒΕΓ τμάματι.
Ει γαρ μη εστιν ίσον, ήτοι μεΐζόν εστιν η ελασσον. έστω πρότερον, ει δυνατόν, μεΐζόν τό ΑΔΒΕΓ τμάμα του Κ χωρίου, εν έγραφα δη τα ΑΔΒ, BE Γ τρίγωνα, ώς εΐρηται, ενέγραφα δε και εις τα περιλειπόμενα τμάματα άλλα τρίγωνα ταν αυτόν 238
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clear that the sum of the aforesaid areas is greater than the area Δ +Ω +Ψ +X ; it is therefore manifest that
ΒΔΓ> 3(ΦΖ +ΘΗ +ΙΠ +ΙΓΟ),α but is less than thrice the aforementioned areas.6
Ibid., Prop. 24, Archim. ed. Heiberg ii. 312. 2-314. 27
Any segment bounded by a straight line and a section of a right-angled cone is four-thirds of the triangle having the same base and equal height.
For let ΑΔΒΕΓ be a segment bounded by a straight line and a section of a right-angled cone, and let Α ΒΓ be a triangle having the same base as the segment and equal height, and let the area Κ be four-thirds of the triangle ΑΒΓ. It is required to prove that it is equal to the segment ΑΔΒΕΓ.
For if it is not equal, it is either greater or less. Let the segment ΑΔΒΕΓ first be, if possible, greater than the area K. Now I have inscribed the triangles ΑΔΒ, ΒΕΓ, as aforesaid,0 and I have inscribed in the remaining segments other triangles having the same
» For ΒΔΓ = 3(Ρ+Χ + Ψ + Ω + Δ)>3(Δ + Ω + Τ + Χ).
6 In Prop. 15 Archimedes shows that the same theorem holds good even if ΒΓ is not at right angles to the axis. It is then proved in Prop. 16, by the method of exhaustion, that the segment is equal to one-third of the triangle ΒΓΔ. This Ls done by showing, on the basis of the “ Axiom of Archimedes,” that by taking enough parts the difference between the circumscribed and the inscribed figures can be made as small as we please. It is equivalent to integration. From this it is easily proved that the segment is equal to four-thirds of a triangle with the same base and equal height (Prop. 17).
c In earlier propositions Archimedes has used the same procedure as he now describes. Δ, E are the points in which the diameter through the mid-points of AB, ΒΓ meet the curve.
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βάσιν εχοντα τοΐς τμαμάτεσσιν καί ΰψος το αυτό, καί αει εις τα ύστερον γινόμενα τμάματα εγγράφω δύο τρίγωνα τάν αύτάν βάσιν εχοντα τοΐς τμαμά-τεσσιν και ύφος τό αυτό' εσσούνται δἡ τα κατα-λειπόμενα τμάματα ελασσόνα τάς ύπεροχας, φ νπερεχει τό ΑΔΒΕΓ τμάμα του Κ χωρίου, ώστε τό εγγραφόμενον πολύγωνον μεΐζον εσσεΐται του Κ· οπερ αδύνατον, επεί γάρ εστιν έξης κείμενα χωρία εν τω τετραπλασίονι λόγω, πρώτον μεν τό ΑΒΓ τρίγωνον τετραπλάσιον των ΑΔΒ, BE Γ τριγώνων, επειτα δε αυτά ταΰτα τετραπλάσια των εις τα επόμενα τμάματα εγγραφεντων καί αει ούτω, δηλον, ως σύμπαντα τα χωρία ελάσσονά εστιν η επίτριτα τού μεγίστου, τό δε Κ επίτριτόν εστι του μεγίστου χωρίου, ούκ άρα εστιν μεΐζον τό ΑΔΒΕΓ τμάμα του Κ χωρίου.
’Έστω δε, ει δυνατόν, ελασσον. κείσθω δη τό μεν ΑΒΓ τρίγωνον ίσον τω Ζ, του δε Ζ τέταρτον τό H, καί ομοίως του II τό Θ, και αει έξης τιθεσθω, εως κα γενηται τό έσχατον ελασσον τάς
α This was proved geometrically in Prop. 23, and is proved generally in Eucl. ix. 35. It is equivalent to the summation
1+(έ) + (έ)2+ · · · (έ)-ι = *-1(έ)-1 _!Πο(έΙη "1-έ ’
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base as the segments and equal height, and so on continually I inscribe in the resulting segments two
triangles having the same base as the segments and equal height; then there will be left [at some time] segments less than the excess by which the segment ΑΔΒΕΓ exceeds the area Κ [Prop. 20, coroll.]. Therefore the inscribed polygon will be greater than Κ ; which is impossible. For since the areas successively formed are each four times as great as the next, the triangle ΑΒΓ being four times the triangles ΑΔΒ, ΒΕΓ [Prop. 21], then these last triangles four times the triangles inscribed in the succeeding segments, and so on continually, it is clear that the sum of all the areas is less than four-thirds of the greatest [Prop. 23],a and Κ is equal to four-thirds of the greatest area. Therefore the segment ΑΔΒΕΓ is not greater than the area K.
Now let it be, if possible, less. Then let Z = ΑΒΓ, Η =£Z, Θ = |Η,
and so on continually, until the last [area] is less than
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ύπεροχάς, α υπερέχει, τό Κ χωρίον του τμάματος, καί έστω έλασσον τό Ι. εστιν δἡ τα Ζ, H, Θ, Ι χωρία καί τό τρίτον τον Ι έπ ιτ ρ ιτ α του Ζ. εστιν δε καί τό Κ τον Ζ έπίτριτόν' ισον αρα τό Κ τοίς Ζ, H, Θ, Ι καλ τω τρίτω μέρει τον Ι. έπεί οδν τό Κ χωρίον των μεν Ζ, H, Θ, Ι χωρίων υπερέχει έλάσσονι του Ι, τον δε τμάματος μείζονι του Ι, δηλον, ως μείζονά έντι τα Ζ, H, Θ, Ι χωρία του τμάματος· όπερ αδύνατον έδείχθη γάρ, ότι, εάν fj όποσαονν χωρία έξης κείμενα έν τετραπλάσιον ι λόγω, τό δε μέγιστον ι σον ἡ τω εις τό τμάμ α έγγραφο μένω τ ριγώνω, τα σνμπαντα χωρία ελασσόνα έσσείται τον τμάματος. ονκ αρα τό ΑΔΒΕΓ τμαμα έλασσόν εστι τον Κ χωρίου, εδείχθη δέ, ότι ουδέ μεΐζον ίσον αρα εστιν τω Κ. τό δε Κ χωρίον έπίτριτόν εστι του τριγώνου του ΑΒΓ* και τό ΑΔΒΕΓ αρα τμαμα έπίτριτόν έστι τον ΑΒΓ τριγώνου.
(,k) Hydrostatics (i.) Postulates
Archim. Be Corpor. Fluit. i., Archim. ed. Heiberg ii. 318. 2-8
Ύποκείσθω τό υγρόν φνσιν έχον τοιαυταν, ώστ€ των μερέων αντοΰ των έξ ίσον κειμένων και συν-
“ The Greek text of the book On Floating Bodies, the earliest extant treatise on hydrostatics, first became available in 1906 when Heiberg discovered at Constantinople the ms. which he terms C. Unfortunately many of the readings are doubtful, and those who are interested in the text should consult the Teubner edition. Still more unfortunately, it is incomplete ; but, as the whole treatise was translated into Latin in 1269 by William of Moerbeke from a Greek ms. 242
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the excess by which the area Κ exceeds the segment [Eucl. χ. 1], and let I be [the area] less [than this excess]. Now
Ζ +H +Θ +1 +-g-I = -gZ.	[Prop. 23
But	K — iZ;
therefore	Κ = Ζ+ Η+ Θ+ Ι +£I.
Therefore since the area Κ exceeds the areas Ζ, H, θ, I by an excess less than I, and exceeds the segment by an excess greater than I, it is clear that the areas Ζ, Η, Θ, I are greater than the segment ; which is impossible ; for it was proved that, if there be any number of areas in succession such that each is four times the next, and the greatest be equal to the triangle inscribed in the segment, then the sum of the areas will be less than the segment [Prop. 22]. Therefore the segment ΑΔΒΕΓ is not less than the area K. And it was proved not to be greater ; therefore it is equal to K. But the area Κ is four-thirds of the triangle ΑΒΓ ; and therefore the segment ΑΔΒΕΓ is four-thirds of the triangle ΑΒΓ.
(Ic) Hydrostatics (i.) Postulates
Archimedes, On Floating Bodies 0 i., Archim. ed.
Heiberg ii. 318. 2-8
Let the nature of a fluid be assumed to be such that, of its parts which lie evenly and are continuous,
since lost, it is possible to supply the missing parts in Latin, as is done for part of Prop. 2. From a comparison with the Greek, where it survives, William’s translation is seen to be so literal as to be virtually equivalent to the original. In each case Heiberg’s figures are taken from William’s translation, as they are almost unrecognizable in C ; for convenience in reading the Greek, the figures are given the appropriate Greek letters in this edition.
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εχεων εόντων εξωθεΐσθαι τό ήσσον θλιβόμενον νπο του μάλλον θλιβομενου, καί έκαστον δε των μερεων αύτοΰ θλίβεσθαι τω ύπεράνω αύτοΰ ύγρω κατά κάθετον εόντι, ει κα μη τό υγρόν η καθειργ-μενον εν τινι και υπό άλλου τινός θλιβόμενον.
Ibid, i., Arcliim. ed. Heiberg ii. 336. 14-16
'Ύποκείσθω, των εν τω ύγρω άνω φερομενων έκαστον άναφερεσθαι κατά τάν κάθετον τάν διά του κέντρου του βαρέος αύτοΰ άγμεναν.
(ii.) Surface of Fluid at Rest
Ibid, i., Prop. 2, Archim. ed. Heiberg ii. 319. 7-320. 30
Omnis humidi consistentis ita, ut maneat inmotum, superficies habebit figuram sperae habentis centrum idem cum terra.
Intclligatur enim humidum consistens ita, ut maneat non motum, et secetur ipsius superficies piano per centrum terrae, sit autem terrae centrum Κ, superficiei autem sectio linea ABGD. Dico itaque,
lineam ABGD circuli esse periferiam, centrum autem ipsius K.
Si enim non est, rectae a Κ ad lineam ABGD 2-U
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that which is under the lesser pressure is driven along by that under the greater pressure, and each of its parts is under pressure from the fluid which is perpendicularly above it, except when the fluid is enclosed in something and is under pressure from something else.
Ibid, i., Archim. ed. Heiberg ii. 336. 14-16
Let it be assumed that, of bodies which are borne upwards in a fluid, each is borne upwards along the perpendicular drawn through its centre of gravitj\a
(ii.) Surface of Fluid at Rest
Ibid, i., Prop. 2,b Archim. ed. Heiberg ii. 319. 7-820. 30
The surface of any fluid at rest is the surface of a sphere having the same centre as the earth.
For let there be conceived a fluid at rest, and let its surface be cut by a plane through the centre of the earth, and let the centre of the earth be K, and let the section of the surface be the curve ΑΒΓΔ. Then I say that the curve ΑΒΓΔ is an arc of a circle whose centre is K.
For if it is not, straight lines drawn from Κ to the
■ These are the only assumptions, other than the assumptions of Euclidean geometry, made in this book by Archimedes ; if the object of mathematics be to base the conclusions on the fewest and most “self-evident” axioms, Archimedes’ treatise On Floating Bodies must indeed be ranked highly.
* The earlier part of this proposition has to be given from William of Moerbeke’s translation. The diagram is here given with the appropriate Greek letters.
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occurrentes non erunt aequales. Sumatur itaque alfqua recta, quae est quarundam quidem a Κ occur-rentium ad lineam ABGD maior, quarundam autem minor, et centro quidem K, distantia autem sumptae lineae circulus describatur ; cadet igitur periferia oirculi habens hoc quidem extra lineam ABGD, hoc autem intra, quoniam quae ex centro quarundam quidem a Κ occurrcntium ad lineam ABGD est maior, quarundam autem minor. Sit igitur descripti circuli periferia quae ZBH, et a Β ad Κ recta ducatur, et copulentur quae ZK, Κ EL aequales facientes angulos, describatur autem et centro Κ periferia quaedam quae XOP in piano et in humido; partes itaque humidi quae secundum XOP periferiam ex aequo sunt positae et continuae inuicem. Et pre-muntur quae quidem secundum XO periferiam humido quod secundum ZB locum, quae autem secundum periferiam OP humido quod secundum BE locum; inaequaliter igitur premuntur partes humidi quae secundum periferiam XO ei quae [ἡ]1 κατά τάν ΟΠ· ώστε έζωθήσονται τοι ήσσον θλιβόμενα υπό των μάλλον θλιβομένων ου μένα άρα τό υγρόν, ύπέκειτο Se καθεστακός εΐμεν ώστε μόνον ακίνητον άναγκαΐον άρα τάν ΑΒΓΔ γραμ-μάν κύκλου περιφέρειαν εΐμεν καί κέντρον αύτάς τό Κ. ομοίως Βη δειχθήσεται καί, όπως κα άλλως α επιφάνεια τοΰ ύγροΰ έπιπέδω τμαθτ} διά του κέντρου τάς γάς, δτι α τομά έσσεΐται κύκλου περιφέρεια, καί κέντρον αύτάς εσσεΐται, ο καί τάς γάς εστι κέντρον. δηλον οΰν, δτι α επιφάνεια τοΰ ύγροΰ καθεστακότος ακινήτου σφαίρας εχει τό οχήμα τό αυτό κέντρον έχούσας τα γά, επειδή 1 η om. Heiberg.
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curve ΑΒΓΔ will not be equal. Let there be taken, therefore, any straight line which is greater than some of the straight lines drawn from Κ to the curve ΑΒΓΔ, but less than others, and with centre Κ and radius equal to the straight line so taken let a circle be described ; the circumference of the circle will fall partly outside the curve ΑΒΓΔ, partly inside, inasmuch as its radii are greater than some of the straight lines drawn from Κ to the curve ΑΒΓΔ, but less than others. Let the arc of the circle so described be ZBH, and from Β let a straight line be drawn to K, and let ZK, ΚΕΛ be drawn making equal angles [with KB], and with centre Κ let there be described, in the plane and in the fluid, an arc ΞΟΠ ; then the parts of the fluid along ΗΟΠ lie evenly and are continuous [υ. supra, p. 243]. And the parts along the arc HO are under pressure from the portion of the fluid between it and ZB, while the parts along the arc 0Π are under pressure from the portion of the fluid between it and BE ; therefore the parts of the fluid along Ξ0 and the parts of the fluid along ΟΠ are under unequal pressures ; so that the parts under the lesser pressure are thrust along by the parts under the greater pressure [υ. supra, p. 245] ; therefore the fluid will not remain at rest. But it was postulated that the fluid would remain unmoved ; therefore the curve ΑΒΓΔ must be an arc of a circle with centre K. Similarly it may be shown that, in whatever other manner the surface be cut by a plane through the centre of the earth, the section is an arc of a circle and its centre will also be the centre of the earth. It is therefore clear that the surface of the fluid remaining at rest has the form of a sphere with the same centre as the earth, since it is such
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τοιαύτα εστίν, ώστε διά του αύτοΰ σαμείου τμαθεΐ-σαν τον τομάν ποιεϊν περιφέρειαν κύκλου κέντρον εχοντος το σαμεΐον, δι’ ου τέμνεται τω έπιπέδω.
(iii.) Solid immersed in a Fluid
Ibid, i., Prop. 7, Archim. ed. Heiberg ii. 332. 21-336. 13
Τἀ βαρύτερα τού ύγροΰ άφεθέντα εις το υγρόν οίσεΐται κάτω, έστ αν καταβάντι, και εσσοΰνται κουφότερα εν τέρ ύγρω τοσοΰτον, όσον έχει τό βάρος του ύγροΰ του ταλικοΰτον όγκον εχοντος, άλικος εστίν ο του στερεού μεγέθεος όγκος.
“Οτι μεν ούν οίσεΐται ες τό κάτω, έστ αν κατα-βάντι, δῆλον τα γάρ υποκάτω αύτοΰ μέρεα του ύγροΰ θλιβησοΰνται μάλλον των εξ ΐσου αύτοΐς κειμένων μερέων, επειδή βαρύτερον ύπόκειται τό στερεόν μέγεθος τοΰ ύγροΰ· ότι δέ κουφότερα εσσοΰνται, ως εΐρηται, δειχθησεται.
"Εστω τι μέγεθος τό Α, ό έστι βαρύτερον τοΰ ύγροΰ, βάρος δέ έστω τοΰ μεν εν ω Α μεγέθεος τό ΒΓ, τοΰ δέ ύγροΰ τοΰ ΐσον όγκον έχοντος τω Α τό Β. δεικτέον, ότι τό Α μέγεθος εν τω ύγρω έόν βάρος έξει ΐσον τω Ρ.
Αελάφθω γάρ τι μέγεθος τό εν ω τό Δ κουφό-τερον τοΰ ύγροΰ τοΰ ΐσον ογκον έχοντος αύτω, έστω δέ τοΰ μέν εν <5 τό Δ μεγέθεος βάρος Ϊσον τω Β βάρει, τοΰ δέ ύγροΰ τοΰ ΐσον όγκον έχοντος τέρ Δ μεγέθει τό βάρος έστω ΐσον τω Β Γ βάρει.
° Or, as we should say, “ lighter by the weight of fluid displaced.”
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that, when it is eut [by a plane] always passing through the same point, the section is an arc of a circle having for centre the point through which it is cut by the plane [Prop. 1],
(Hi·) Solid immersed in a Fluid Ibid. i„ Prop. 7, Archim. ed. Heiberg ii. 332. 21-336. 13 Solids heavier than a fluid mil, if placed in the fluid, sink to the bottom, and they will be lighter [if weighed] in the fluid by the weight of a volume of the fluid equal to the volume of the solid.0
That they will sink to the bottom is manifest; for the parts of the fluid under them are under greater pressure than the parts lying evenly with them, since it is postulated that the solid is heavier than water ; that they will be lighter, as aforesaid will be [thus] proved.
Let A be any magnitude heavier than the fluid, let the weight of the magnitude A be Β + Γ, and let the weight of fluid having the same volume as A be B. It is required to prove that in the fluid the magnitude A will have a weight equal to Γ.
For let there be taken any magnitude Δ lighter than the same volume of the fluid such that the weight of the magnitude Δ is equal to the weight B, while the weight of the fluid having the same volume as the magnitude Δ is equal to the weight Β +Γ.
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συντεθέντων δη ές τδ αυτό των μεγεθέων, έν of? τα Α, Α, τό των συναμφοτέρων μέγεθος ισοβαρές εσσεΐται τω ύγρω· εστι γάρ των μεγεθέων συν-αμφοτέρων τό βάρος ’ίσον συναμφοτέροις τοΐς βάρεσιν τω τε ΒΓ κ αι τω Β, του 8e νγροΰ του ίσον όγκον εχοντος άμφοτέροις τοΐς μεγέθεσι τό βάρος ίσον εστι τοΐς αυτοΐς βάρεσιν. άφεθέντων οΰν των μεγεθέων ές τό υγρόν ίσορροπησοϋνται τω ύγρω και ούτε εις τό άνω οίσοΰνται ούτε εις τό κάτω· διο τό μεν εν <3 Α μέγεθος οίσεΐται ές τό κάτω και τοσαυτα βία υπό του εν ω Α μεγέθεος ανέλκεται ές τό άνω, τό δε εν ω Α μέγεθος, έπει κουφότερόν εστι του νγροΰ, άνοισεΐται εις τό άνω τοσαυτα βία, όσον εστι τό Γ βάρος· δέδεικται γάρ, ότι τα κουφότερα του ύγροΰ μεγέθεα στερεά βια-σθέντα ες τό υγρόν άναφέρονται τοσαυτα βία ές τό άνω, όσον έστ'ι τό βάρος, ω βαρύτερόν εστι του μεγέθεος τό υγρόν τό ΐσογκον τω μεγέθει. εστι δε τω Γ βάρει βαρύτερόν του Α μεγέθεος τό υγρόν τό ίσον όγκον έχον τω Α· δηλον οΰν, ότι και τό έν ω Α μέγεθος ές τό κάτω οίσεΐται τοσούτω βάρει, όσον έστί τό Γ.
° This proposition suggests a method, alternative to that given by Vitruvius (ν. supra, pp. 36-39, especially p. 38 η. a), whereby Archimedes may have discovered the proportions of gold and silver in King Hiero’s crown.
Let w be the weight of the crown, and let and be the weights of gold and silver in it respectively, so that w= u\ + w2.
Take a weight w of gold and weigh it in a fluid, and let the loss of weight be Then the loss of weight when a weight of gold is weighed in the fluid, and consequently
the weight of fluid displaced, will be . Px.
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Then if we combine the magnitudes A, Δ, the combined magnitude will be equal to the weight of the same volume of the fluid ; for the weight of the combined magnitudes is equal to the weight (Β +Γ) -fB, while the weight of the fluid having the same volume as both the magnitudes is equal to the same weight. Therefore, if the [combined] magnitudes are placed in the fluid, they will balance the fluid, and will move neither upwards nor downwards [Prop. 3] ; for this reason the magnitude A will move downwards, and will be subject to the same force as that by which the magnitude Δ is thrust upward*, and since Δ is lighter than the fluid it will be thrust upwards by a force equal to the weight Γ ; for it has been proved that when solid magnitudes lighter than the fluid are forcibly immersed in the fluid, they will be thrust upwards by a force aqual to the difference in weight between the magnitude and an equal volume of the fluid [Prop. 6]. But the fluid having the same volume as Δ is heavier than the magnitude Δ by the weight Γ ; it is therefore plain that the magnitude A will be borne upwards br a force equal to Γ.α
Now take a weight ιτ of silver and weigh it in the fluid, and let the loss of weight be Pv Then the loss of weight when a weight ιτ, of silver is weighed in the fluid, and consequently the weight of fluid displaced, -will be —1. Pv
Finally, weieh the crown itself in the fluid, and let the loss of weight, and consequently the weight of fluid displaced, be P.
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(iv.) Stability of a Paraboloid of Revolution Ibid, ii., Prop. 2, Archim. ed. Heiberg ii. 348. 10-352. 19
Τό ορθόν τμαμα του ορθογωνίου κωνοειδέος, όταν τον άξονα εχη μη μείζονα ή ήμιόλιον τας μέχρι τοΰ άξονος, πάντα λόγον έχον ποτι τό υγρόν τω βάρει, άφεθεν εις τό υγρόν ούτως, ώστε τάν βάσιν αύτοΰ μη άπτεσθαι του ύγροΰ, τεθέν κεκλιμένου ου μεν ει κεκλιμένου, άλλα άποκαταστασεΐται ορθόν, ορθόν δε λέγω καθεστακέναι τό τοιοΰτο τμαμα, όπόταν τό άποτετμακός αυτό επίπεδον παρά τάν επιφάνειαν η του ύγροΰ.
“Εστω τμαμα ορθογωνίου κωνοειδέος, οΐον εΐρη-ται, καί κείσθω κεκλιμένου, δεικτέον, ότι ον μενει, ἀλλ’ άποκαταστασεΐται ορθόν.
Ύμαθέντος δη α ύτοΰ επιπέδω διά του άξονος όρθώ ποτί τό επίπεδον τό επί τας επιφάνειας τοΰ ύγροΰ τμάματος έστω τομά α ΑΠΟΛ ορθογωνίου κώνου τομά, άξων δε τοΰ τμάματος καί διάμετρος τας το μάς α ΝΟ, τας δε τοΰ ύγροΰ επιφάνειας τομά α ΙΣ. επεί οΰν τό τμαμα ούκ έστίν ορθόν, ούκ αν εΐη παράλληλος α ΑΛ τα ΙΣ* ώστε ου ποιήσει όρθάν γωνίαν α ΝΟ ποτί τάν ΙΣ. άχθω
β Writing of the treatise On Floating Bodies, Heath (II.G.M. ii. 94-95) justly says : “ Book ii., which investigates fully the conditions of stability of a right segment of a paraboloid of revolution floating in a fluid for different values of the specific gravity and different ratios between the axis or height of the segment and the principal parameter of the generating parabola, is a veritable tour de force which must be read in full to be appreciated.”
b In this technical term the “ axis ” is the axis of the
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(iv.) Stability of a Paraboloid of Revolution a Ibid, ii., Prop. 2, Archim. ed. Heiberg ii. 318. 10-352. 19
If there be a right segment of a right-angled conoid, whose axis is not greater than one-and-a-half times the line drawn as far as the axis,b and whose weight relative to the fluid may have any ratio, and if it be placed in the fluid in an inclined position in such a manner that its base do not touch the fluid, it will not remain inclined but will return to the upright position. I mean by returning to the upright position the figure formed when the plane cutting off the segment is parallel to the surface of the fluid.
Let there be a segment of a right-angled conoid, such as has been stated, and let it be placed in an inclined position. It is required to prove that it will not remain there but will return to the upright position.
Let the segment be cut by a plane through the axis perpendicular to the plane which forms the surface of the fluid, and let ΑΠ0Λ be the section of the segment, being a section of a right-angled cone [De Con. et Sphaer. 11], and let NO be the axis of the segment and the axis of the section, and let 12 be the section of the surface of the liquid. Then since the segment is not upright, ΑΛ will not be parallel to ΙΣ ; and therefore NO will not make a right angle
right-angled cone from which the generating parabola is derived. The latus rectum is “ the line which is double of the line drawn as far as the axis ” (ὰ δι πλασία τ as μέχρι του άξονος); and so the condition laid down by Archimedes is that the axis of the segment of the paraboloid of revolution shall not be greater than three-quarters of the latus rectum or principal parameter of the generating parabola.
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ου ν παράλληλος α εφαπτομενα α ΚΩ τας του κώνου τομάς κατά το Π, καί από τοΰ Π παρά τάν
ΝΟ άχθω α ΠΦ· τεμνει δη α ΠΦ δίχα τάν ΙΣ· δεδεικτα ι γάρ iv τοΐς κωνικοϊς. τετμάσθω α ΠΦ, ώστε εϊμεν διπλάσιάν τάν ΠΒ τας ΒΦ, και ἀ ΝΟ κατά τό Ρ τετμάσθω, ώστε και τάν O Ρ τας ΡΝ διπλάσιάν εϊμεν" εσσεΐται δη τοΰ μείζονος άποτμάματος τοΰ στερεοΰ κέντρον τοΰ βάρεος το Ρ, τοΰ δέ κατά τάν ΙΓΓΟΣ τδ Β* δεδεικται γάρ εν τα ΐς Ίσορροπίαις, δτι παντός ορθογωνίου κωνοειδεος τμάματος τό κέντρον τοΰ βάρεός ἐστιν επί τοΰ άξονος διηρημενου ούτως, ώστε τό ποτί τα κορνφα τοΰ άζονος τμάμα διπλάσιου εϊμεν τοΰ λοιποΰ. άφαιρεθεντος δη τοΰ κατά τάν ΙΓΓΟΣ τ μάματος στερεοΰ από τοΰ όλου τοΰ λοιποΰ κέντρον εσσεϊται τοΰ βάρεος επί τας Β Γ ευθείας· δεδεικται γάρ τούτο εν τοΐς Στοιχείοις των μηχανικών, ότι, ει κα μεγεθος άφαιρεθη μη τό αυτό κέντρον εχον τοΰ βάρεος τω όλω μεγεθει, τοΰ λοιποΰ τό κέντρον εσσεϊται τοΰ βάρεος επί τας ευθείας τας επιζευ-γνυούσας τα κέντρα τοΰ τε όλου μεγεθεος καί τοΰ 254
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with ΙΣ. Therefore let ΚΩ be drawn parallel [to ΙΣ] and touching the section of the cone at Π, and from Π let ΠΦ be drawn parallel to NO ; then ΠΦ bisects ΓΣ—for this is proved in the [Elements of] Conics.a Let ΠΦ be cut so that ΠΒ = 2ΒΦ, and let NO be cut at Ρ so that OP = 2PN ; then Ρ will be the centre of gravity of the greater segment of the solid, and Β that of ΙΓΓΟΣ; for it is proved in the books On Equilibriums that the centre of gravity of any segment of a right-angled conoid is at the point dividing the axis in such a manner that the segment towards the vertex of the axis is double of the remainder.6 Now if the solid segment ΙΠΟΣ be taken away from the whole, the centre of gravity of the remainder will lie upon the straight line ΒΓ ; for it has been proved in the Elements of Mechanics that if any magnitude be taken away not having the same centre of gravity as the whole magnitude, the centre of gravity of the remainder will be on the straight line joining the centres [of gravity] of the whole magnitude and of the part
•	Presumably in the works of Aristaeus or Euclid, but it is also Quad. Parab. 1.
*	The proof is not in any extant work by Archimedes.
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άφηρημένου έκβεβλημένας επί τα αυτά, έφ' α το κέντρου του ολου μεγέθεός ἐστιν. έκβεβλησθω δἡ α ΒΡ επί το Γ, και έστω τό Γ το κέντρον του βαρέος του λοιπού μεγέθεός. έπεί οΰν α ΝΟ τάς μεν O Ρ ημιολία, τάς δε μέχρι του άξονος ου μείζων η ημιολία, δηλον, δτι α ΡΟ τάς μέχρι του άξονος ου κ εστι μείζων’ η Π Ρ άρα ποτί τάν ΚΩ γωνίας άνίσους ποιεί, και α υπό των Ρ ΠΩ γίνεται οξεία· ά από τοΰ Ρ άρα κάθετος επί τάν ΠΩ άγομένα μεταξύ πεσεΐται των Π, Ω. πιπτέτω ως α ΡΘ' α Ρ Θ άρα ορθά εστιν ποτί τό (άποτετμακός)1 επίπεδον, εν ω εστιν α ΣΙ, δ εστιν επί τάς επιφάνειας του ύγροΰ. άχθωσαν δη τινες από των Β, Γ παρά τάν ΡΘ* ενεχθησεται δη τό μεν έκτος τοΰ ύγροΰ τοΰ μεγέθεος εις τό κάτω κατά τάν διά του Γ άγομέναν κάθετον ύπόκειται γάρ έκαστον των βαρέων εις τό κάτω φέρεσθαι κατά τάν κάθετον τάν διά τοΰ κέντρου άγομέν αν τό δε εν τω ύγρω μέγεθος, έπεί κουφότερου γίνεται τοΰ ύγροΰ, ενεχθησεται εις τό άνω κατά τάν κάθετον τάν διά τοΰ Β άγομέναν. έπεί δε ου κατά ταν αύτάν κάθετον άλλάλοις άντιθλίβονται, ου μενει τό σχήμα, αλλά τα μεν κατά τό Α εις τό άνω ένεχθη-σεται, τά δε κατά τό Α εις τό κάτω, καί τοΰτο αει έσσειται, έως αν ορθόν άποκατασταθη.
1 ανοτετμακος, rf. supra, ρ. 252 line 8; Heiberg prints
“ If the normal at Π meets the axis in M, then OM is greater than “ the line drawn as far as the axis ” except in the case where Π coincides with the vertex, which case is excluded by the conditions of this proposition. Hence OM is always greater than OP ; and because the angle ΩΠΜ is right, the angle ΩΠΡ must be acute.
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taken away, produced from the extremity which is the centre of gravity of the whole magnitude [De Plan. Aequil. i. 8]. Let BP then be produced to Γ, and let Γ be the centre of gravity of the remaining magnitude. Then, since NO = | · OP, and NO*» f· ♦ (the line drawn as far as the axis), it is clear that ΡΟ ► (the line drawn as far as the axis) ; therefore ΠΡ makes unequal angles with ΚΩ, and the angle , ΡΠΩ is acute α ; therefore the perpendicular drawn from Ρ to ΠΩ will fall between Π, Ω. Let it fall as ΡΘ ; then ΡΘ is perpendicular to the cutting plane containing ΣΙ, which is on the surface of the fluid. Now let lines be drawn from Β, Γ parallel to ΡΘ ; then the portion of the magnitude outside the fluid will be subject to a downward force along the line drawn through Γ—for it is postulated that each weight is subject to a downward force along the perpendicular drawn through its centre of gravity 6 ; and since the magnitude in the fluid is lighter than the fluid,® it will be subject to an upward force along the perpendicular drawn through Βγ’ But, since they are not subject to contrary forces along the same perpendicular, the figure will not remain at rest but the portion on the side of A will move upwards and the portion on the side of Λ will move downwards, and this will go on continually until it is restored to the upright position.
*	Cf. supra, p. 245; possibly a similar assumption to this effect has fallen out of the text.
*	A tacit assumption, which limits the generality of the opening statement of the proposition that the segment may have any weight relative to the fluid.
d v. supra, p. 251.
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XVIII. ERATOSTHENES
(α) General Sllidas, S.V. ’Ερατοσθένης
Ερατοσθένης, ’ Αγλαού, oi δέ Αμβροσίου' Κυρηναΐος, μαθητης φιλοσόφου % Α ρίστωνος Χίου, γραμματικού δε Αυσανίου του Κ υρηναίου και Καλλίμαχου του ποιητοϋ. μετεπέμφθη δε έζ ’Αθηνών υπό του τρίτου Πτολεμαίου και διέτριφε μέχρι τοΰ πέμπτου. διά δέ τό δευτερευειν έν παντι εΐδει παιδείας τοΐς ακροις έγγίσαντα1 Βῆτα* έπεκληθη. οι δε και δεύτερον η νέον Πλάτωμα, άλλοι Πένταθλου έκάλεσαν. ετέχθη δέ ρκ5~' Όλυμ-
1 έγγίσαντα Meursius, έγγίσασι Adler.
* Βήτα Gloss, in Psalmos, Hesych. Mil., τα βήματα codd.
“ Several of Eratosthenes’ achievements have already been described—his solution of the Delian problem (vol. i. pp. 290-297), and his sieve for finding successive odd numbers (vol. i. pp. 100-103). Archimedes, as we have seen, dedicated the Method to him, and the Cattle Problem, as we have also seen, is said to have been sent through him to the Alexandrian mathematicians. It is generally supposed that Ptolemy credits him with having calculated the distance between the tropics (or twice the obliquity of the ecliptic) at ll/83rds. of a complete circle or 47° 29' 39", but Ptolemy’s meaning is not clear. Eratosthenes also calculated the distances of the sun and moon from the earth and the size of the sun. Fragments of an astronomical poem which he wrote under the title 260
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(a) General Suidas, s.v. Eratosthenes
Eratosthenes, son of Aglaus, others say of Ambrosius ; a Cyrenean, a pupil of the philosopher Ariston of Chios, of the grammarian Lysanias of Cyrene and of the poet Callimachus b; he was sent for from Athens by the third Ptolemy c and stayed till the fifth.d Owing to taking second place in all branches of learning, though approaching the highest excellence, he was called Beta. Others called him a Second or New Plato, and yet others Pentathlon. He was born in the 126th Olympiad · and died at the age
Hermes have survived. He was the first person to attempt a scientific chronology from the siege of Troy in two separate works, and he wrote a geographical work in three books. His writings are critically discussed in Bernhardy’s Eratos-thenica (Berlin, 1822).
* Callimachus, the famous poet and grammarian, was also a Cyrenean. He opened a school in the suburbs of Alexandria and was appointed by Ptolemy Philadelphus chief librarian of the Alexandrian library, a post whicn he held till his death c. 240 b.c. Eratosthenes later held the same post.
e Euergetes I (reigned 246-221 b.c.), who sent for him to be tutor to his son and successor Philopator (υ. vol. i. pp. 256, 296).
d Epiphanes (reigned 204-181 b.c.).	* 276-273 b.c.
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πιάδι καί ετελεύτησεν π ετών γεγονώς, άπο-σχό μένος τροφής διά τό άμβλυώττειν, μαθητήν επίσημον καταλιπών Άριστοφάνην τον Βυζάντιον ου πάλιν Άρίσταρχος μαθητής. μαθηται δε αυτόν Μνασε'ας και Μένανδρος καί “Αριστις. εγραφε δε φιλόσοφα καί ποιήματα καί ιστορίας, Αστρονομίαν ή Καταστερισμούς,1 Πβ/Η των κατά φιλοσοφίαν αιρέσεων, Β ερι άλυπίας, διαλόγους πολλούς καί γραμματικά συχνά.
(δ) On Means
Papp. Coll. vii. 3, ed. Hultsch 636. 18-25
Των δε προειρημενών του *Αναλυόμενου βιβλίων ή τάζις εστίν τοιαύτη . . . ’Βρατοσθενους περί μεσοτήτων δύο.
Papp. Coll. vii. 21, ed. Hultsch 660. 18-662. 18
Των τόπων καθόλου οι μεν είσιν εφεκτικοί, ως καί * Απολλώνιος προ των ιδίων στοιχείων λεγει σημείου μεν τόπον σημεΐον, γραμμής δε τόπον γραμμήν, επιφάνειας δε επιφάνειαν, στερεού δἐ στερεόν, οι δε διεξοδικοί, ως σημείου μεν γραμμήν, γραμμής δ’ επιφάνειαν, επιφάνειας δε στερεόν,
1 Καταστερισμοΰς coni. Portus, Καταστηρίγμους codd.
β Not, of course, Aristarchus of Samos, the mathematician, but the celebrated Samothracian grammarian.
6 Mnaseas was the author of a work entitled HepfaXovs, whose three sections dealt with Europe, Asia and Africa, and a collection of oracles given at Delphi.
c This work is extant, but is not thought to be genuine in 262
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of eighty of voluntary starvation, having lost his sight; he left a distinguished pupil, Aristophanes of Byzantium; of whom in turn Aristarchus α was a pupil. Among his pupils were Mnaseas,6 Menander and Aristis. He wrote philosophical works, poems and histories, Astronomy or Placings Among the Stars;B On Philosophical Divisions, On Freedom from Pain, many dialogues and numerous grammatical works.
(h)	On Means
Pappus, Collection vii. 3, ed. Hultsch 636.
The order of the aforesaid books in the Treasury of Analysis is as follows . . . the two books of Eratosthenes On MeansA
Pappus, Collection vii. 21, ed. Hultsch 660. 1&-662. 18
Loci in general are termeAfixed, as when Apollonius at the beginning of his own Elements says the locus of a point is a point, the locus of a line is a line, the locus of a surface is a surface and the locus of a solid is a solid ; or progressive, as when it is said that the locus of a point is a line, the locus of a line is a surface and the locus of a surface is a solid ; or circumambient as
its extant form ; it contains a mythology and description of the constellations under forty-four heads. The general title Αστρονομία may be a mistake for Άστροθΐσία; elsewhere it is alluded to under the title Κατάλογοι.
d The inclusion of this work in the Treasury of Analysis, along with such works as those of Euclid, Aristaeus and Apollonius, shows that it was a standard treatise. It is not otherwise mentioned, but the loci with reference to means referred to in the passage from Pappus next cited were presumably discussed in it.
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οι Se άναστροφικοί, ως σημείου μεν επιφάνειαν, γραμμής δε στερεόν. [. . . οι δε υπό Έρατοσθε-νους επιγραφεντες τόποι προς μεσότητας εκ των προειρημενών εισίν τω γίνει, από δε της ίδιότητος των υποθέσεων . . . εκείνοις.]1
(ρ) The “ Platonicus ”
Theon Smyr., ed. Hiller 81. 17-82. 5
’Ερατοσθένης δε εν τω Υίλατωνικω φησι, μη ταύτόν είναι διάστημα καί λόγον. επειδή λόγος μεν εστι δυο μεγεθών η προς άλληλα ποια σχεσις, γίνεται δ’ αΰτη καί εν διαφόροις (και εν άδιαφό-ροις).* οιον εν φ λόγω εστι τό αισθητόν προς τό νοητόν, εν τούτω δόξα προς επιστήμην, και διαφέρει καί τό νοητόν του επιστητού ω καί η δόξα του αισθητού. διάστημα Se εν διαφερουσι μόνον, η κατά τό μεγεθος η κατά ποιότητα η κατά θεσιν η άλλως όπωσούν. δηλον δε καί εντεύθεν,
1 The passage of which this forms the concluding sentence is attributed by Hultsch to an interpolator. To fill the lacuna before εκείνοι? he suggests ανόμοιοι εκείνοις, following Halley’s rendering, “ diverse sunt ab illis.”
* και εν ά8ιαφόροις add. Hiller.
* Tannery conjectured that these were the loci of points such that their distances from three fixed lines provided a “ mt-dictA” i.e., loci (straight lines and conics) which can be represented in tril inear co-ordinates by such equations as ^y—x+z, yt=xz, y(x+z)=2xz, x(x-y) =z(y-2), x(x-y)=y(y-z)i
these represent respectively the arithmetic, geometric and harmonic means, and the means subcontrary to the harmonic and geometric means (r. vol. i. pp. 122-125). Zeuthen has 264
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when it is said that the locus of a point is a surface and the locus of a line is a solid. [. . . the loci described by Eratosthenes as having reference to means belong to one of the aforesaid classes, but from a peculiarity in the assumptions are unlike them.] α
(c) The “ Platonicus ”
Theon of Smyrna, ed. Hiller 81. 17-82. 5
Eratosthenes in the Platonicus b says that interval and ratio are not the same. Inasmuch as a ratio is a sort of relationship of two magnitudes one towards the other,® there exists a ratio both between terms that are different and also between terms that are not different. For example, the ratio of the perceptible to the intelligible is the same as the ratio of opinion to knowledge, and the difference between the intelligible and the known is the same as the difference of opinion from the perceptible.d But there can be an interval only between terms that are different, according to magnitude or quality or position or in some other way. It is thence clear that ratio is
an alternative conjecture on similar lines (Die Lehre von den Kegelschnitten ini Altertum, pp. 320-321).
6 Theon cites this work in one other passage (ed. Hiller 2. 3-12) telling how Plato was consulted about the doubling of the cube ; it has already been cited (vol. i. p. 256). Eratosthenes’ own solution of the problem has already been given in vol. i. pp. 290-297, and a letter purporting to be from Eratosthenes to Ptolemy Euergetes is given in vol. i. pp. 256-261. Whether the Platonicus was a commentary on Plato or a dialogue in which Plato was an interlocutor cannot be decided.
* Cf. Eucl. v. Def. 3, cited in vol. i. p. 444.
d A reference to Plato, Rep. vi. 509 d—511 e, vii. 517 a— 518 b.
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δη λόγος διαστήματος έτερον το γάρ ημισυ προς τό διπλάσιοι (και το διπλάσιοι/ προς τό ημισυ)ι λόγον μεν ου τον αυτόν έχει, διάστημα Be τό αυτό.
(ιd) Measurement of the Earth Cleom. De motu circ. i. 10. 52, ed. Ziegler 94. 23-100. 23
Και η μεν του Ποσειδωνίου έφοδος περί του κατά την γην μεγέθους τοιαύτη, ή Be του *Ε/κχ-τοσθένους γεωμετρικής εφόδου έχομενη, και Βο-κοϋσά τι άσαφέστερον έχειν. ποιήσει Be σαφή τα λεγάμενα υπ’ αύτοϋ τάδε προϋποτιθέμενων ημών. νποκείσθω ή μιν πρώτον μεν κάνταΰθα, υπό τω αύτώ μεσημβρινώ κεΐσθαι Σινηνην και ’Αλεξάνδρειαν, και δεύτερον, τό διάστημα τό μεταξύ τών πόλεων πεντακισχιλίων σταδίων είναι, καί τρίτον, τάς καταπεμπομένας ακτίνας από διαφόρων μερών του ήλιου έπι διάφορα της γης μέρη παραλλήλους είναι· ούτως γάρ εχειν αύτάς οι γεωμέτραι υποτίθενται, τέταρτον εκείνο νποκείσθω, δεικνυμενον παρά τοΐς γεωμέτραις, τάς εις παραλλήλους έμπιπτοΰσας ευθείας τάς εναλλάξ γωνίας ΐσας ποιεΐν, πέμπτον, τάς έπι ίσων γωνιών βεβηκυίας περιφερείας όμοιας είναι, τουτέστι την αυτήν αναλογίαν και τον αυτόν λόγον εχειν προς τούς οικείους κύκλους, δεικνυμένου και τούτου παρά τοΐς γεωμέτραις. όπόταν γάρ περιφέρειαι έπι ΐσων γωνιών έυσι βεβηκυΐαι, αν μία ητισοΰν 1 και . . . ημισυ add. Hiller.
° The difference between ratio and interval is explained a little more neatly by Theon himself (ed. Hiller 81. 6-9):
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different from interval ; for the relationship of the half to the double and of the double to the half does not furnish the same ratio, but it does furnish the same interval.®
(id) Measurement of the Earth
Cleomcdes, * On the Circular Motion of the Heavenly Bodies i. 10. 52, ed. Ziegler 94. 23-100. 23
Such then is Posidonius’s method of investigating the size of the earth, but Eratosthenes’ method depends on a geometrical argument, and gives the impression of being more obscure. What he says will, however, become clear if the following assumptions are made. Let us suppose, in this case also, first that Syene and Alexandria lie under the same meridian circle ; secondly, that the distance between the two cities is 5000 stades ; and thirdly, that the rays sent down from different parts of the sun upon different parts of the earth are parallel ; for the geometers proceed on this assumption. Fourthly, let us assume that, as is proved by the geometers, straight lines falling on parallel straight lines make the alternate angles equal, and fifthly, that the arcs subtended by equal angles are similar, that is, have the same proportion and the same ratio to their proper circles—this also being proved by the geometers. For whenever arcs of circles are subtended by equal angles, if any one of these is (say) one-tenth
8ιαψέρ«ι δέ διάστημα καί λόγος, όπΐίδή διάστημα μιν ἔστι τὰ μεταξύ των ομογενών re και άνίσων ορών, λόγος δι άπλώς η των όμογινών όρων προς αλλήλους σχάσις.
b Cleomedes probably wrote about the middle of the first century b.c. His handbook De motu circulari corporum eaelestium is largely based on Posidonius.
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αυτών δέκατον η μέρος του οικείου κύκλον, καί αι λοιπαι πάσαι δέκατα μέρη γενησονται των οικείων κύκλων.
Τούτων 6 κατακρατησας ούκ αν χαλεπώς την έφοδον τοΰ 'Ερατοσθένους καταμάθοι έχουσαν ούτως, υπό τω αύτω κεΐσθαι μεσημβρινά» φησι Συηνην και 'Αλεξάνδρειαν, έπεί οΰν μέγιστοι των έν τω κόσμου οι μεσημβρινοί, δει και τούς υποκειμένους τούτοις της γης κύκλους μεγίστους είναι άναγκαίως. ώστε ηλίκον αν τον διά Συηνης καί 'Αλεξάνδρειάς ηκοντα κύκλον της γης η έφοδος αποδείξει αύτη, τηλικοΰτος και 6 μέγιστος έσται της γης κύκλος, φησι τοίνυν, καί έχει όντως, την Συηνην υπό τω θερινω τροπικού κεΐσθαι κύκλω, όπόταν ούν έν καρκίνο» γενόμενος 6 ήλιος καί θερινός ποιων τροπάς ακριβώς μεσουρανηση, άσκιοι γίνονται οι τών ωρολογίων γνώμονες άναγκαίως, κατά κάθετον ακριβή τοΰ ήλιου ύπερκειμένου· καί τούτο γίνεσθαι λόγος επί σταδίους τριακοσίους την διάμετρον, εν 'Αλεξανδρεία δε τη α ύτη ώρα άποβάλλουσιν οι τών ωρολογίων γνώμονες σκιάν, άτε προς άρκτου μάλλον της Συήνης ταύτης της πόλεως κειμένης. υπό τω αύτω μεσημβρινού τοίνυν καί μεγίστου κύκλω τών πόλεων κειμένων, αν περιαγάγωμεν περιφέρειαν από τοΰ άκρου της τοΰ γνώμονος σκιάς επί την βάσιν αυτήν τοΰ γνώμονος τοΰ έν 'Αλεξάνδρειά ωρολογίου, αϋτη η περιφέρεια τμήμα γενήσεται τοΰ μεγίστου τών έν τη σκάφη κύκλων, έπεί μεγίστου κύκλου ύπο-κειται η τοΰ ώρολογίου σκάφη. ει ούν έξης νοησαιμεν ευθείας διά της γης έκβαλλομένας άφ έκατέρου τών γνωμόνων, προς τω κέντρου της γης
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of its proper circle, all the remaining arcs will be tenth parts of their proper circles.
Anyone who has mastered these facts will have no difficulty in understanding the method of Eratosthenes, which is as follows. Syene and Alexandria, he asserts, are under the same meridian. Since meridian circles are great circles in the universe, the circles on the earth which lie under them are necessarily great circles also. Therefore, of whatever size this method shows the circle on the earth through Syene and Alexandria to be, this will be the size of the great circle on the earth. He then asserts, as is indeed the case, that Syene lies under the summer tropic. Therefore, whenever the sun, being in the Crab at the summer solstice, is exactly in the middle of the heavens, the pointers of the sundials necessarily throw no shadows, the sun being in the exact vertical line above them ; and this is said to be true over a space 300 stades in diameter. But in Alexandria at the same hour the pointers of the sundials throw shadows, because this city lies farther to the north than Syene. As the two cities lie under the same meridian great circle, if we draw an arc from the extremity of the shadow of the pointer to the base of the pointer of the sundial in Alexandria, the arc will be a segment of a great circle in the bowl of the sundial, since the bowl lies under the great circle. If then we conceive straight lines produced in order from each of the pointers through the earth, they
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συμπεσοΰνται. επεί οΰν το εν Συήιηη ώρολόγιον κατά κάθετον ύπόκειτat τω ήλίω, αν έ~>τινοήσωμεν ευθείαν από του ήλιου ήκουσαν επ άκρον τον του ωρολογίου γνώμονα, μία γενήσεται εύθεΐα ή από του ήλιου μέχρι του κέντρου της γής ήκουσα. εάν οΰν ετέραν ευθείαν νοήσωμεν απο του άκρου τής σκιάς του γνώμονος hi άκρου του γνωμονος επι τον ήλιον άναγομένην από τής εν 'Αλεξάνδρειά σκαφτής, αυτή και ή προειρημένη εύθεΐα παράλληλοι γενήσονται από διαφόρων γε του ήλιου μερών επι διάφορα μέρη τής γής διήκουσαι. εις ταυτας τοίνυν παραλλήλους οϋσας εμπίπτει εύθεΐα η απο του κέντρου τής γής επί τον εν 'Αλεξάνδρειά γνώμονα ήκουσα, ώστε τάς εναλλαξ γωνίας ισας ποιεΐν ών ή μέν έστι προς τω κέντρω τής γής κατά σύμπτωσιν των εύθειών, αι από των ωρολογίων ήχθησαν επί το κέντρον τής γής, γινομένη, ή δε κατά σύμπτωσιν άκρου του εν Αλεξάνδρειά γνώμονος καί τής απ' άκρου τής σκιάς αύτοΰ επι τον ήλιον διά τής προς αύτόν φαύσεως άναχθείσης γεγενημένη. καί επί μέν ταυτης βέβηκε περιφέρεια ή απ' άκρου τής σκιάς του γνώμονος επι την βάσιν αύτοΰ περιαχθεΐσα, επί δε τής προς τω κέντρω τής γής ή άπό Συήνης διήκουσα εις *Αλεξάνδρειαν. δμοιαι τοίνυν αι περιφέρειαί εισιν άλλήλαις επ' ίσων γε γωνιών βεβηκυΐαι. ον α ρα λόγον έχει ή εν τή σκάφη προς τον οίκεΐον κύκλον, τούτον έχει τον λόγον καί ή από Συηνης εις 'Αλεξάνδρειαν ήκουσ α.	ή δέ γε εν τή σκάφη
πεντηκοστόν μέρος εύρίσκεται τού οικείου κύκλου, δει οΰν άναγκαίως καί τό άπό Συήνης εις 'Αλεξάνδρειαν διάστημα πεντηκοστόν είναι μέρος του 270
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will meet at the centre of the earth. Now since the sundial at Syene is vertically under the sun, if we conceive a straight line drawn from the sun to the top of the pointer of the sundial, the line stretching from the sun to the centre of the earth will be one straight line. If now we conceive another straight line drawn upwards from the extremity of the shadow of the pointer of the sundial in Alexandria, through the top of the pointer to the sun, this straight line and the aforesaid straight line will be parallel, being straight lines drawn through from different parts of the sun to different parts of the earth. Now on these parallel straight lines there falls the straight line drawn from the centre of the earth to the pointer at Alexandria, so that it makes the alternate angles equal ; one of these is formed at the centre of the earth by the intersection of the straight lines drawn from the sundials to the centre of the earth ; the other is at the intersection of the top of the pointer in Alexandria and the straight line drawn from the extremity of its shadow to the sun through the point where it meets the pointer. Now this latter angle subtends the arc carried round from the extremity of the shadow of the pointer to its base, while thp angle at the centre of the earth subtends the arc stretching from Syene to Alexandria. But the arcs are similar since they are subtended by equal angles. Whatever ratio, therefore, the arc in the bowl of the sundial has to its proper circle, the arc reaching from Syene to Alexandria has the same ratio. But the arc in the bowl is found to be the fiftieth part of its proper circle. Therefore the distance from Syene to Alexandria must necessarily be a fiftieth part of the great
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μεγίστου τής γης κύκλον και εστι τούτο σταδίων πεντακισχιλίων. ο άρα συμπας κύκλος γίνεται μυριάδων είκοσι πέντε, και ή μεν Έρατοσθενους έφοδος τοιαύτη.
Heron, Dloptra 36, cd. H. Schone 302. 10-17
Δίον δε έστω, ει τύχοι, την μεταξύ *Αλεξανδρείας και 'Ρώμης όδδν εκμετρησαι την επ' ευθείας, την γε επι κύκλου περιφερείας μεγίστου του εν τη γη, προσομολογουμενου του οτι περίμετρος τής γης σταδίων εστι μ και ετι β, ως ὅ μάλιστα των άλλων άκριβεστερον πεπραγματενμένος Ερατοσθένης δείκνυαιν εν (τω)1 επιγραφομενω Περί τής άναμετρήσεως τής γής.
1 τω add. H. Schone.
0 The attached figure will help to elucidate Cleomedes.
S is Syene and A Alexandria; the centre of the earth is O. The sun’s rays at the two places are represented by the broken straight lines. If α be the angle made by the sun’s rays with the pointer of the sundial at Alexandria (OA produced), the angle SOA is also equal to a, or one-fiftieth of four right angles. The arc SA is known to be 5000 stades and it follows that the whole circumference of the earth must be 250000 stades.
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circle of the earth. And this distance is 5000 stades. Therefore the whole great circle is 250000 stades. Such is the method of Eratosthenes.0
Heron, Dioptra 36, ed. H. Schone 302. 10-17
Let it be required, perchance, to measure the distance between Alexandria and Rome along the arc of a great circle,6 on the assumption that the perimeter of the earth is 252000 stades, as Eratosthenes, who investigated this question more accurately than others, shows in the book which he wrote On the Measurement of the Earthf
4 Lit. “ along the circumference of the greatest circle on the earth.”
e Strabo (ii. 5. 7) and Theon of Smyrna (ed. Hiller 124. 10-12) also give Eratosthenes’ measurement as 252000 stades against the 250000 of Cleomedes. “ The reason of the discrepancy is not known ; it is possible that Eratosthenes corrected 250000 to 252000 for some reason, perhaps in order to get a figure devisible by 60 and, incidentally, a round number (700) of stades for one degree. If Pliny (N.H. xii. 13. 53) is right in saying that Eratosthenes made 40 stades equal to the Egyptian σχοΐνος, then, taking the σχοΐνος at 12000 Royal cubits of 0-5‘25 metres, we get 300 such cubits, or 157·5 metres, i.e., 516-73 feet, as the length of the stade. On this basis 252000 stades works out to 24662 miles, and the diameter of the earth to about 7850 miles, only 50 miles shorter than the true polar diameter, a surprisingly close approximation, however much it owes to happy accidents in the calculation ” (Heath, H.G.M. ii. 107).
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XIX, APOLLONIUS OF PERGA (a) The Conic Sections (i.) Relation to Previous Works
Eutoc. Comm, in ConApoll. Perg. ed. Heiberg ii.
168. 5-170. 26
Απολλώνιος 6 γεωμετρης, ώ φίλε εταίρε * Ανθέμιέ, γεγονε μεν εκ Περγης τής εν Παμ^υλία εν χρόνοις του Ευεργέτου ΥΙτολεμαίου, ως ιστορεί 'ΐίράκλειος ό τον βίον ’Αρχιμήδους γράφων, ος καί φησι τα κωνικά θεωρήματα επινοήσαι μεν πρώτον τον * Αρχιμήδη, τον 8ε Άπολλώνιον αυτά εύρόντα ύπο Άρχιμήδους μη εκδοθεντα ίδιοποιή-σασθαι, ούκ άληθευων κατά γε την εμήν. ο τε γάρ ’Αρχιμήδης εν πολλοΐς φαίνεται ως παλαιο-τέρας τής στοίχειώσεως των κωνικών μεμνημενος, και 6 Απολλώνιος ούχ ώς Ιδίας επίνοιας γράφει· ου γάρ αν εφη “ επί πλέον καί καθόλου μάλλον
° Scarcely anything more is known of the life of one of the greatest geometers of all time than is stated in this brief reference. From Pappus, Coll, vii., ed. Hultsch G7 (quoted in vol. i. p. 488), it is known that he spent much time at Alexandria with Euclid’s successors. Ptolemy Euergetes reigned SM6-221 b.c., and as Ptolemaeus Chennus (apud Photii Bibl., cod. cxc., ed. Bekker 151 b 18) mentions an astro-276
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(a) The Conic Sections (i.) Relation to Previous Works
Eutocius, Commentary on Apollonius's Conic/.t Apoll. Perg. ed. Heiberg ii. 168. 5-170. 26
Apollonius the geometer, my dear Anthemius, flourished at Perga in Pamphylia during the time of Ptolemy Euergetes,** as is related in the life of Archimedes written by Heraclius,6 who also says that Archimedes first conceived the theorems in conics and that Apollonius, finding they had been discovered by Archimedes but not published, appropriated them for himself, but in my opinion he errs. For in many places Archimedes appears to refer to the elements of conics as an older work, and moreover Apollonius does not claim to be giving his own discoveries ; otherwise he would not have described his purpose as “ to investigate these properties more fully and more
nomer named Apollonius who flourished in the time of Ptolemy Philopator (221-204 b.c.), the great geometer is probably meant. This fits in with Apollonius’s dedication of Books iv.-viii. of his Conics to King Attalus I (247-197 b.c.). From the preface to Book i., quoted infra (p. 281), we gather that Apollonius visited Eudemus at Pergamum, and to Eudemus he dedicated the first two books of the second edition of his work.
b More probably lleraclides, υ. supra, p. 18 n. a.
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εξειργάσθαι ταΰτα παρά τα υπό τών άλλων γε-γραμμένα.” άλλ’ όπερ φησιν ό Γέμινος αληθές έστιν, ότι οι παλαιοί κώνον οριζόμενοι την του ορθογωνίου τριγώνου περιφοράν μενούσης μιας των περί την ορθήν εικότως καί τούς κώνους πάντας ορθούς ύπελάμβανον γίνεσθαι και μίαν τομήν εν έκάστω, εν μεν τω όρθογωνίω την νυν καλουμένην παραβολήν, εν δε τω άμβλυγωνίω την υπερβολήν, εν δε τω όξυγωνίω την έλλειφιν και έστι παρ αύτοΐς εύρεΐν ούτως ονομαζομένας τάς τομάς. ώσπερ οΰν των αρχαίων επί ενός έκαστου είδους τριγώνου θεωρησάντων τάς δυο όρθάς πρότερον εν τω ίσοπλευρω και πάλιν εν τω ίσο-σκελεΐ καί ύστερον εν τω σκαληνω οι μεταγενέστεροι καθολικόν θεώρημα απέδειξαν τοιοϋτο' παντός τριγώνου αι εντός τρεις γωνίαι δυσίν όρθάΐς ϊσαι είσίν ούτως καί επί των του κώνου τομών' την μεν γάρ λεγομένην ορθογωνίου κώνου τομήν εν όρθογωνίω μόνον κώνω έθεώρουν τεμνομένω έπιπέδω όρθώ προς μίαν πλευράν τού κώνου, την δε τού αμβλυγωνίου κώνου τομήν εν άμβλυγωνίω γινομένην κώνω άπεδείκνυσαν, τήν του οξυγωνίου εν όξυγωνίω, ομοίως επί πάντων τών κώνων άγοντες τα επίπεδα ορθά προς μίαν πλευράν του κώνου· δηλοΐ δε καί αυτά τα αρχαία ονόματα τών γραμμών, ύστερον δέ * Απολλώνιος ό Ώ,ερ-γαίος καθόλου τι έθεώρησεν, ότι εν παντί κώνω καί όρθώ καί σκαληνω πασαι αι τομαί είσι κατά διάφορον του επιπέδου προς τον κώνον προσβολήν ον καί θαυμάσαντες οί κατ* αυτόν γενόμενοι διά τό θαυμάσιον τών υπ' αυτού δεδειγμένων κωνικών θεωρημάτων μέγαν γεωμέτρην έκάλουν. ταΰτα 278
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generally than is done in the works of others.” a But what Geminus says is correct : defining a cone as the figure formed by the revolution of a right-angled triangle about one of the sides containing the right angle, the ancients naturally took all cones to be right with one section in each—in the right-angled cone the section now called the parabola, in the obtuse-angled the hyperbola, and in the acute-angled the ellipse ; and in this may be found the reason for the names they gave to the sections. Just as the ancients, investigating each species of triangle separately, proved that there were two right angles first in the equilateral triangle, then in the isosceles, and finally in the scalene, whereas the more recent geometers have proved the general theorem, that in any triangle the three internal angles are equal to two right angles, so it has been with the sections of the cone ; for the ancients investigated the so-called section of a right-angled cone in a right-angled cone only, cutting it by a plane perpendicular to one side of the cone, and they demonstrated the section o f an obtuse-angled cone in an obtuse-angled cone and the section of an acute-angled cone in the acute-angled cone, in the cases of all the cones drawing the planes in the same way perpendicularly to one side of the cone ; hence, it is clear, the ancient names of the curves. But later Apollonius of Perga proved generally that all the sections can be obtained in any cone, whether right or scalene, according to different relations of the plane to the cone. In admiration for this, and on account of the remarkable nature of the theorems in conics proved by him, his contemporaries called him the “ Great •
• This comes from the preface to Book i., v. infra, p. 283.
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μεν οΰν 6 Γἐμινος εν τω εκτω φησι της Ύών μαθημάτων θεωρίας.
(ii.) Scope o f the Work
Apoll. Conic, i., Praef., Apoll. Perg. ed. Heiberg i. 2. 2-4. 28
1 Απολλώνιος Eύδημω χαίρειν.
Ει τω τε σώματι ευ επανάγεις και τα άλλα κατά γνώμην εστί σοι, καλώς αν ζχοι, μετρίως δε εχομεν και αυτοί, καθ' ον δε καιρόν ημην μετά σου iv Ιϊεργάμω, εθεώρουν σε σπευδοντα μετασχεΐν των πεπραγμενών ημΐν κωνικών πεπομφα οΰν σοι το πρώτον βιβλίον διορθωσάμενος, τα δε λοιπά, όταν ευαρεστήσω μεν, εξαποστελονμεν οΰκ άμνημονεΐν γάρ ο'ίομαί σε παρ' εμοΰ άκηκοότα, διότι την περί ταΰτα έφοδον εποιησάμην αξιωθείς υπ ο Ν αυκρά-τους τοΰ γεωμετρου, καθ' ον καιρόν εσχόλαζε
0 Menaechmus, as shown in vol. i. pp. 278-283, and more particularly p. 283 n. σ, solved the problem of the doubling of the cube by means of the intersection of a parabola with a hyperbola, and also by means of the intersection of two parabolas. This is the earliest mention of the conic sections in Greek literature, and therefore Menaechmus (β. 360-350 b.c.) is generally credited with their discovery; and as Eratosthenes’ epigram (vol. i. p. 296) speaks of “ cutting the cone in the triads of Menaechmus,” he is given credit for discovering the ellipse as well. He may have obtained them all by the method suggested by Geminus, but Heath (H.O.M.
ii.	111-116) gives cogent reasons for thinking that he may have obtained his rectangular hyperbola by a section of a right-angled cone parallel to the axis.
Λ passage already quoted (vol. i. pp. 486-489) from Pappus (ed. Hultsch 672. 18-678. 24) informs us that treatises on the conic sections were written by Aristaeus and Euclid. Aris-taeus’ work, in five books, was entitled Solid Loci; Euclid’s 280
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Geometer.” Geminus relates these details in the sixth book of his Theory of Mathematics.9
(ii.) Scope of the Work
Apollonius, Conics i., Preface, A poll. Perg. ed. Heiberg i. 2. 2-4. 28
Apollonius to Eudemus b greeting.
If you are in good health and matters are in other respects as you wish, it is well; I am pretty well too. During the time I spent with you at Pergamum, I noticed how eager you were to make acquaintance with my work in conics ; I have therefore sent to you the first book, which I have revised, and I will send the remaining books when I am satisfied with them. I suppose you have not forgotten hearing me say that I took up this study at the request of Naucrates the geometer, at the time when he came
Conics was in four books. The work of Aristaeus was obviously more original and more specialized ; that of Euclid was admittedly a compilation largely based on Aristaeus. Euclid flourished about 300 b.c. As noted in vol. i. p. 495 n. a, the focus-directrix property must have been known to Euclid, and probably to Aristaeus ; curiously, it does not appear in Apollonius’s treatise.
Many properties of conics are assumed in the works of Archimedes without proof and several have been encountered in this work ; they were no doubt taken from the works of Aristaeus or Euclid. As the reader will notice, Archimedes’ terminology differs in several respects from that of Apollonius, apart from the fundamental difference on which Geminus laid stress.
The history of the conic sections in antiquity is admirably treated by Zeuthen, Die Lehre von den Kegelschnitten im Altertum (1886) and Heath, Apollonius of Perga, xvii-clvi.
b Not, of course, the pupil of Aristotle who wrote the famous History of Geometry, unhappily lost.
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παρ’ ή μιν παραγενηθείς els ’Αλεξάνδρειαν, και διότι πραγματευσαντες αυτά εν οκτώ βιβλίοις εξ αυτής μεταδεδώκαμεν αυτά εις το σπουδαιότερον διά το προς εκπλω αυτόν είναι ου διακαθάραντες, άλλα πάντα τα ύποπίπτοντα η μιν θεντες ως έσχατον επελευσόμενοι. δθεν καιρόν νυν λαβόντες αει το τυγχάνον διορθώσεως εκδίδομεν. και επει συμβεβηκε και άλλους τινός των συμμεμιχότων ή μιν μετειληφεναι τό πρώτον και τό δεύτερον βιβλίον πριν ή διορθωθήναι, μη θαυμάσης, εάν περιπίπτης αύτοΐς ετερως εχουσιν.
’Από δε των οκτώ βιβλίων τά πρώτα τεσσαρα πεπτωκεν εις αγωγήν στοιχειώδη, περιεχει δε τό μεν πρώτον τάς γενεσεις τών τριών τομών και τών αντικείμενων καί τά εν αυταΐς αρχικά συμπτώματα επί πλέον καί καθόλου μάλλον εξειργασμενα παρά τά υπό τών άλλων γεγραμμένα, τό δε δεύτερον τά περί τάς διαμέτρους καί τούς άξονας τών τομών συμβαίνοντα καί τάς άσυμπτώτους καί άλλα γενικήν καί άναγκαίαν χρείαν παρεχόμενα προς τούς διορισμούς* τινας δε διαμέτρους και τινας άξονας καλώ, ειδήσεις εκ τούτου τοΰ βιβλίου, τό δε τρίτον πολλά καί παράδοξα θεωρήματα χρήσιμα πρός τε τάς συνθέσεις τών στερεών τόπων καί τούς διορισμούς, ών τά πλεΐστα καί κάλλιστα ξένα, α καί κατανοήσαντες συνείδομεν μη συντιθεμενον υπό Εόκλβίδου τον επί τρεις καί τεσσαρας γραμμάς τόπον, αλλά μόριον το τυχόν αύτοΰ καί τοΰτο ούκ ευτυχώς· ου γάρ ήν δυνατόν άνευ τών προσευρημενων ήμΐν τελειωθήναι την
• Α necessary observation, because Archimedes had used the terms in a different sense.
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to Alexandria and stayed with me, and that, when I had completed the investigation in eight books, I gave them to him at once, a little too hastily, because he was on the point of sailing, and so I was not able to correct them, but put down everything as it occurred to me, intending to make a revision at the end. Accordingly, as opportunity permits, I now publish on each occasion as much of the work as I have been able to correct. As certain other persons whom I have met have happened to get hold of the first and second books before they were corrected, do not be surprised if you come across them in a different form.
Of the eight books the first four form an elementary introduction. The first includes the methods of producing the three sections and the opposite branches [of the hyperbola] and their fundamental properties, which are investigated more fully and more generally than in the works of others. The second book includes the properties of the diameters and the axes of the sections as well as the asymptotes, with other things generally and necessarily used in determining limits of possibility ; and what I call diameters and axes you will learn from this book.® The third book includes many remarkable theorems useful for the syntheses of solid loci and for determining limits of possibility ; most of these theorems, and the most elegant, are new, and it was their discovery which made me realize that Euclid had not worked out the synthesis of the locus with respect to three and four lines, but only a chance portion of it, and that not successfully ; for the synthesis could not be completed without the theorems discovered by me.6
6 For this locus, and Pappus’s comments on Apollonius’s claims, v. vol. i. pp. 486-489.
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σύνθεσιν. τό δε τέταρτον, ποσαχώς αι των κώνων τομαί άλλήλαις τε καί τη του κύκλον περιφέρεια συμβάλλονσι, και άλλα εκ περισσόν, ών ουδέτερον υπ6 των προ ημών γεγραπται, κώνου τομή η κύκλου περιφέρεια κατά πόσα σημεία συμβάλ-λουσι.
Τα δε λοιπά εστι περιουσιαστικώτερα· εστι γάρ το μεν περί ελάχιστων και μεγίστων επί πλέον, το δε περί ίσων καί όμοιων κώνου τομών, τό δε περί διοριστικών θεωρημάτων, το δε προβλημάτων κωνικών διωρισμενων. ου μην άλλα καί πάντων εκδοθεντων εξεστι τοΐς περιτυγχάνουσι κρίνειν αυτά, ως αν αυτών έκαστος αίρητα ι. ευτυχεί.
(iii.) Definitions
Ibid., Deff., ΑροΠ. Perg. ed. Heiberg I. 6. 2-8. 20
*E<xv από τινος σημείου προς κύκλου περιφέρειαν, ος ούκ εστιν εν τω αύτώ επιπεδω τω σημείω, ευθεία επιζευχθεΐσα εφ' εκάτερα προσεκβληθη, καί μενοντος τού σημείου η ευθεία περιενεχθεΐσα περί την τού κύκλου περιφέρειαν εις τό αυτό πάλιν άποκατασταθη, οθεν ηρξατο φερεσθαι, την γρα-φεΐσαν υπό της ευθείας επιφάνειαν, η σύγκειται εκ δύο επιφανειών κατά κορυφήν άλλήλαις κείμενων, ών εκατερα εις άπειρον αϋξεται της
° Only the first four books survive in Greek. Books v.-vii. have survived in Arabic, but Book viii. is wholly lost. Halley (Oxford, 1710) edited the first seven books, and his edition is still the only source for Books vi. and vii. The first four books have since been edited by Heiberg (Leipzig, 1891-1893) and Book v. (up to Prop. 7) by L. Nix (Leipzig, 1889). The 284.
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The fourth book investigates how many times the sections of cones can meet one another and the circumference of a circle ; in addition it contains other things, none of which have been discussed by previous writers, namely, in how many points a section of a cone or a circumference of a circle can meet [the opposite branches of hyperbolas].
The remaining books are thrown in by way of addition : one of them discusses fully minima and maxima, another deals with equal and similar sections of cones, another with theorems about the determinations of limits, and the last with determinate conic problems. When they are all published it will be possible for anyone who reads them to form his own judgement. Farewell.0
(iii.) Definitions
Ibid., Definitions, Apoll. Perg. ed. Heiberg i. 6. 2-8. 20
If a straight line be drawn from a point to the cir-cnimference of a circle, which is not in the same plane with the point, and be produced in either direction, and if, while the point remains stationary, the straight line be made to move round the circumference of the circle until it returns to the point whence it set out, I call the surface described by the straight line a conical surface ; it is composed of two surfaces lying vertically opposite to each other, of which each
surviving books have been put into mathematical notation by T. L. Heath, Apollonius of Perga (Cambridge, 1896) and translated into French by Paul Ver Eecke, Les Coniques d' Apollonius de Perga (Bruges, 1923).
In ancient times Eutocius edited the first four books with a commentary which still survives and is published in Heiberg’s edition. Serenus and Hypatia also wrote commentaries, and Pappus a number of lemmas.
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γραφούσης ευθείας εις άπειρον προσεκβαλλομενης, καλώ κωνικήν επιφάνειαν, κορυφήν δε αυτής το μεμενηκός σημεΐον, άξονα 5e την Βία του σημείου και του κέντρου του κύκλου αγομενην ευθείαν.
Κώνον δε το ττεριεχόμενον σχήμα υπό τε του κύκλου και τής μεταξύ τής τε κορυφής καί τής τοΰ κύκλου περιφέρειας κωνικής επιφάνειας, κορυφήν δε τοΰ κώνου το σημεΐον, ο και τής επιφάνειας εστι κορυφή, άξονα δε την από τής κορυφής επι το κέντρον τοΰ κύκλου αγομενην εύθεΐαν, βάσιν δε τον κύκλον.
Ύών δε κώνων ορθούς μεν καλώ τούς προς ορθας έχοντας ταΐς βάσεσι τούς αξον ας, σκαληνούς δε τούς μη προς ορθας έχοντας ταΐς βάσεσι τούς άξονας.
ΪΙάσης καμπύλης γραμμής, ήτις ἐστιν εν ενί επιπεδω, διάμετρον μεν καλώ εύθεΐαν, ήτις ήγμενη από τής καμπύλης γραμμής πάσας τάς άγομενας εν τή γραμμή ευθείας ευθεία τινι παραλλήλους δίχα διαιρεί, κορυφήν δε τής γραμμής το πέρας τής ευθείας τό προς τή γραμμή, τεταγμενως δε επί τήν διάμετρον κατήχθαι εκάστην τών παραλλήλων.
’Ομοίως δε καί δύο καμπύλων γραμμών εν ενί επιπεδω κείμενων διάμετρον καλώ πλάγιον μεν, ήτις εύθεΐα τεμνουσα τάς δύο γραμμάς πάσας τας άγομενας εν εκατερα τών γραμμών παρά τινα εύθεΐαν δίχα τεμνει, κορυφάς δε τών γραμμών τα προς ταΐς γραμμαΐς περατα τής διαμέτρου, όρθιαν δε', ήτις κείμενη μεταξύ τών δύο γραμμών πάσας τάς άγομενας παραλλήλους ευθείας ευθεία τινι καί άπ ολαμβανομενας μεταξύ τών γραμμών δίχα 286
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extends to infinity when the straight line which describes them is produced to infinity ; I call the fixed point the vertex, and the straight line drawn through this point and the centre of the circle I call the axis.
The figure bounded by the circle and the conical surface between the vertex and the circumference of the circle I term a cone, and by the vertex of the cone I mean the point which is the vertex of the surface, and by the axis I mean the straight line drawn from the vertex to the centre of the circle, and by the base I mean the circle.
Of cones, I term those right which have their axes at right angles to their basess and scalene those which have their axes not at right angles to their bases.
In any plane curve I mean by a diameter a straight line drawn from the curve which bisects all straight lines drawn in the curve parallel to a given straight line, and by the vertex of the curve I mean the extremity of the straight line on the curve, and I describe each of the parallels as being drawn ordinate-wise to the diameter.
Similarly, in a pair of plane curves I mean by a transverse diameter a straight line which cuts the two curves and bisects all the straight lines drawn in either curve parallel to a given straight line, and by the vertices of the curves I mean the extremities of the diameter on the curves ; and by an erect diameter I mean a straight line which lies between the two curves and bisects the portions cut off between the curves of all straight lines drawn parallel to a given
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τεμνει, τεταγμενως δε επί τήν διάμετρον κατήχθαι έκάστην των παραλλήλων.
Συζυγείς καλώ διαμέτρους [δυο]1 καμπύλης γραμμής καί δύο καμπύλων γραμμών ευθείας, ων εκατερα διάμετρος οΰσα τάς τή ετερα παραλλήλους δίχα διαιρεί.
’Άξονα δε καλώ καμπύλης γραμμής καί δύο καμπύλων γραμμών ευθείαν, ήτις διάμετρος ουσα τής γραμμής ή τών γραμμών προς όρθάς τεμνει τάς παραλλήλους.
Συζυγείς καλώ άξονας καμπύλης γραμμής καί δύο καμπύλων γραμμών ευθείας, αΐτινες διάμετροι οΰσαι συζυγείς προς όρθάς τεμνουσι τάς άλλήλων παραλλήλους.
(iv.) Construction of the Sections Ibid., Props. 7-9, Apoll. I’crg. ed. Heiberg i. 22. 26-36. 5
ζ'
Έάν κώνος επίπεδου τμηθή διά του άξονος, τμηθή δε καί ετερω επιπεδω τεμνοντι το επίπεδον, εν ώ εστιν ή βάσις του κώνου, κατ* ευθείαν προς όρθάς οΰσαν ήτοι τή βάσει του διά του άξονος τριγώνου ή τή επ’ ευθείας αυτή, αι άγόμεναι εύθείαι από τής γενηθείσης τομής εν τή του κώνου επιφάνεια, ήν εποίησε τό τεμνον επίπεδον, παράλληλοι τή προς όρθάς τή βάσει του τριγώνου ευθεία επί την κοινήν τομήν πεσοΰνται του τεμ-1 δυο οm. Heiberg.
• This proposition defines a conic section in the most general way with reference to any diameter. It is only much 288
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straight line ; and I describe each of the parallels as drawn ordinate-wise to the diameter.
By conjugate diameters in a curve or pair of curves I mean straight lines of which each, being a diameter, bisects parallels to the other.
By an axis of a curve or pair of curves I mean a straight line which, being a diameter of the curve or pair of curves, bisects the parallels at right angles.
By conjugate axes in a curve or pair of curves I mean straight lines which, being conjugate diameters, bisect at right angles the parallels to each other.
(iv.) Construction of the Sections
Ibid., Props. 7-9, Apoll. Perg. ed. Heiberg i. 22. 26-86. 5 Prop. 7 e
If a cone be cut by a plane through the axis, and if it be also cut by another plane cutting the plane containing the base of the cone in a straight line perpendicular to the base of the axial triangle,6 or to the base produced, a section mil be made on the surface of the cone by the cutting plane, and straight lines drawn in it parallel to the straight line perpendicular to the base of the axial triangle mil meet the common section of the cutting plane and the axial
later in the work (i. 52-58) that the principal axes are introduced as diameters at right angles to their ordinates. The proposition is an excellent example of the generality of Apollonius’s methods.
Apollonius followed rigorously the Euclidean form of proof. In consequence his general enunciations are extremely long and often can be made tolerable in an English rendering only by splitting them up ; but, though Apollonius seems to have taken a malicious pleasure in their length, they are formed on a perfect logical pattern without a superfluous word.
* Lit. “ the triangle through the axis/*
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ι'οντος επίπεδον καί τοΰ διά τοΰ άζονος τρίγωνου καί προσεκβαλλόμεναι εως τον ετερου μέρους της τομής δίχα τμηθησονται υπ* αυτής, και εάν μεν ορθός ἡ ὅ κώνος, η εν τη βάσει ευθεία προς όρθάς εσται τη κοινή τομή τοΰ τεμνοντος επίπεδου και τοΰ διά τοΰ άζονος τριγώνου, εάν δε σκαληνός, ούκ αίεί προς όρθάς εσται, ἀλλ’ όταν τό διά τοΰ άζονος επίπεδον προς όρθάς η τη βάσει τοΰ κώνου.
"Εστω κώνος, ου κορυφή μεν τό Α σημεΐον, βάσις δε 6 ΒΓ κύκλος, καί τετμησθω επιπεδω διά
τοΰ άζονος, και ποιείτω τομήν τό ΑΒΓ τρίγωνον, τετμησθω δε και ετερω επιπεδω τεμνοντι τό επίπεδον, εν ω εστιν 6 BF κύκλος, κατ ευθείαν την ΔΕ ήτοι προς όρθάς οΰσαν τη ΒΓ η τη επ* ευθείας αυτή, καί ποιείτω τομήν εν τη επιφανείς τοΰ κώνον την ΔΖΕ· κοινή δη τομή τοΰ τεμνοντος επίπεδον καί τοΰ ΑΒΓ τριγώνου η ΖΗ. καί 290
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triangle and, if produced to the other part of the section, tvill be bisected by it; if the cone be right, the straight line in the base will be perpendicular to the common section of the cutting plane and the axial triangle; but if it be sea-lene, it will not in general be perpendicular, but only when the plane through the axis is perpendicular to the base of the cone.
Let there be a cone whose vertex is the point A and whose base is the circle ΒΓ, and let it be cut by a
plane through the axis, and let the section so made be the triangle ΑΒΓ. Now let it be cut by another plane cutting the plane containing the circle ΒΓ in a straight line ΔΕ which is either perpendicular to ΒΓ or to ΒΓ produced, and let the section made on the surface of the cone be ΔΖΕe ; then the common section of the cutting plane and of the triangle ΑΒΓ •
• This applies only to the first two of the figures given in the mss.
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είλήφθω τι σημεΐον έπί της ΔΖΕ τομής το Θ, και ήχθω διά του Θ τῆ ΔΕ παράλληλος ή ΘΚ. λέγω, ότι ή ΘΚ συμβαλεΐ τη Ζ H καί εκβαλλόμενη εως τοΰ ετέρου μέρους τής ΔΖΕ τομής δίχα τμηθήσεται υπό τής Ζ H ευθείας.
Έπβι γάρ κώνος, ου κορυφή μεν τό Α σημεΐον, βάσις δέ ό ΒΓ κύκλος, τέτμηται έπιπέδω διά τοΰ άζονος, καί ποιεί τομήν τό ΑΒΓ τρίγωνον, εΐληπται δέ τι σημεΐον επί τής επιφάνειας, ο μη έστιν επί πλευράς τοΰ ΑΒΓ τριγώνου, τό Θ, καί έστι κάθετος ἡ ΔΗ επί τήν ΒΓ, ή άρα διά τοΰ Θ τή ΔΗ παράλληλος αγόμενη, τουτέστιν ή ΘΚ, συμβαλεΐ τω ΑΒΓ τριγώνω καί προσεκβαλλομένη έως τοΰ έτέρου μέρους τής επιφάνειας δίχα τμηθή-σεται υπό τοΰ τριγώνου. έπεί οΰν ή διά τοΰ Θ τή ΔΕ παράλληλος άγομένη συμβάλλει τω ΑΒΓ τριγώνω καί έστιν έν τω διά τής ΔΖΕ τομής έπιπέδω, έπί τήν κοινήν άρα τομήν πεσεΐται τοΰ τέμνοντος έπιπέδου καί τοΰ ΑΒΓ τριγώνου, κοινή δέ τομή έστι των επιπέδων ή ΖΗ· ή άρα διά τοΰ Θ τή ΔΕ παράλληλος άγομένη πεσεΐται έπί τήν ΖΗ· καί προσεκβαλλομένη έως τοΰ έτέρου μέρους τής ΔΖΕ τομής δίχα τμηθήσεται υπό τής Ζ H ευθείας.
νΗτοι δή 6 κώνος ορθός έστιν, ή τό διά τοΰ άξονος τρίγωνον τό ΑΒΓ ορθόν έστι προς τον ΒΓ κύκλον, ή ουδέτερον.
"Έστω πρότερον ό κώνος ορθός· εΐη αν οΰν καί το ΑΒΓ τρίγωνον ορθόν προς τον Β Γ κύκλον, έπεί οΰν έπίπεδον τό ΑΒΓ προς έπίπεδον τό ΒΓ ορθόν έστι, καί τή κοινή αυτών τομή τή Β Γ έν ένί τών έπιπέδων τω Β Γ προς ορθάς ήκται ή ΔΕ, 292
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is ZH. Let any point θ be taken on ΔΖΕ, and through θ let ΘΚ be drawn parallel to ΔΕ. I say that ΘΚ intersects ZH and, if produced to the other part of the section ΔΖΕ, it will be bisected by the straight line ZH.
For since the cone, whose vertex is the point A and base the circle ΒΓ, is cut by a plane through the axis and the section so made is the triangle ΑΒΓ, and there has been taken any point Θ on the surface, not being on a side of the triangle ΑΒΓ, and ΔΗ is perpendicular to ΒΓ, therefore the straight line drawn through θ parallel to ΔΗ, that is ΘΚ, will meet the triangle ΑΒΓ and, if produced to the other part of the surface, will be bisected by the triangle [Prop. 6]. Therefore, since the straight line drawn through Θ parallel to ΔΕ meets the triangle ΑΒΓ and is in the plane containing the section ΔΖΕ, it will fall upon the common section of the cutting plane and the triangle ΑΒΓ. But the common section of those planes is ZH ; therefore the straight line drawn through θ parallel to ΔΕ will meet ZH ; and if it be produced to the other part of the section ΔΖΕ it will be bisected by the straight line ZH.
Now the cone is right, or the axial triangle ΑΒΓ is perpendicular to the circle ΒΓ, or neither.
First, let the cone be right ; then the triangle ΑΒΓ will be perpendicular to the circle ΒΓ [Def. 3 ; Eucl. xi. 18]. Then since the plane ΑΒΓ is perpendicular to the plane ΒΓ, and ΔΕ is drawn in one of the planes perpendicular to their common section ΒΓ, therefore
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ή ΔΕ άρα τω ΑΒΓ τ ριγώνω earl προς ορθάς· και 77ρος πάσας α'.ρα τάς άπτομενας αυτής ευθείας καί οϋσας εν τω ΑΒΓ τ ριγών ω ορθή ἐστιν, ώστε καί προς την Ζ H ἐστι προς ορθάς.
Μἡ έστω δη ό κώνος ορθός, εί μεν οΰν το διά του άζονος ^τρίγωνον ορθόν εστι προς τον ΒΓ κύκλον, ομοίως δείζομεν, ότι καί ή ΔΕ τῆ ΖΗ εστι προς ορθάς. μη έστω δη το διά του άζονος τρίγωνον το ΑΒΓ ορθόν προς τον Β Γ κύκλον, λέγω, ότι ουδέ ή ΔΕ τή Ζ H εστι προς όρθας. ει γάρ δυνατόν, έστω· εστι δε καί τή ΒΓ προς ορθάς· ή άρα ΔΕ εκατερα των ΒΓ, ΖΗ εστι προς ορθάς. καί τω διά των Β Γ, Ζ H επιπεδω άρα προς ορθάς εστι. τό δε διά των Β Γ, H Ζ επίπεδόν εστι τό ΑΒΓ* καί ή ΔΕ άρα τω ΑΒΓ τριγώνω εστι προς ορθάς. καί πάντα άρα τα Bi* αυτής επίπεδα τω ΑΒΓ τριγώνω εστι προς ορθάς. εν δε τι των διά τής ΔΕ επίπεδων ἐστιν ὅ Β Γ κύκλος· ό Β Γ άρα κύκλος προς ορθάς εστι τψ ΑΒΓ τριγώνω. ώστε καί τό ΑΒΓ τρίγωνον ορθόν εσται προς τον ΒΓ κύκλον όπερ ούχ ύπόκειται. ούκ άρα ή ΔΕ τή Ζ H εστι προς ορθάς.
Πόρισμα
Έκ δη τούτου φανερόν, ότι τής ΔΖΕ τομής διάμετρος εστιν ή ΖΗ, επείπερ τάς άγομενας παραλλήλους ευθεία τινι τή ΔΕ δίχα τεμνει, kai ότι δυνατόν εστιν υπό τής διαμέτρου τής Ζ H παραλλήλους τινός Βίχα τεμνεσθαι καί μη προς ορθάς.
1
Έάν κώνος επιπεδω τμηθή διά του άζονος, 294.
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ΔΕ is perpendicular to the triangle ΑΒΓ [Eucl. xi. Def. 4] ; and therefore it is perpendicular to all the straight lines in the triangle ΑΒΓ which meet it [Eucl. xi. Def. 3]. Therefore it is perpendicular to ZH. *
Now let the cone be not right. Then, if the axial triangle is perpendicular to the circle ΒΓ, we may similarly show that ΔΕ is perpendicular to ZH. Now let the axial triangle ΑΒΓ be not perpendicular to the circle ΒΓ. I say that neither is ΔΕ perpendicular to ZH. For if it is possible, let it be ; now it is also perpendicular to ΒΓ; therefore ΔΕ is perpendicular to both ΒΓ, ZH. And therefore it is perpendicular to the plane through ΒΓ, ZH [Eucl. xi. 4]. But the plane through ΒΓ, HZ is ΑΒΓ ; and therefore ΔΕ is perpendicular to the triangle ΑΒΓ. Therefore all the planes through it are perpendicular to the triangle ΑΒΓ [Eucl. xi. 18]. But one of the planes through ΔΕ is the circle ΒΓ ; therefore the circle ΒΓ is perpendicular to the triangle ΑΒΓ. Therefore the triangle ΑΒΓ is perpendicular to the circle ΒΓ ; which is contrary to hypothesis. Therefore ΔΕ is not perpendicular to ZH.
Corollary
From this it is clear that ZH is a diameter of the section ΔΖΕ [Def. 4], inasmuch as it bisects the straight lines drawn parallel to the given straight line ΔΕ, and also that parallels can be bisected by the diameter ZH without being perpendicular to it.
Prop. 8
If a cone be cut by a pla?ie through the axis, and it be
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τμηθή Βε και ετερω επιπεΒω τεμνοντι την βάσιν τον κώνον κατ* ενθεϊαν προς όρθάς ονσαν ττ} βάσει τον δίά τον άζονος τρίγωνον, η Be Βιάμετρος της γινόμενης iv τη επιφάνεια τομής ήτοι παρά μιαν η των τον τρίγωνον πλενρών η σνμπίπτη αύτη έκτος της κορυφής τοΰ κώνον, προσεκβάλληται δε η τε τοΰ κώνον επιφάνεια καί τό τεμνον επι-πεΒον εις άπειρον, και ή τομή εις άπειρον ανξηθη-σεται, και από της Βιαμετρου τῆς τομής προς τῆ κορυφή πάση τη Βοθείση ευθείς, ΐσην απολήφεται τις ευθεία αγόμενη από της τον κώνου τομής παρά την εν τη βάσει τοΰ κώνον ευθείαν.
’Έστω κώνος, οΰ κορυφή μεν τό Α σημεΐον, βάσις Βε 6 ΒΓ κύκλος, και τετμήσθω επιπεΒω
290
APOLLONIUS OF PERGA also cut by another plane cutting the base of the cone in a line perpendicular to the base of the axial triangle, and if the diameter of the section made on the surface be either parallel to one of the sides of the triangle or meet it beyond the vertex of the cone, and if the surface of the cone and the cutting plane be produced to infinity, the section will also increase to infinity, and a straight line can be drawn from the section of the cone parallel to the straight line in the base of the cone so as to cut off from the diameter of the section towards the vertex an intercept equal to any given straight line.
Let there be a cone whose vertex is the point A and base the circle ΒΓ, and let it be cut by a plane through the axis, and let the section so made be the triangle
297
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γωνον τετμήσθω δε καί ire ρω επιπεδω τεμνοντι τον Β Γ κύκλον κατ’ εύθεΐαν την ΔΕ ττ ρος όρθάς ουσαν τη BF, και ποιείτω τομήν 4ν τη επιφάνεια την ΔΖΕ γραμμήν ή δε διάμετρος της ΔΖΕ τομής ἡ ΖΗ ήτοι παράλληλος έστω τη Α Γ ἡ εκβαλλόμενη συμπιτττετω αυτή εκτός τον Α σημείου, λέγω, οτι καί, εάν η τε του κώνου επιφάνεια και το τεμνον επίπεδον εκβάλληται εις άπειρον, και ή ΔΖΕ τομή εις άπειρον αύξηθήσεται.
Έκβεβλησθω γάρ η τε του κώνου επιφάνεια και τό τεμνον επίπεδον· φανερόν δη, ότι και αι ΑΒ, Α Γ, Ζ H συνεκβληθήσονται. επει η ΖΗ τη Α Γ ήτοι παράλληλός εστιν η εκβαλλόμενη συμπίπτει αύτη εκτός του Α σημείου, αι ΖΗ, ΑΓ άρα εκβαλλόμενα ι ώς επί τα Γ, H μέρη ουδέποτε σνμπεσοΰνται. εκβεβλήσθωσαν οΰν, καί είληφθω τι σημεΐον επί τής ΖΗ τυχόν τό Θ, καί διά του Θ σημείου τη μεν Β Γ παράλληλος ήχθω ή ΚΘΛ, τη δε ΔΕ παράλληλος η ΜΘΝ' τό άρα διά των ΚΑ, ΜΝ επίπεδον παράλληλόν εστι τω διά των Β Γ, ΔΕ. κύκλος άρα εστι τό ΚΛΜΝ επίπεδον, καί επεί τα Δ, E, Μ, Ν σημεία εν τω τεμνοντί εστιν επιπεδω, εστι δε καί εν τη επιφάνεια του κώνου, επί της κοινής άρα τομής εστιν ηύζηται άρα ή ΔΖΕ μέχρι των Μ, Ν σημείων, αύξηθείσης άρα τής επιφάνειας του κώνου καί του τεμνοντος επίπεδου μέχρι του ΚΛΜΝ κύκλου ηϋξηται καί ή ΔΖΕ τομή μέχρι των Μ, Ν σημείων, ομοίως δη δείξομεν, ότι καί, εάν εις άπειρον εκβάλληται ή τε του κώνου επιφάνεια καί τό τεμνον επίπεδον, καί ή ΜΔΖΕΝ τομή εις άπειρον αύξηθήσεται.
Και φανερόν, οτι πάση τή δοθεί ση ευθεία ΐσην 298
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ΑΒΓ ; now let it be cut by another plane cutting the circle ΒΓ in the straight line ΔΕ perpendicular to ΒΓ, and let the section made on the surface be the curve ΔΖΕ ; let ZH, the diameter of the section ΔΖΕ, be either parallel to ΑΓ or let it, when produced, meet ΑΓ beyond the point Α. I say that if the surface of the cone and the cutting plane be produced to infinity, the section ΔΖΕ will also increase to infinity.
For let the surface of the cone and the cutting plane be produced ; it is clear that the straight lines, AB, ΑΓ, ZH are simultaneously produced. Since ZH is either parallel to ΑΓ or meets it, when produced, beyond the point A, therefore ZH, ΑΓ when produced in the directions Η, Γ, will never meet. Let them be produced accordingly, and let there be taken any point θ at random upon ZH, and through the point θ let ΚΘΛ be drawn parallel to ΒΓ, and let ΜΘΝ be drawn parallel to ΔΕ ; the plane through ΚΛ, MN is therefore parallel to the plane through ΒΓ, ΔΕ [Eucl. xi. 15]. Therefore the plane ΚΛΜΝ is a circle [Prop. 4]. And since the points Δ, E, Μ, Ν are in the cutting plane, and are also on the surface of the cone, they are therefore upon the common section ; therefore ΔΖΕ has increased to Μ, N. Therefore, when the surface of the cone and the cutting plane increase up to the circle ΚΛΜΝ, the section ΔΖΕ increases up to the points Μ, N. Similarly we may prove that, if the surface of the cone and the cutting plane be produced to infinity, the section ΜΔΖΕΝ will increase to infinity.
And it is clear that there can be cut off from the
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άπολήφεταί τις από της ΖΘ ευθείας προς τω Ζ σημεία), εάν γάρ τη Βοθείση ΐσην θώμεν την ΖΞ καί Βία τοΰ Ξ τη ΔΕ παράλληλον άγάγωμεν, συμπεσεΐται τη τομή, ώσπερ καί η διά τοΰ Θ άπεΒείχθη συμπίπτουσα τη τομή κατά τα Μ, Ν σημεία' ώστε άγεται τις ευθεία συμπίπτουσα τη τομή παράλληλος ουσα τη ΔΕ άπολαμβάνουσα από της Ζ H εύθεΐαν Ϊσην τη Βοθείση προς τω Ζ σημεία).
θ'
Έάν κώνος επιπεΒω τμηθη συμπίπτοντι μεν εκατερα πλευρά τοΰ διά τ ου άξονος τριγώνου, μήτε Βε παρά την βάσιν ηγμενω μήτε ύπεναντίως, η τομή ούκ εσται κύκλος.
*Έστω κώνος, ου κορυφή μεν τό Α σημεΐον,
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βάσις Βε 6 ΒΓ κύκλος, καί τετμησθω επιπεΒω τινι μήτε παραλληλία οντι τη βάσει μήτε υπ-
APOLLONIUS OF PERGA straight line ΖΘ in the direction of the point Ζ an intercept equal to any given straight line. For if we place Z3 equal to the given straight line and through Ξ draw a parallel to ΔΕ, it will meet the section, just as the parallel through θ was shown to meet the section at the points Μ, Ν ; therefore a straight line parallel to ΔΕ has been drawn to meet the section so as to cut off from ZH in the direction of the point Ζ an intercept equal to the given straight line.
Prop. 9
If a cone be cut by a plane meeting either side of the axial triangle, but neither parallel to the base nor subcontrary,a the section will not be a circle.
Let there be a cone whose vertex is the point A and base the circle ΒΓ, and let it be cut by a plane neither parallel to the base nor subcontrary, and let
• In the figure of this theorem, the section of the cone by the plane ΔΕ would be a subcontrary section (όπεναντίο τομή) if the triangle ΑΔΕ were similar to the triangle ΑΒΓ, but in a contrary sense, i.e., if angle ΑΔΕ = angle ΑΓΒ. Apollonius proves in i. 5 that subcontrary sections of the cone are circles ; it was proved in i. 4 that all sections parallel to the base are circles.
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εναντίως, καί ποιείτω τομήν ἐν τῆ επιφάνεια την ΔΚΕ γραμμήν, λέγω, δτι ή ΔΚΕ γραμμή ούκ εσται κύκλος.
Ει γάρ δυνατόν, έστω, και συμπιπτετω τό τεμνον επίπεδον ττ} βάσει, καί έστω των επίπεδων κοινή τομή ή ΖΗ, τό δε κέντρον του ΒΓ κύκλον έστω τό Θ, καί απ' αύτοΰ κάθετος ήχθω επί τήν ΖΙΙ ή Θ H, καί εκβε βλήσθω διά τής H Θ καί τον άζονος επίπεδον καί ποιείτω τομάς εν τή κωνική επιφάνεια τάς ΒΑ, ΑΓ ευθείας, επεί οΰν τα Α, E, H σημεία εν τε τω διά τής ΔΚΕ επίπεδο) εστίν, εστι δε καί εν τω διά των Α, Β, Γ, τα άρα Α, E, H σημεία επί τής κοινής τομής των επίπεδων εστίν* ευθεία άρα εστίν ή ΗΕΔ. είλήφθω δη τι επί τής ΔΚΕ γραμμής σημεΐον τό Κ, καί διά του Κ τῆ Ζ H παράλληλος ήχθω ή ΚΛ’ εσται δή ίση ή ΚΜ τή ΜΛ. ή άρα ΔΕ διάμετρος εστι του ΔΚΛΕ κύκλον. ήχθω δή διά τοΰ Μ τῆ Β Γ παράλληλος ή ΝΜΞ* εστι δε καί ή ΚΛ τή ΖΗ παράλληλος· ώστε τό διά των ΝΞ, ΚΜ επίπεδον παρά?ληλόν εστι τω διά των Β Γ, Ζ H, τουτεστι τή βάσει, καί εσται ή τομή κύκλος. έστω 6 ΝΚΞ. καί επεί ή Ζ H τή Β H προς ορθάς εστι, καί ή ΚΜ τή ΝΞ προς όρθάς εστίν ώστε τό υπό των ΝΜΞ ίσον εστι τω από τής ΚΜ. εστι δε τό υπό των ΔΜΕ ίσον τω από τής ΚΜ· κύκλος γάρ ύπόκειται ή ΔΚΕΛ γραμμή, καί διάμετρος αύτοΰ ή ΔΕ. τό άρα υπό των ΝΜΞ ίσον εστι τω υπό ΔΜΕ. εστίν άρα ως ή ΜΝ προς ΜΔ, ούτως ή ΕΜ προς ΜΞ. δμοιον άρα εστι τό ΔΜΝ τρίγωνον τω ΞΜΕ τ ριγών ω, καί ή υπό ΔΝΜ γωνία ίση εστι τή υπό ΜΕΞ. αλλά 302
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the section so made on the surface be the curve ΔΚΕ. I say that the curve ΔΚΕ will not be a circle.
For, if possible, let it be, and let the cutting plane meet the base, and let the common section of the planes be ZH, and let the centre of the circle ΒΓ be θ, and from it let ΘΗ be drawn perpendicular to ZH, and let the plane through ΗΘ and the axis be produced, and let the sections made on the conical surface be the straight lines BA, ΑΓ. Then since the points Δ, E, H are in the plane through ΔΚΕ, and are also in the plane through Α, Β, Γ, therefore the points Δ, E, H are on the common section of the planes ; therefore ΗΕΔ is a straight line [Eucl. xi. 3]. Now let there be taken any point Κ on the curve ΔΚΕ, and through Κ let ΚΛ be drawn parallel to ZH ; then ΚΜ will be equal to ΜΛ [Prop. 7]. Therefore ΔΕ is a diameter of the circle ΔΚΕΛ [Prop. 7, coroll.]. Now let ΝΜΞ be drawn through M parallel to ΒΓ ; but ΚΛ is parallel to ZH ; therefore the plane through ΝΗ, ΚΜ is parallel to the plane through ΒΓ, ZH [Eucl. xi. 15], that is to the base, and the section will be a circle [Prop. 4]. LetitbeNKH. And since ZH is perpendicular to BH, ΚΜ is also perpendicular to ΝΗ [Eucl. xi. 10]; therefore NM.MH = KMa. But ΔΜ . ME = ΚΜ2 ; for the curve ΔΚΕΛ is by hypothesis a circle, and ΔΕ is a diameter in it. Therefore NM . ΜΞ = ΔΜ . ME. Therefore MN : ΜΔ = EM : M3. Therefore the triangle ΔΜΝ is similar to the triangle EME, and the angle ΔΝΜ is equal to the angle MEH.
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ή υπό ΔΝΜ γωνία τή υπό ΑΒΓ έστιν "ση παράλληλος γάρ η ΝΞ τη ΒΓ* καί η υπό ΑΒΓ άρα ϊση iarl τη υπό ΜΕΞ. υπ εναντία άρα εστίν η τομή· δπερ ούχ ύπόκειται. ούκ άρα κύκλος έστίν η Δ ΚΕ γραμμή.
(ν.) Fundamental Properties Ibid., Props. 11-14, Apoll. Perg. ed. Heiberg i. 36. 26-59. 7 ια'
’Εάν κώνος έπιπέδω τμηθή διά του άξονος, τμηθή δε καί ετέρω έπιπέδω τέμνοντι την βάσιν του κώνου κατ' εύθεΐαν προς όρθάς οΰσαν τη βάσει του διά του άξονος τριγώνου, έτι δε ή διάμετρος τής τομής παράλληλος ή μια πλευρά του διά τοΰ άξονος τριγώνου, ήτις αν από τής τομής τοΰ κώνου παράλληλος άχθη τη κοινή τομή τοΰ τέμνοντος επίπεδου και τής βάσεως τοΰ κώνου μέχρι τής διαμέτρου τής τομής, δυνήσεται τό περιεχόμενον υπό τε τής απολαμβανόμενης υπ’ αυτής από τής διαμέτρου προς τή κορυφή τής τομής καί άλλης τινός ευθείας, ή λόγον έχει προς την μεταξύ τής τοΰ κώνου γωνίας και τής κορυφής τής τομής, ον τό τετράγωνον τό από τής βάσεως τοΰ διά τοΰ άξονος τριγώνου προς τό περιεχόμενον ύπό των λοιπών τοΰ τριγώνου δύο πλευρών* καλείσθω 8e ή τοιαύτη τομή παραβολή.
’Έστω κώνος, ου τό Α σημείο ν κορυφή, βάσις δε ο ΒΓ κύκλος, καί τετμήσθω έπιπέδω διά τοΰ άξονος, καί ποιείτω τομήν τό ΑΒΓ τρίγωνον, τετμήσθω δε καί ετέρω έπιπέδω τέμνοντι τήν βάσιν τοΰ κώνου κατ ευθείαν τήν ΔΕ προς όρθάς 301
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But the angle ΔΝΜ is equal to the angle ABF ; for ΝΗ is parallel to ΒΓ ; and therefore the angle ΑΒΓ is equal to the angle MEH. Therefore the section is subcontrary [Prop. 5] ; which is contrary to hypothesis. Therefore the curve ΔΚΕ is not a circle.
(v.) Fundamental Properties Ibid., Props. 11-14, Apoll. Perg. ed. Heiberg i. 36. 26-58. 7
Prop. 11
Let a cone be cut by a plane through the axis, and let it be also cut by another plane cutting the base of the cone in a straight line perpendicular to the base of the axial triangle, und further let the diameter of the section be parallel to one side of the axial triangle; then if any straight line be drawn from the section of the cone parallel to the common section of the cutting plane and the base of the cone as far as the diameter of the section, its square trill be equal to the rectangle bounded by the intercept made by it on the diameter in the direction of the vertex of the section and a certain other straight line; this straight line will bear the same ratio to the intercept between the angle of the cone and the vertex of the segment as the square on the base of the axial triangle bears to the rectangle bounded by the remaining two sides of the triangle; and let such a section be called a parabola.
For let there be a cone whose vertex is the point A and whose base is the circle ΒΓ, and let it be cut by a plane through the axis, and let the section so made be the triangle ΑΒΓ, and let it be cut by another plane cutting the base of the cone in the straight line
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GREEK MATHEMATICS οΰσαν τῆ ΒΓ, καί ποιείτω τομήν iv τῆ επιφάνεια τοΰ κώνου τήν ΔΖΕ, ή 'Βε Βιάμετρος τῆς τομής ή Ζ H παράλληλος έστω μια πλευρά τοΰ Βία τοΰ άγονος τριγώνου τή Α Γ, και από τοΰ Ζ σημείου τή ΖΗ ευθεία προς ορθάς ήχθω ή ΖΘ, και πε-ποιήσθω, ως το άπο ΒΓ προς το ύπό ΒΑΓ, ούτως ή Ζ Θ προς ΖΑ, καί είλήφθω τι σημεΐον επί τῆς τομής τυχόν το Κ, και Βία τοΰ Κ τή ΔΕ παράλληλος ή ΚΛ. λέγω, ὅτι τό από τής ΚΛ ίσον εστί τω υπό των ΘΖΑ.
"ΐίχθω γαρ Βία τοΰ Α τῆ Β Γ παράλληλος ή ΜΝ· εστι δε καί ή ΚΛ τή ΔΕ παράλληλος· τό άρα Βία των ΚΛ, ΜΝ επίπεΒον παράλληλόν εστι τω Βία των ΒΓ, ΔΕ επιπεΒω, τουτεστι τή βάσει τοΰ κώνου, τό άρα Βία των ΚΛ, ΜΝ επίπεΒον κύκλος εστίν, ου Βιάμετρος ή ΜΝ. καί εστι κάθετος επί την ΜΝ ή ΚΛ, επει καί ή ΔΕ επί την ΒΓ· τό άρα ύπό των MAN ίσον εστι τω από τής ΚΛ. καί επεί ἐστιν, ως τό από τής Β Γ προς τό ύπό των ΒΑΓ, ούτως ή ΘΖ προς ΖΑ, τό δἐ
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ΔΕ perpendicular to ΒΓ, and let the section so made on the surface of the cone be ΔΖΕ, and let ZH, the diameter of the section, be parallel to ΑΓ, one side of the axial triangle, and from the point Ζ let ΖΘ be drawn perpendicular to ZH, and let ΒΓ2 : BA . ΑΓ = ΖΘ : ΖΑ, and let any point Κ be taken at random on the section, and through Κ let ΚΛ be drawn parallel to ΔΕ. I say that ΚΛ2 = ΘΖ . ΖΛ.
For let MN be drawn through Λ parallel to ΒΓ ; but ΚΛ is parallel to ΔΕ ; therefore the plane through
ΚΛ, MN is parallel to the plane through ΒΓ, ΔΕ [Eucl. xi. 15], that is to the base of the cone. Therefore the plane through ΚΛ, MN is a circle, whose diameter is MN [Prop. 4]. And ΚΛ is perpendicular to MN, since ΔΕ is perpendicular to Β Γ [Eucl. xi. 10]; therefore	ΜΛ . ΛΧ = ΚΑΛ
And since ΒΓ2: BA . AT **= ΘΖ : ΖΑ,
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από τής Β Γ προς τό υπό των ΒΑΓ λόγον εχει τον συγκείμενον εκ τε του, ον εχει η ΒΓ προς ΤΑ καί ἡ ΒΓ προς ΒΑ, 6 αρα της Θ Ζ προς ΖΑ λόγος σύγκειται εκ του της Β Γ προς ΓΑ και τοΰ^της ΓΒ προς ΒΑ. άλλ’ ως μιν ἡ ΒΓ προς ΓΑ, ούτως ή ΜΝ προς ΝΑ, τουτεστιν η ΜΛ προς ΛΖ, ως 8ε η Β Γ π ρος Β Α, ούτως ή ΜΝ προς ΜΑ, τουτεστιν η ΛΜ προς ΜΖ, και λοιπή ή ΝΛ προς ΖΑ. ό αρα της Θ Ζ προς ΖΑ λόγος συγκε ιται εκ του τής ΜΛ προς ΛΖ και του τής ΝΛ προς ΖΑ. ό δε συγκείμενος λόγος εκ του τής ΜΛ προς ΛΖ και τοΰ τής ΑΝ προς ΖΑ ό του ύπο MAN εστι προς τό υπό ΑΖΑ. ως αρα η ΘΖ προς ΖΑ, ούτως τό υπό ΜΛΝ προς τό υπό ΑΖΑ. ως 8ε η ΘΖ π ρος ΖΑ, τής ΖΑ κοινοΰ ΰψους λαμβανο μόνης ούτως τό υπό ΘΖΛ προς τό υπό ΛΖΑ* ως αρα τό υπό MAN προς τό υπό ΑΖΑ, ούτως τό υπό ΘΖΛ προς τό υπό ΛΖΑ. ίσον αρα εστί τό υπό MAN τω υπό ΘΖΛ. τό 8ε υπό MAN ίσον ἐστι τω από τής ΚΛ* και τό από τής ΚΛ αρα ίσον εστί τω υπό των ΘΖΛ.
Καλείσθω 8ε ή μεν τοιαύτη τομή παραβολή, ή 8ε Θ Ζ παρ* ήν 8ύνανται αι καταγόμενοι τεταγ-μενως επί την Ζ H 8ιάμετρον, καλείσθω 8ε καί όρθια.
Ρ
Έάν κώνος επιπε8ω τμηθή 8ια τοΰ αξονος, τμηθή 8ε καί ετερω εππτε8ω τεμνοντι την βάσιν
° Α parabola (παραβολή) because the square on the ordinate ΚΛ is applied (παραβαλάν) to the parameter ΘΖ in the form 308
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while	Ι3Γ2 : BA . ΑΓ = (ΒΓ : ΓΑ)(ΒΓ : BA),
therefore	ΘΖ : ΖΑ = (ΒΓ : ΓΑ)(ΓΒ : BA).
But	ΒΓ:ΓΑ=ΜΝ:ΝΑ
= ΑΙ Λ : ΛΖ, [Eucl.vi. 4 and	ΒΓ : BA = MN : MA
= ΛΜ : MZ [ibid. = ΝΛ : ΖΑ. [Eucl. vi.2 Therefore	ΘΖ : ΖΑ = (ΜΛ : ΛΖ)(ΝΛ : ΖΑ).
But (ΜΛ : ΛΖ)(ΛΝ : ΖΑ) = ΜΛ . ΛΝ : ΛΖ . ΖΑ. Therefore	ΘΖ : ΖΑ = ΜΛ . Λ Ν : ΛΖ . ΖΑ,
But	ΘΖ:ΖΑ = ΘΖ.ΖΛ:ΛΖ. ΖΑ,
by taking a common height ΖΛ; therefore	ΜΛ . ΛΝ : ΛΖ . ΖΑ = ΘΖ . ΖΑ :	ΛΖ	.	ΖΑ.
Therefore	ΜΛ . ΛΝ = ΘΖ . ΖΛ.	[Eucl.	v. 9
But	ΜΛ . ΛΝ = ΚΛ2 ;
and therefore	ΚΛ2 =	ΘΖ.ΖΛ.
Let such a section be called a parabola, and let ΘΖ be called the parameter of the ordinates to the diameter ZH, and let it also be called the erect side (lotus rectum).0
Prop.12
Let a cone be cut by a plane through the axis, and let it be cut by another plane cuttitig the base of the cone in
of the rectangle ΘΖ . ΖΛ, and is exactly equal to this rectangle. It was Apollonius’s most distinctive achievement to have based his treatment of the conic sections on the Pythagorean theory of the application of areas (ηαραβολη των χωρίων), for which ν. vol. i. pp. 186-215. The explanation of the term latus rectum will become more obvious in the cases of the hyperbola and the ellipse; v. infra, p. 317 n. a.
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τον κώνου κατ ευθείαν προς ορθάς οΰσαν ττ} βάσει τοΰ διά του άζονος τρίγωνου, καί ή διάμετρος της τομής εκβαλλόμενη συμπίπτη μια πλευρά του διά τοΰ άγονος τριγώνου έκτος της τοΰ κώνου κορυφής, ήτις αν από της τομής άχθη παράλληλος τη κοινή τομή τοΰ τεμνοντος επίπεδου καί της βάσεως τοΰ κώνου, εως της διαμέτρου της τομής δυνήσεταί τι χωρίον παρακείμενον παρά τινα ευθείαν, προς ήν λόγον εχει ή επ’ ευθείας μεν ουσα τη διαμετρω της τομής, υποτείνουσα δε την εκτός τοΰ τριγώνου γωνίαν, ον τό τετράγωνον τό άπό τής ήγμόνης άπό τής κορυφής τοΰ κώνου παρά την διάμετρον τής τομής εως τής βάσεως τοΰ τριγώνου προς τό περιεχόμενον υπό των τής βάσεως τμημάτων, ών ποιεί ή άχθεΐσα, πλάτος εχον την άπολαμβανομενην υπ' αυτής άπό τής διαμέτρου προς τη κορυφή τής τομής, ύπερβάλλον εΐδει ὅμοια» τε και ομοίως κειμενω τω περιεχόμενα) ύπό τε τής ύποτεινουσης την εκτός γωνίαν τοΰ τριγώνου και τής παρ' ήν δυνανται αι κατ-αγόμεναΐ’ καλείσθω δε ή τοιαΰτη τομή υπερβολή.
"Εστω κώνος, ου κορυφή μεν τό Α σημεΐον, βάσις δε 6 Β Γ κύκλος, και τετμήσθω επιπεδω διά τοΰ άγονος, και 7ΐοιείτω τομήν τό ΑΒΡ τρίγωνον, τετμήσθω δε και ετερω επιπεδω τεμνοντι την βάσιν τοΰ κώνου κατ' ευθείαν τήν ΔΕ προς ορθάς οΰσαν τη ΒΓ βάσει τοΰ ΑΒΓ τρίγωνου, και ποιείτω τομήν εν τη επιφάνεια τοΰ κώνου την ΔΖΕ γραμμήν, ή δε διάμετρος τής τομήςjq Ζ Η εκβαλλόμενη συμπιπτετω μια πλευρά τοΰ ΑΒΓ τριγώνου τη Α Γ εκτός τής του κώνου κορυφής κατά τό Θ, καί διά τοΰ Α τή διαμετρω της τομής 310
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a straight line perpendicular to the base of the axial triangle, and let the diameter of the section, when produced, meet one side of the axial triangle beyond the vertex of the cone; then if any straight line be drawn from the section of the cone parallel to the common section of the cutting plane and the base of the cone as far as the diameter of the section, its square will be equal to the area applied to a certain straight line; this line is such that the straight line subtending the external angle of the triangle, lying in the same straight line with the diameter of the section, will bear to it the same ratio as the square on the line drawn from the vertex of the cone parallel to the diameter of the section as far as the base of the triangle bears to the rectangle bounded by the segments of the base made by the line so drawn; the breadth of the applied figure will be the intercept made by the ordinate on the diameter in the direction of the vertex of the section; and the applied figure will exceed by a figure similar and similarly situated to the rectangle bounded by the straight line subtending the external angle of the triangle and the parameter of the ordinates; and let such a section be called a hyperbola.
Let there be a cone whose vertex is the point A and whose base is the circle ΒΓ, and let it be cut by a plane through the axis, and let the section so made be the triangle ΑΒΓ, and let it be cut by another plane cutting the base of the cone in the straight line ΔΕ perpendicular to ΒΓ, the base of the triangle ΑΒΓ, and let the section so made on the surface of the cone be the curve ΔΖΕ, and let ZH, the diameter of the section, when produced, meet ΑΓ, one side of the triangle ΑΒΓ, beyond the vertex of the cone at θ, and through A let AK be drawn parallel to ZH, the
311
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τῆ ZH παράλληλος ηχθω ή AK, καί τεμνότω την Β Γ, και άπό του Ζ τῆ Ζ H προς όρθάς ηχθω η
ΖΑ, και π€77οιησθω, ως τό άπό ΚΑ προς τό υπό ΒΚΓ, όντως ή ΖΘ προς ΖΑ, και €ΐληφθω τι σημέΐον Ιπι της τομής τυχόν τό Μ, και διά του Μ τη ΔΕ παράλληλος ηχθω ή ΜΝ, διά Si του Ν τη ΖΑ παράλληλος η ΝΟΞ, και όπιζευχθζΐσα η ΘΛ Ικβεβλησθω όπι τό Ξ, και Sia των Α, Ξ τη ΖΝ παράλληλοι ηχθωσαν αι ΛΟ, ΞΠ. λέγω, ότι η ΜΝ δυναται τό ΖΞ, ο παράκζιται παρά την ΖΑ, πλάτος 'άχον την ΖΝ, ύπερβάλλον eiSei τω Α Ξ όμοίω οντι τω υπό των Θ ΖΑ.
"Ηχθω1 γάρ Βία του Ν τῆ Β Γ παράλληλος ή ΡΝΣ* ἐστι Si και ή ΝΜ τη ΔΕ παράλληλος· τό 312
APOLLONIUS OF PERGA diameter of the seetion, and let it cut ΒΓ, and from Ζ let ΖΛ be drawn perpendicular to ZH, and let KA2 : BK . ΚΓ = ΖΘ : ΖΑ, and let there be taken at random any point M on the section, and through M let MN be drawn parallel to ΔΕ, and through Ν let ΝΟΞ be drawn parallel to ΖΑ, and let ΘΛ be joined and produced to S, and through Λ, Ξ, let ΛΟ, ΗΠ be drawn parallel to ZN. I say that the square on MN is equal to ZH, which is applied to the straight line ΖΛ, having ZN for its breadth, and exceeding by the figure Λ Ξ which is similar to the reetangle contained by ΘΖ, ΖΑ.
For let ΡΝΣ be drawn through Ν parallel to ΒΓ ; but NM is parallel to ΔΕ ; therefore the plane through
S13
GREEK MATHEMATICS
άρα διά των MN, ΡΣ επίπεδον παράλληλόν ἐστι τω διά των Β Γ, ΔΕ, τουτεστι τη βάσει τοΰ κώνου, εάν άρα εκβληθη τό διά των ΜΝ, ΡΣ επίπεδον, ή τομή κύκλος εσται, ου διάμετρος η ΡΝΣ. και εστιν err' αυτήν κάθετος η ΜΝ' το άρα υπ ο των ΡΝΣ ΐσον εστι τω από της ΜΝ. και επεί εστιν, ως το από ΑΚ προς τό υπό ΒΚΓ, ούτως η ΖΘ προς ΖΑ, <5 του από της ΑΚ προς τό υπό ΒΚΓ λόγος συγκειται εκ τε του, ον εχει η ΑΚ προς ΚΓ και η ΑΚ προς ΚΒ, καί 6 της ΖΘ άρα προς την ΖΑ λόγο? συγκειται εκ τοΰ, ον εχει η ΑΚ προς Κ Γ και η ΑΚ προς ΚΒ. ἀλλ’ ως μεν η ΑΚ 77ρος ΚΓ, ούτως ή Θ H προς H Γ, τοντεστιν η ΘΝ προς ΝΣ, ως δε ή ΑΚ προς ΚΒ, ούτως η Ζ H προς H Β, τουτεστιν η ΖΝ προς ΝΡ. ό άρα της ΘΖ ττ ρος ΖΑ λόγος συγκειται εκ τε τοΰ της ΘΝ προς ΝΣ και τοΰ της ΖΝ προς ΝΡ. 6 δε συγκείμενος λόγος εκ τοΰ της ΘΝ προς ΝΣ καί τοΰ της ΖΝ προς Ν Ρ 6 τοΰ υπό των ΘΝΖ ἐστι προς το ύπο των ΣΝΡ· καί ως άρα τό υπό των ΘΝΖ προς τό υπό των ΣΝΡ, ούτως η ΘΖ προς ΖΑ, τουτεστιν η ΘΝ προς ΝΞ. ἀλλ’ ως η ΘΝ π ρος ΝΞ, της ΖΝ κοινοΰ ϋφους λαμβανομενης ούτως τό υπό των ΘΝΖ 7τ ρος τό υπό των ΖΝΞ. και ως αρα τό υπό των ΘΝΖ προς τό υπό των ΣΝΡ, ούτως τό υπό των ΘΝΖ προς τό υπό των ιϋΝΖ. το άρα ύπό ΣΝΡ Ϊσον εστί τω υπό ΞΝΖ. τό δε από ΜΝ ϊσον εδείχθη τω ύπο ΣΝΡ* και το απο της ΜΝ άρα ΐσον εστ'ι τω ύπό των ιϋΝΖ. το δε ύπό ΞΝΖ εστι τό ΞΖ παραλληλόγραμμον. ή άρα
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MN, ΡΣ is parallel to the plane through ΒΓ, ΔΕ [Eucl. xi. 15], that is to the base of the cone. If, then, the plane through MN, ΡΣ be produced, the section will be a circle with diameter ΡΝΣ [Prop. 4]. And MN is perpendicular to it; therefore
PN. N2 = MN2,
And since	AK2: BK . ΚΓ = ΖΘ : ΖΑ,
while	AK2: BK . Κ Γ = (AK : ΚΓ)(ΑΚ : KB),
therefore	ΖΘ : ΖΑ =(AK : KT)(AK : KB).
But	ΑΚ:ΚΓ = ΘΗ:ΗΓ,
i.e.,	=*ΘΝ : ΝΣ, [Eucl. vi. 4
and	AK : KB=»ZH : HB,
i.e.,	= ZN : NP.	[ibid.
Therefore	ΘΖ : ΖΑ = (ΘΝ : N2)(ZN : NP).
But (ΘΝ : N2)(ZX : NP) = ΘΝ . NZ : ΣΝ . NP ;
and therefore
ΘΝ.ΝΖ:ΣΝ.ΝΡ = ΘΖ:ΖΛ
= ΘΝ : ΝΗ.	[ibid.
But	ΘΝ : ΝΗ = ΘΝ . NZ : ΖΝ . ΝΗ,
by taking a common height ZN.
And therefore
ΘΝ . NZ : ΣΝ . ΝΡ*=ΘΝ . NZ : HN . NZ. Therefore	ΣΝ . ΝΡ = ΞΝ . NZ. [Eucl. v. 9
But	MN2 = ΣΝ . NP,
as was proved ;
and therefore	MN2 = EN . NZ.
But the rectangle HN . NZ is the parallelogram HZ.
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MN δυναται τό ΞΖ, δ παράκειται παρά την ΖΑ, πλάτος εχον την ΖΝ, νπερβάλλον τω ΛΞ όμοίω δντι τω υπ δ των Θ ΖΑ. καλείσθω δε ή μεν τοιαυτη τομή υπερβολή, η δε ΛΖ παρ* ην δυνανται αι επί την Ζ H καταγόμεναι τεταγμενως- καλείσθω δε η αυτή καί όρθια, πλαγία δε η ΖΘ.
ι/
*Εάι> κώνος επιπεδω τμηθη διά τοΰ αζονος, τμηθη δε καί ετερω επιπεδω συμπίπτοντι μεν εκατερα πλευρά τοΰ διά τοΰ άξονος τριγώνου, μήτε δε παρά την βάσιν τοΰ κώνου ήγμενω μήτε υπεναντίος, το δε επίπεδον, εν ω εστιν η βάσις τοΰ κώνου, και τό τεμνον επίπεδον συμπίπτη κατ εύθεΐαν προς όρθάς οΰσαν ήτοι τί) βάσει τοΰ διά τοΰ άξονος τριγώνου η τη επ' ευθείας αύτη, ητις αν από της τομής τοΰ κώνου παράλληλος άχθη τη κοινή τομή των επίπεδων εως της διάμετρον της τομής, δυνησεταί τι χωρίον παρακείμενον παρά τινα εύθεΐαν, προς ην λόγον εχει ή διάμετρος τής τομής, ον τό τετράγωνον τό από τής ήγμενης από τής κορυφής τοΰ κώνου παρά την διάμετρον τής τομής εως τής βάσεως τοΰ τριγώνου προς τό περιεχόμενον υπό των απολαμβανόμενων υπ αυτής προς ταΐς τοΰ τριγώνου εύθείαις, πλάτος εχον την άπολαμβανομενην υπ’ αυτής από τής διάμετρον προς τη κορυφή τής τομής, ελλεΐπον είδε ι όμοίω τε και ομοίως κειμενω τω περιεχο-μενω υπό τε τής διαμέτρου και τής παρ ην δυνανται· καλείσθω δε ή τοιαυτη τομή ελλειφις.
"Εστω κώνος, οΰ κορυφή μεν τό Α σημεΐον, 816
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Therefore the square on MN is equal to aZ, which is applied to ΖΑ, having ZN for its breadth, and exceeding by ΛΗ similar to the rectangle contained by ΘΖ, ΖΑ. Let such a section be called a hyperbola, let ΛΖ be called the parameter to the ordinates to ZH ; and let this line be also called the erect side (latus rectum), and ΖΘ the transverse side.a
Prop. 13
Let a cone be cut by a plane through the axis, and let it be cut by another plane meeting each side of the axial triangle, being neither parallel to the base nor subcontrary, and let the plane containing the base of the cone meet the cutting plane in a straight line perpendicular either to the base of the axial triangle or to the base produced; then if a straight line be drawn from any point of the section of the cone parallel to the common section of the planes as far as the diameter of the section, its square will be equal to an area applied to a certain straight line ; this line is such that the diameter of the section will bear to it the same ratio as the square on the line drawn from the vertex of the cone parallel to Ike diameter of the section as far as the base of the triangle bears to the rectangle contained by the intercepts made by it on the sides of the triangle; the breadth of the applied figure will be the intercept made by it on the diameter in the direction of the vertex of the section; and the applied figure will be deficient by a figure similar and similarly situated to the rectangle bounded by the diameter and the parameter ; and let such a section be called an ellipse.
Let there be a cone, whose vertex is the point A
° The erect and transverse side, that is to say, of the figure (<ἶδοs) applied to the diameter. In the case of the parabola, the transverse side is infinite.
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βάσις δε 6 Β Γ κύκλος, καί τ€τμήσθω άπιπ48ω διά του άζονος, καί ποιείτο» τομήν το ΑΒΓ τρίγωνον, τζτμήσθω Be καί ότόρω όπιπ4Βω συμπί-πτοντι μεν όκατόρα πλευρά του Βία του αζονος τριγώνου, μήτ€ Be παραλλήλω τῆ βάσ€ΐ τοΰ κώνου μήτ€ ύττ€ναντίως ήγμάνω, καί noievna τομήν ev ττ) Ιπιφανεία τοΰ κώνου την ΔΕ γραμμήν κοινή
Be τομή τοΰ τεμνοντος όπιπόΒου και τοΰ, ev φ ἐστιν ή βάσις τοΰ κώνου, έστω ή Ζ H προς όρθάς ουσα ττ} ΒΓ, ή Be διάμετρος τής τομής έστω ή ΕΔ, και από τοΰ E τή ΕΔ π ρος όρθάς ήχθω ή ΕΘ, καί Βία τοΰ Α τή ΕΔ παράλληλος ήχθω ή ΑΚ, και πεποιήσθω ώς τό από ΑΚ προς το υπό ΒΚΓ, ούτως ή ΔΕ προς την ΕΘ, καί €ΐλήφθω τι σημ€ΐον Ιπϊ τής τομής τό Α, καί Βία τοΰ Α τῆ Ζ H παράλληλος ήχθω ή AM. λόγω, δτι ή AM Βύναταί τι χωρίον, ο παράκειται παρά την ΕΘ, πλάτος εχον την ΕΜ, ελλεΐπον eiSei όμοίω τω υπό των ΔΕΘ.
,Έ,π€ζ€υχθω γάρ ή ΔΘ, καί Βιά μεν τοΰ Μ τή 818
APOLLONIUS OF PERGA and whose base is the circle ΒΓ, and let it be cut by a plane through the axis, and let the section so made be the triangle ΑΒΓ, and let it be cut by another plane meeting either side of the axial triangle, being drawn neither parallel to the base nor subcontrary, and let the section made on the surface of the cone be the curve ΔΕ ; let the common section of the cutting plane and of that containing the base of the cone be ZH, perpendicular to ΒΓ, and let the diameter of the section be ΕΔ, and from E let ΕΘ be drawn perpendicular to ΕΔ, and through A let AK be drawn parallel to ΕΔ, and let AK2: BK . ΚΓ = ΔΕ : ΕΘ, and let any point Λ be taken on the section, and through Λ let ΛΜ be drawn parallel to ZH. I say that the square on ΛΜ is equal to an area applied to the straight line ΕΘ, having EM for its breadth, and being deficient by a figure similar to the rectangle contained by ΔΕ, ΕΘ.
For let ΔΘ be joined, and through M let MSN be
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ΘΕ παράλληλος ηχθω ή ΜΞΝ, διά δε των Θ, Ξ ττ} EM παράλληλοί ηχθωσαν αι ΘΝ, ΞΟ, καί διά τον Μ τη ΒΓ παράλληλος ηχθω η ΠΜΡ. επεί οΰν η Π Ρ τη Β Γ παράλληλός εστιν, εστι Si και η ΛΜ τη Ζ H παράλληλος, τό άρα διά των ΛΜ, Π Ρ επίπεδον παράλληλόν ἐστι τω διά των ΖΗ, ΒΓ επιπεδω, τουτεστι τη βάσει τοΰ κώνου, εάν άρα εκβληθη διά των ΛΜ, Π Ρ επίπεδον, ή τομή κύκλος εσται, ου διάμετρος η Π Ρ. καί ἐστι κάθετος επ' αυτήν η ΑΜ· τό άρα υπό των ΠΜΡ ίσον εστι τω από της AM. καί επεί ἐστιν, ως τό από της ΑΚ προς τό υπό των ΒΚΓ, ούτως ή ΕΔ προς την ΕΘ, ό δε τοΰ από της ΑΚ προς τό υπό των ΒΚΓ λόγος συγκειται εκ τοΰ, ον εχει η ΑΚ προς ΚΒ, καί η ΑΚ προς ΚΓ, ἀλλ’ ως μεν ή ΑΚ προς ΚΒ, ούτως η ΕΗ π ρος ΗΒ, τουτεστιν ή ΕΜ π ρος ΜΠ, ως δε η ΑΚ προς ΚΓ, ούτως η ΔΗ προς H Γ, τουτεστιν ή ΔΜ προς ΜΡ, ό άρα της ΔΕ προς την ΕΘ λόγος συγκειται εκ τε τοΰ της ΕΜ π ρος Μ Π καί τοΰ της ΔΜ προς ΜΡ. ό δβ συγκείμενος λόγος εκ τε τοΰ, ον εχει η ΕΜ προς ΜΠ, καί η ΔΜ προς ΜΡ, ό τοΰ υπό των ΕΜΔ ἐστι προς τό υπό των ΠΜΡ. εστιν άρα ως τό υπό των ΕΜΔ προς τό υπό των ΠΜΡ, ούτως η ΔΕ 77ρος την ΕΘ, τουτεστιν η ΔΜ προς την ΜΞ. ως δε ή ΔΜ π ρος ΜΞ, της ΜΕ κοινοΰ ΰφους λαμβανομόνης, ούτως τό υπό ΔΜΕ προς τό υπό ΞΜΕ. καί ως άρα τό υπό ΔΜΕ προς το υπό ΠΜΡ, ούτως τό υπό ΔΜΕ προς τό υπό ΞΜΕ. ίσον άρα εστί τό υπό ΠΜΡ τω υπό ΞΜΕ. τό ὅ€ υπό ΠΜΡ ίσον εδείχθη τω από της ΛΜ* καί τό υπό ΞΜΕ άρα εστιν ίσον τω από της ΛΜ. ή ΛΜ S20
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drawn parallel to ΘΕ, and through θ, Ξ, let ΘΝ, HO be drawn parallel to EM, and through M let 1ΊΜΡ be drawn parallel to ΒΓ. Then since ΠΡ is parallel to ΒΓ, and ΛΜ is parallel to ZH, therefore the plane through ΛΜ, ΠΡ is parallel to the plane through ZH, ΒΓ [Eucl. xi. 15], that is to the base of the cone. If, therefore, the plane through ΛΜ, Π Ρ be produced, the section will be a circle with diameter ΓΙΡ [Prop. 4]. And ΛΜ is perpendicular to it; therefore
ΠΜ . MP = ΛΜ2.
And since	AK2 : BK . ΚΓ = ΕΔ : ΕΘ,
and	AK2 : BK . ΚΓ = (AK : KB)(AK : ΚΓ),
while	AK : KB = EH : HB
= EM : ΜΠ, [Eucl. vi.4 and	AK : ΚΓ = ΔΗ : ΗΓ
= ΔΜ:ΜΡ,	[ibid.
therefore	ΔΕ : ΕΘ = (EM : ΜΠ)(ΔΜ : MP).
But (EM : ΜΠ)(ΔΜ : MP) =EM . ΜΔ : ΓΙΜ . MP. Therefore
EM. ΜΔ: ΠM. MP = ΔΕ : ΕΘ
= ΔΜ : M3.	[ibid.
But	ΔΜ : MS = ΔΜ . ME : ΞΜ . ME,
by taking a common height ME.
Therefore ΔΜ. ME : IIM. MP = ΔΜ . ME : HM . ME. Therefore	ΠΜ. MP = ΞΜ . ME. [Eucl. v. 9
But	ΠΜ.ΜΡ-ΛΜ*,
as was proved ;
and therefore	SM . ME = ΛΜ2.
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άρα δύναται το MO, ὅ παροικείται παρά την ΘΕ, πλάτος εχον την ΕΜ, ελλεΐπον εΐδει τω ΟΝ όμοίω όντι τω υπ ο ΔΕΘ. καλείσθω 8e η μεν τοιαυτη τομή ελλειφις, η δε ΕΘ παρ* ην δυνανται αί καταγόμενοι επί την ΔΕ τεταγμενως, η δἐ αύτη καί όρθια, πλαγιά 8e η ΕΔ.
ιδ'
Έάν αι κατά κορυφήν επιφάνειαι επιπεδω τμη-θωσι μη διά της κορυφής, εσται εν εκατερα των επιφανειών τομή η καλούμενη υπερβολή, καί των δυο τομών η τε διάμετρος η αύτη εσται, καί παρ* ας δύνανται αι επί την διάμετρον καταγόμενοι παράλληλοι τη εν τη βάσει του κώνου ευθεία ΐσαι, καί του είδους η πλαγιά πλευρά κοινή η μεταξύ τών κορυφών τών τομών’ καλείσθωσαν δε αί τοιαϋται το μαι άντικείμεναι.
’Έστωσαν αι κατά κορυφήν επιφάνειαι, ών κορυφή το Α σημεΐον, καί τετμησθωσαν επιπεδω μη διά της κορυφής, καί ποιείτω εν τη επιφάνεια τομάς τἀ? ΔΕΖ, ΗΘΚ. λέγω, ότι εκατερα τών ΔΕΖ, ΗΘΚ τομών εστιν ή καλούμενη υπερβολή.
° Let ρ be the parameter of a conic section and d the corresponding diameter, and let the diameter of the section and the tangent at its extremity be taken as axes of co-ordinates (in general oblique). Then Props. 11-13 are equivalent to the Cartesian equations.
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Therefore the square on ΛΜ is equal to MO, which is applied to ΘΕ, having EM for its breadth, and being deficient by the figure ON similar to the rectangle ΔΕ . ΕΘ. Let such a section be called an eclipse, let ΕΘ be called the parameter to the ordinates to ΔΕ, and let this line be called the erect side (Jatus rectum), and ΕΔ the transverse side.0
Prop. 14
If the vertically opposite surfaces [pf a double cone] be cut by a plane not through the vertex, there will be formed on each of the surfaces the section called a hyperbola, and the diameter of both sections will be the same, and the parameter to the ordinates drawn parallel to the straight line in the base of the cone will be equal, and the transverse side of the figure will be common, being the straight line between the vertices of the sections; and let suck sections be called opposite.
Let there be vertically opposite surfaces having the point A for vertex, and let them be cut by a plane not through the vertex, and let the sections so made on the surface be ΔΕΖ, ΗΘΚ. I say that each of the sections ΔΕΖ, ΗΘΚ is the so-called hyperbola.
V* —px	(the parabola),
and
yt=px±^ft (the hyperbola and ellipse respectively).
It is the essence of Apollonius’s treatment to express the fundamental properties of the conics as equations between areas, whereas Archimedes had given the fundamental properties of the central conics as proportions y* : (a1 ± x2)=a* : δ*.
This form is, however, equivalent to the Cartesian equations referred to axes through the centre.
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Έστω γάρ 6 κύκλος, καθ' ου φέρεται ή την επιφάνειαν γράφουσα ευθεία, 6 ΒΔΓΖ, και ήχθω
εν τη κατά κορυφήν επιφάνεια παράλληλον αύτώ επίπεδον το ΞΗΟΚ· κοιναί δε τομαί των ΗΘΚ, ΖΕΔ τομών και των κύκλων αι ΖΔ, ΗΚ· εσονται δη παράλληλοι, άξων δε έστω τής κωνικής επιφάνειας ή ΛΑΥ ευθεία, κέντρα δέ των κύκλων τα Α, Τ, καί άπδ του Α επί την ΖΔ κάθετος άχθεΐσα έκβεβλήσθω επί τα Β, Γ σημεία, καί διά τής ΒΓ καί του άξονος επίπεδον έκβεβλήσθω· ποιήσει δη τομάς εν μεν τοΐς κύκλοις παραλλήλους ευθείας τάς ΞΟ, ΒΓ, εν δε τή επιφάνεια τάς ΒΑΟ, ΓΑΞ· 324
APOLLONIUS OF PERGA For let ΒΔΓΖ be the circle round which revolves the straight line describing the surface, and in the vertically opposite surface let there be drawn parallel to it a plane HHOK ; the common sections of the sections ΗΘΚ, ΖΕΔ and of the circles [Prop. 4] will be ΖΔ, HK ; and they will be parallel [Eucl. xi. 16]. Let the axis of the conical surface be ΛΑΥ, let the centres of the circles be Λ, Y, and from Λ let a perpendicular be drawn to ΖΔ and produced to the points Β, Γ, and let the plane through ΒΓ and the axis be produced ; it will make in the circles the parallel straight lines HO, ΒΓ, and on the surface BAO, ΓΑΞ ;
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εσται δή καί ή Ξ0 τή ΗΚ προς όρθάς, επειδή καί ή Β Γ τή ΖΔ ἐστι προς όρθάς, καί εστιν εκατερα παράλληλος, και επεί το διά του άζονος επίπεδον rat? τομαίς συμβάλλει κατά τα Μ, Ν σημεία εντός των γραμμών, δήλον, ως καί τάς γραμμάς τεμνει το επίπεδον, τεμνετω κατά τά Θ, Ε· τα άρα Μ, E, Θ, Ν σημεία εν τε τω διά του άζονός ἐστιν επιπεδω και εν τω επιπεδω, εν ω είσιν αι γραμμαί’ ευθεία άρα εστιν ή ΜΕΘΝ γραμμή, καί φανερόν, ότι τά τε Ξ, Θ, Α, Γ επ' ευθείας εστϊ και τα Β, E, Α, O· εν τε γάρ ττ} κωνική επιφάνεια ἐστι και εν τω διά του άζονος επιπεδω. ήχθωσαν δη απο μεν των Θ, E τή ΘΕ προς όρθάς αι ΘΡ, ΕΠ, διά δε του Α τή ΜΕΘΝ παράλληλος ήχθω ή ΣΑΤ, και πεποιήσθω, ως μεν το απο τής ΑΣ προς τό υπό ΒΣΓ, ούτως ή ΘΕ προς ΕΠ, ως δε τό από τής AT προς τό υπό ΟΤΞ, ούτως ή ΕΘ προς Θ Ρ. επεί οΰν κώνος, ου κορυφή μεν τό Α σημεΐον, βάσις δε ὅ Β Γ κύκλος, τετμηται επιπεδω διά του άζονος, και πεποίηκε τομήν τό ΑΒΓ τρίγωνον, τετμηται δε και ετερω επιπεδω τεμνοντι τήν βάσιν τοΰ κώνου κατ* ευθείαν τήν ΔΜΖ προς όρθάς οΰσαν τή Β Γ, καί πεποίηκε τομήν εν τή επιφανείς, τήν ΔΕΖ, ή δε διάμετρος ή ΜΕ εκβαλλόμενη συμ-πεπτωκε μια πλευρά τοΰ διά τοΰ άζονος τριγώνου εκτός τής κορυφής τοΰ κώνου, και διά του Α σημείου τή διαμετρω τής τομής τή ΕΜ παράλληλος ήκται ή ΑΣ, καί από τοΰ E τή ΕΜ προς όρθάς ήκται ή ΕΠ, καί ἐστιν ως το από ΑΣ προς το υπό ΒΣΓ, ούτως ή ΕΘ προς E Π, ἡ ^χεν ΔΕΖ άρα τομή υπερβολή ἐστιν, ἡ δε E Π παρ ήν δυνανται αι επί τήν ΕΜ καταγόμεναι τεταγμενως, πλαγιά 326
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now HO will be perpendicular to HK, since ΒΓ is perpendicular to ΖΑ, and each is parallel [Eucl. xi. 10]. And since the plane through the axis meets the sections at the points Μ, Ν within the curves, it is clear that the plane cuts the curves. Let it cut them at the points Θ, E ; then the points Μ, E, θ, Ν are both in the plane through the axis and in the plane containing the curves ; therefore the line ΜΕΘΝ is a straight line [Eucl. xi. 3]. And it is clear that Η, θ, Α, Γ are on a straight line, and also Β, E, A, O ; for they are both on the conical surface and in the plane through the axis. Now let ΘΡ, ΕΠ be drawn from θ, E perpendicular to ΘΕ, and through A let ΣΑΤ be drawn parallel to ΜΕΘΝ, and let
and
ΑΣ2: ΒΣ . ΣΓ = ΘΕ : ΕΠ,
AT2: ΟΤ . Ί'Ξ = ΕΘ : ΘΡ.
Then since the cone, whose vertex is the point A and whose base is the circle ΒΓ, is cut by a plane through the axis, and the section so made is the triangle ΑΒΓ, and it is cut by another plane cutting the base of the cone in the straight line ΔΜΖ perpendicular to ΒΓ, and the section so made on the surface is ΔΕΖ, and the diameter ME produced meets one side of the axial triangle beyond the vertex of the cone, and ΑΣ is drawn through the point A parallel to the diameter of the section EM, and ΕΠ is drawn from E perpendicular to PjM, and ΑΣ2 : ΒΣ . ΣΓ = ΕΘ : ΕΠ, therefore the section ΔΕΖ is a hyperbola, in which ΕΠ is the parameter to the ordinates to EM, and ΘΕ is the
327
GREEK MATHEMATICS
δε του είδους πλευρά ή ΘΕ. ομοίως δε καί ή ΗΘΚ υπερβολή εστιν, ής διάμετρος μεν ή ΘΝ, ἡ δε ΘΡ παρ’ ήν δύνανται αι επι την ΘΝ καταγο-μεναι τεταγμενως, πλαγιά δε τοΰ είδους πλευρά
ή ΘΕ.
Αεγω, οτι ίση εστιν η ΘΡ τη ΕΠ. επεϊ γάρ παράλληλός εστιν η Β Γ τη ΞΟ, εστιν ως η ΑΣ προς Σ Γ, όντως η AT προς ΤΞ, και ως η ΑΣ προς ΣΒ, ούτως ή AT προς ΤΟ. ἀλλ’ 6 της ΑΣ π ρος Σ Γ λόγος μετά τον τής ΑΣ προς ΣΒ ὅ τοΰ από ΑΣ ἐστι προς τό υπό ΒΣΓ, 6 δε τής AT προς ΤΞ μετά τοΰ τής AT προς ΤΟ ό τοΰ από AT προς τό υπό ΞΤΟ· εστιν άρα ως το από ΑΣ προς τό υπό ΒΣΓ, όντως τό από AT προς τό υπό ΞΤΟ. καί εστιν ως μεν τό από ΑΣ 77ρος τό υπό ΒΣΓ, ή ΘΕ προς ΕΠ, ώς δε τό από AT 77ρος τό υπό ΞΤΟ, ή ΘΕ προς ΘΡ· καί ώς άρα ή ΘΕ προς ΕΠ, ή ΕΘ προς ΘΡ. Ιση άρα εστιν ή ΕΠ τη ΘΡ.
(vi.) Transition ίο New Diameter Ibid., Prop. 50, Apoll. Perg. ed. Heiberg i. 148. 17-151. 8 ν*
Έάν υπερβολής ή ελλείφεως ή κύκλου περιφέρειας ευθεία επιφαύουσα συμπίπτη τη διαμέτρω, και διά τής αφής καί τοΰ κέντρον ευθεία εκβληθή, από δε τής κορυφής άναχθεΐσα ευθεία παρά τεταγμενως κατηγμενην συμπίπτη τη διά τής αφής και
° Apollonius is the first person known to have recognized the opposite branches of a hyperbola as portions of the same
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transverse side of the figure [Prop. 12]. Similarly ΗΘΚ is a hyperbola, in which ΘΝ is a diameter, ΘΡ 13 the parameter to the ordinates to ΘΝ, and ΘΕ is the transverse side of the figure.
I say that ΘΡ = Ell. For since ΒΓ is parallel to SO, ΑΣ: ΣΤ = AT : ΤΕ, and	ΑΣ : 2R = AT : TO.
But	(ΑΣ : ΣΓ)(ΑΣ : Σ Β) = ΑΣ2 : ΒΣ . ΣΤ,
and	(AT : ΤΞ)(ΑΤ : TO) = AT2 : ΞΤ . TO.
Therefore	ΑΣ2: ΒΣ . ΣΤ = AT2: ΞΤ . TO.
But	ΑΣ2: ΒΣ . ΣΓ = ΘΕ : ΕΠ,
while	AT2: ΞΤ . TO = ΘΕ : ΘΡ ;
therefore	ΘΕ : ΕΠ = Εθ : ΘΡ.
Therefore	ΕΠ = ΘΡ.®	[Eucl. v. 9
(vi.) Transition to New Diameter Ibid., Prop. 50, Apoll. Perg. ed. Heiberg i. 148, 17-154. 8 Prop. 50
In a hyperbola, ellipse or circumference of a circle let a straight line be drawn to touch \the curve\ and meet the diameter, and let the straight line through the point of contact and the centre be produced, and from the vertex let a straight line be draivn parallel to a straight line drawn ordinate-wise so as to meet the straight line drawn
curve. It is his practice, however, where possible to discus3 the single-branch hyperbola (or the hyperbola simpliciter as he would call it) together with the ellipse and circle, and to deal with the opposite branches separately. But occasionally, as in i. 30, the double-branch hyperbola and the ellipse are included in one enunciation.
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τοΰ κέντρον ήγμένη ευθεία, και ποιηθή, ως το τμήμα τής εφαπτομένης το μεταξύ τής αφής και τής άνηγμένης προς το τμήμα τής ήγμένης δια τής αφής και τοΰ κέντρου το μεταξύ τής αφής και τής άνηγμένης, ευθεία τις προς την διπλάσιάν τής εφαπτομένης, ήτις αν από τής τομής αχθή επί την δια τής αφής καί του κέντρου ηγμ^νην ευθείαν παράλληλος τή εφαπτομένη, δυνήσεται τι χωρίον ορθογώνιον παρακείμενον παρά, την πορι-σθεΐσαν, πλάτος έχον την άπολαμβανομένην υπ αυτής προς τή αφή, επί μεν τής υπερβολής ύπερ-βάλλον είδε ι ομοίω τω π εριεχομένω ύπο τής διπλάσιάς τής μεταξύ τοΰ κέντρου καί τής αφής καί τής πορισθείσης ευθείας, επί δε τής έλλείψεως καί τοΰ κύκλον ελλεΐπον.
Έστω υπερβολή ή έλλειφις ή κύκλου περιφέρεια, ής διάμετρος ή ΑΒ, κέντρον δἐ τό Γ, εφαπτομένη δε ή ΔΕ, καί επιζενχθείσα ή ΓΕ έκβεβλήσθω έφ' έκάτερα, καί κείσθω τῆ E Γ ίση ή ΓΚ, καί διά τοΰ Β τεταγμένως άνηχθω ή ΒΖΗ, διά δε τοΰ E τή E Γ 7τ ρος ορθάς ήχθω ή ΕΘ, καί γινέσθω, ώς ή Ζ E προς ΕΗ, ούτως ή ΕΘ προς την διπλάσιάν της ΕΔ, καί επιζευχθεΐσα ή ΘΚ έκβεβλήσθω, καί είλήφθω τι επί τής τομής σημεΐον τό Α, καί δι αύτοΰ τή ΕΔ παράλληλος ήχθω ή ΛΜΞ, τή δέ
° To save space, the figure is here given for the hyperbola only ; in the mss. there are figures for the ellipse and circle as well.
The general enunciation is not easy to follow, but the particular enunciation will make it easier to understand. The 830
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through the point of contact and the centre, and let the segment of the tangent between the point of contact and the line drawn ordinate-wise bear to the segment of the line drawn through the point of contact and the centre between the point of contact and the line drawn ordinate-wise the same ratio as a certain straight line bears to double the tangent; then if any straight line be drawn from the section parallel to the tangent so as to meet the straight line drawn through the point of contact and the centre, its square will be equal to a certain rectilineal area applied to the postulated straight line, having for its breadth the intercept between it and the point of contact, in the case of the hyperbola exceeding by a figure similar to the rectangle bounded by double the straight line between the centre and the point of contact and the postulated straight line, in the case of the ellipse and circle falling short.0
In a hyperbola, ellipse or circumference of a circle, with diameter AB and centre Γ, let ΔΕ be a tangent, and let ΓΕ be joined and produced in either direction, and let ΓΚ be placed equal to ΕΓ, and through Β let BZH be drawn ordinate-wise, and through E let ΕΘ be drawn perpendicular to ΕΓ, and let ZE : ΕΗ=ΕΘ : 2ΕΔ, and let ΘΚ be joined and produced, and let any point Λ be taken on the section, and through it let ΛΜΗ be drawn parallel to ΕΔ and purpose of this important proposition is to show that, if any other diameter be taken, the ordinate-property of the conic with reference to this diameter has the same form as the ordinate-property with reference to the original diameter. The theorem amounts to a transformation of co-ordinates from the original diameter and the tangent at its extremity to any diameter and the tangent at its extremity. In succeeding propositions, showing how to construct conics from certain data, Apollonius introduces the axes for the first time as special cases of diameters.
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BH η ΛΡΝ, τῆ δε ΕΘ ἡ ΜΠ. λέγω, ὅτι το απο AM ίσον earl τω υπό EM Π.
"Ηχθω γάρ διά τοϋ Γ τῆ ΚΠ παράλληλος η ΓΣΟ. και επεί ϊση εστίν η E Γ τῆ ΓΚ, ώς δε η
ΕΓ προς ΚΓ, ἡ ΕΣ προς ΣΘ, ίση άρα καί η ΕΣ ττ) ΣΘ. και επεί εστιν, ως ἡ ΖΕ προς ΕΗ, η ΘΕ προς την διπλάσιάν της ΕΔ, καί ἐστι. της ΕΘ ἡμίσεια η ΕΣ, εστιν άρα, ως ή ΖΕ προς ΕΗ, η ΣΕ προς ΕΔ. ως δε η ΖΕ προς E H, ἡ ΛΜ προς ΜΡ· ως άρα η AM προς ΜΡ, ή ΣΕ προς ΕΔ. και επεί το ΡΝΓ τρίγωνον τον ΗΒΓ τρίγωνον, τοντεστι τοϋ ΓΔΕ, επί μεν της νπερβολής μεΐζον εδείχθη, επί δε της ελλείφεως καί τοϋ κύκλου ελασσον τω ΛΝΞ, κοινών άφαιρεθεντων επί μεν της νπερβολής του τε ΕΓΔ τρίγωνον καί τοϋ ΝΡΜΞ τετραπλεύρου, επί δε της ελλείφεως καί τοϋ κύκλον τον ΜΞΓ τρίγωνον, το ΛΜΡ τρίγωνον τω ΜΕΔΞ τετραπλεύρω εστιν ίσον. καί ἐστι 332
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ΛΡΝ parallel to BII, and let ΜΠ be drawn parallel to Εθ. I say that AM2 = EM . MIL
For through Γ let ΓΣΟ be drawn parallel to ΚΠ. Then since
ΕΓ = ΓΚ
and	ΕΓ : Γ Κ = ΕΣ : ΣΘ,	[Eucl. vi. 2
therefore	ΕΣ = ΣΘ.
And since ZE : EH =*ΘΕ : 2ΕΔ, and	ΕΣ = £ΕΘ,
therefore	ZE : EH -ΣΕ : ΕΔ.
But	ZE : ΕΗ=ΛΜ ; MP ;	[Eucl. vi. 4
therefore	ΛΜ : ΜΡ = ΣΕ : ΕΔ.
And since it has been proved [Prop. 43] that in the hyperbola
triangle PNF^triangle ΗΒΓ +triangle ΛΝΞ, i.e., triangle ΡΝΓ = triangle ΓΔΕ + triangle ΛΝΗ,® while in the ellipse and the circle
triangle ΡΝΓ	«triangle ΗΒΓ -
triangle ΛΝΞ,
i.e., triangle ΡΝΓ +triangle ΛΝΗ = triangle ΓΔΕ,6 therefore by taking away the common elements—in the hyperbola the triangle ΕΓΔ and the quadrilateral NPMH, in the ellipse and the circle the triangle ΛΙΞΓ, triangle AMP = quadrilateral ΜΕΔ3.
α For this step υ. Eutocius’s comment on Prop. 43.
6 See Eutocius.
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παράλληλος ή ΜΞ τη ΔΕ, η δε υπό ΛΜΡ τη υπό ΕΜΞ ἐστιν ΐση’ Ίσον άρα ἐστι το υπό ΛΜΡ τω υπό της ΕΜ καί συναμφοτερου τής ΕΔ, ΜΞ. καί επεί εστιν, ως ή Μ Γ προς ΓΕ, ή τε ΜΞ προς ΕΔ και ή Μ O προς ΕΣ, ως άρα ή ΜΟ προς ΕΣ, ή ΜΞ προς ΔΕ. καί συνθεντι, ως συναμφότερος ή ΜΟ, ΣΕ προς ΕΣ, όντως συναμφότ€ρος ή Μώ, ΕΔ προς ΕΔ· εναλλάξ, ως συναμφότερος ή ΜΟ, ΣΕ προς συναμφότερον την ΞΜ, ΕΔ ή ΣΕ προς ΕΔ. ἀλλ’ ως μεν συναμφότερος ή ΜΟ, ΕΣ προς συναμφότερον την ΜΞ, ΔΕ, το υπό συναμφοτερου της ΜΟ, ΕΣ καί τής ΕΜ προς το υπό συναμφοτερου τής ΜΞ, ΕΔ και τής ΕΜ, ως δε ή ΣΕ προς ΕΔ, ή ΖΕ π ρος ΕΗ, τουτεστιν ή ΛΜ προς Μ Ρ, τοντεστι τό από AM προς τό υπο ΛΜΡ· ως αρα τό υπό συναμφοτερου τής ΜΟ, ΕΣ και τής ΜΕ προς τό υπό συναμφοτερου τής Μϋ, ΕΔ και τής ΕΜ, τό από ΛΜ προς τό υπό ΛΜΡ. και εναλλαξ, ως τό υπό συναμφοτερου τής ΜΟ, ΕΣ και τής ΜΕ προς τό από ΜΛ, ούτως τό υπό συναμφοτερου τής ΜΞ, ΕΔ και τής ΜΕ προς τ ο υπό ΛΜΡ. Ίσον 8e τό υπό ΛΜΡ τω υπό τής ΜΕ και συναμφοτερου τής ΜΞ, ΕΔ* Ίσον άρα και το απο ΛΜ τω υπό ΕΜ και συναμφοτερου τής ΜΟ, ΕΣ. και ἐστιν ή μεν ΣΕ τή ΣΘ Ίση, ή δἐ ΣΘ τῆ ΟΠ· ίσον άρα τό από ΛΜ τω υπό ΕΜΠ.
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But M3 is parallel to ΔΕ and angle ΛΜΡ = angle EM3 (Eucl. i. 15];
therefore	ΛΜ	.	MP	= EM . (ΕΔ + MH).
And since	ΜΓ	:	ΓΕ	= ΜΗ : ΕΔ,
and	ΜΓ	:	ΓΕ	= ΜΟ : ΕΣ,
[Eucl. vi. 4
therefore	MO : ΕΣ = ΜΗ : ΔΕ.
Componendoy MO +ΣΕ : ΕΣ = ΜΞ +ΕΔ : ΕΔ ; and permutando
ΜΟ+ΣΕ :EM+ΕΔ = ΣΕ :ΕΔ.
But	MO +ΣΕ : «Μ +ΕΔ = (ΜΟ +ΕΣ). EM :
(MS +ΕΔ) . EM,
and	ΣΕ : ΕΔ =ZE : EH
= ΛΜ:MP
[Eucl. vi. 4
-AM*: AM .MP;
therefore
(MO + ΕΣ). ME : (M3 + ΕΔ). EM = ΛΜ2 : AM . MP. And permutando
(MO +ΕΣ). ME : ΜΛ2 - (ΜΗ +ΕΔ) . MK : AM . MP.
But	AM . MP - ME . (ΜΞ +ΚΔ);
therefore	ΛΜ2 = ΕΜ . (MO +ΕΣ).
And	ΣΕ = ΣΘ, while Σθ = 0Π [Eucl. i. 34];
therefore	ΛΜ2 = ΕΜ . ΜΠ.
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(b) Other Works (i.) General
Papp. Coll. vii. 3, ed. Hultsch 636. 18-23
Τών δέ προειρημένων του ’Αναλυόμενου βιβλίων ή τάξις ἐστιν τοιαύτη · Κύκλείδου Δεδομένων βιβλίον α, ’Απολλώνιου Λόγου απότομης β, Χωρίου απότομης β, Διωρισμένης τομής δύο, *Επαφών δύο, Eύκλείδου Πορισμάτων τρία, *Απολλώνιου Κεύσεων δύο, του αύτοΰ Τόπων επιπέδων δύο, Κωνικών η.
(ii.) On the Cutting-off of α Ratio Ibid. vii. 5-6, ed. Hultsch 640. 4-22
Της δ* ’Απότομης του λόγου βιβλίων όντων β πρότασις έστιν μία ύποδιηρημένη, διό καί μίαν πρότασιν ούτως γράφω· διά τοΰ δοθέντος σημείου ευθείαν γραμμήν άγαγεΐν τέμνουσαν από των ττ} θέσει δοθεισών δύο ευθειών προς τοΐς επ' αυτών δοθεΐσι σημείοις λόγον εχούσας τον αυτόν τω δοθέντι. τάς δε γραφάς διαφόρους γενέσθαι καί πλήθος λαβεΐν συμβέβηκεν ύποδιαιρέσεως γενο-μένης ένεκα της τε προς άλληλας Θέσεως τών διδομένων ευθειών και τών διαφόρων πτώσεων τοΰ διδομένου σημείου και διά τάς αναλύσεις καί συνθέσεις αυτών τε καί τών διορισμών, εχει γάρ τό μεν πρώτον βιβλίον τών Αόγου άποτομης
α Unhappily the only work by Apollonius which has survived, in addition to the Conics, is On the Cutting-off of a 336
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(b) Other Works (i.) General
Pappus, Collection vii. 3, ed. Hultsch 636. 18-23
The order of the aforesaid books in the Treasury of Analysis is as follows : the one book of Euclid’s Data, the two books of Apollonius’s On the Cutting-of of a Ratio, his two books On the Cutting-off of an Area, his two books On Determinate Section, his two books On Tangend.es, the three books of Euclid’s Porisms, the two books of Apollonius’s On Vergings, the two books of the same writer On Plane Loci, his eight books of ConicsA
(ii.) On the Cutting-off of a Ratio Ibid. vii. 5-6, ed. Hultsch 610. 4-22
In the two books On the Cutting-off of a Ratio there is one enunciation which is subdivided, for which reason I state one enunciation thus :	Through a
given point to dram a straight line cutting off from two straight lines given in position intercepts, measured from two given points on them, ivhich shall have a given ratio. When the subdivision is made, this leads to many different figures according to the position of the given straight lines in relation one to another and according to the different cases of the given point, and owing to the analysis and the synthesis both of these cases and of the propositions determining the limits of possibility. The first book of those On the Cutting-off of a
Ratio, and that only in Arabic. Halley published a Latin translation in 1706. But the contents of the other works are indicated fairly closely by Pappus’s references.
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τόπους ζ, πτώσεις κδ, διορισμούς δε έ, ών τρεις μεν είσιν μέγιστοι, δυο 8e ελάχιστοι. ... το δε δεύτερον βιβλίον λόγου άποτομης εχει τόπους ιδ, πτώσεις δε ξγ, διορισμούς δε τούς εκ τοϋ πρώτου* άπάγεται γάρ ολον είς τό πρώτον.
(iii.) On the Cutting-off of an Area Ibid. vii. 7, cd. Hultsch 640. 26-642. 5
Της δ’ Άποτομης του χωρίου βιβλία μεν ἐστιν δύο, πρόβλημα δε καν τούτοις εν ύποδιαιρούμενον δίς, καί τούτων μία πρότασις εστιν τα μεν άλλα ομοίως εχουσα τη προτερα, μόνω δε τούτω δια-φερουσα τω δεΐν τάς άποτεμνομενας δύο ευθείας εν εκείνη μεν λόγον εχούσας δοθεντα ποιεΐν, εν δε ταύτη χωρίον περιεχούσας δοθεν.
(χν.) On Determinate Section Ibid. vii. 9, ed. Hultsch 642. 19-644. 16
*Ε£ἡς τούτοις άναδεδονται της λιωρισμενης τομής βιβλία β, ών ομοίως τοΐς πρότερον μίαν πρότασιν πάρεστιν λέγειν, διεζευγμενην δε ταύτην'
α The Arabic text shows that Apollonius first discussed the cases in which the lines are parallel, then the cases in which the lines intersect but one of the given points is at the point of intersection ; in the second book he proceeds to the general case, but shows that it can be reduced to the case where one
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Ratio contains seven loci, twenty-four cases and five determinations of the limits of possibility, of which three are maxima and two are minima. . . . The second book On the Cutting-off of a Ratio contains fourteen loci, sixty-three cases and the same determinations of the limits of possibility as the first; for they are all reduced to those in the first book.®
(iii.) On the Cutting-off of an Area Rid. vii. 7, ed. Hultsch 640. 26-642. 5
In the work On the Cutting-off of an Area there are two books, but in them there is only one problem, twice subdivided, and the one enunciation is similar in other respects to the preceding, differing only in this, that in the former work the intercepts on the two given lines were required to have a given ratio, in this to comprehend a given area.6
(iv.) On Determinate Section Ibid. vii. 9, ed. Hultsch 642. 19-644. 16
Next in order after these are published the two books On Determinate Section, of which, as in the previous cases, it is possible to state one comprehen-
of the given points is at the intersection of the two lines. By this means the problem is reduced to the application of a rectangle. In all cases Apollonius works by analysis and synthesis.
* Halley attempted to restore this work in his edition of the De sections rationis. As in that treatise, the general case can be reduced to the case where one of the given points is at the intersection of the two lines, and the problem is reduced to the application of a certain rectangle.
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την δοθεΐσαν άπειρον ευθείαν ivi σημεία» τεμεΐν, ώστε τ eo ν απολαμβανόμενων ευθειών π ροζ τοι? επ' αυτής δοθεϊσι σημείοις ήτοι το από μιας τετράγωνον η το υπό δυο απολαμβανόμενων περιεχόμενον ορθογώνιον δοθέντα λόγον έχειν ήτοι προς τό από μιας τετράγωνον η προς τό υπό μιας απολαμβανόμενης και της έξω δοθείσης η προς τό υπό δυο απολαμβανόμενων περιεχόμενον ορθογώνιον, έφ' όπότερα χρη των δοθέντων σημείων. . . . έχει δε τό μεν πρώτον βιβλίον προβλήματα Γ, επιτάγματα ΪΓ, διορισμούς έ, ών μεγίστους μεν έλάχιστον δε ένα. ... τό δε δεύτερον δωρισμένης τομής έχει προβλήματα γ, επιτάγματα θ, διορισμούς γ.
(ν.) On Tangencies Ibid. vii. 11, ed. Hultsch 644. 23-646. 19 Ε£ῆς δε τούτοις των *Έ,παφών εστιν βιβλία δυο. προτάσεις δε εν αύτοΐς δοκοϋσιν είναι πλείονες, άλλα καί τούτων μίαν τίθεμεν ούτως έχουσαν έξης· σημείων καί ευθειών καί κύκλων τριών όποιωνοΰν θέσει δοθέντων κύκλον άγαγειν δι έκάστου τών δοθέντων σημείων, ει δοθείη, η έφαπτόμενον έκάστης τών δοθεισών γραμμών. ταύτης διά
° As the Greeks never grasped the conception of one point being two coincident points, it was not possible to enunciate this problem so concisely as we can do:	Given four
points A, B, C, D on a straight line, of which A may coincide with C and 1) with 1), to find another point Ρ on the same straight line such that Α Ρ . CP: BP . DP has a given value. If AP . CP =λ . HP . DP, where A, B, C, D, λ are given, the determination of Ρ is equivalent to the solution of a quadratic equation, which the Greeks could achieve by means of the 34,0
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sive enunciation thus : To cut a given infinite straight line in a point so that the intercepts between this point and given points on the line shall furnish a given ratio, the ratio being that of the square on one intercept, or the rectangle contained by two, towards the square on the remaining intercept, or the rectangle contained by the remaining intercept and a given independent straight line, or the rectangle contained by two remaining intercepts, whichever way the given points [are situated]. . . . The first book contains six problems, sixteen subdivisions and five limits of possibility, of which four are maxima and one is a minimum. . . . The second book On Determinate Section contains three problems, nine subdivisions, and three limits of possibility.®
(v.) On Tangencies Ibid. vii. 11, ed. Hultsch 644. 23-646. 19
Next in order are the two books On Tangencies. Their enunciations are more numerous, but we may bring these also under one enunciation thus stated : Given three entities, of which any one may be a point or a straight line or a circle, to draw a circle which shall pass through each of the given points, so far as it is points which are given, or to touch each of the given lines.b In
application of areas. But the fact that limits of possibility, and maxima and minima were discussed leads Heath (H.O.M. ii. 180-181) to conjecture that Apollonius investigated the series of point-pairs determined by the equation for different values of λ, and that “ the treatise contained what amounts to a complete Theory of InvolutionThe importance of the work is shown by the large number of lemmas which Pappus collected.
* The word “ lines ” here covers both the straight lines and the circles.
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πλήθη τών iv ταΐς νποθέσεσι δεδομένων όμοιων ή ανόμοιων κατά, μέρος διαφόρους προτάσεις άναγκαΐον γινεσθαι δέκα· έκ των τριών γάρ ανομοίων γενών τριάδες διάφοροι άτακτοι γίνονται ϊ. ήτοι γάρ τα διδόμενα τρία σημεία ή τρεις εύθεΐαι ή δυο σημεία και ευθεία ή δυο εύθεΐαι καί σημεΐον ή δυο σημεία καί κύκλος ή δυο κύκλοι καί σημεΐον ή δυο εύθεΐαι καί κύκλος ή δύο κύκλοι καί ευθεία ή σημεΐον καί ευθεία καί κύκλος ή τρεις κύκλοι, τούτων δύο μεν τα πρώτα δέδεικται εν τω δ' βιβλίω τών πρώτων Στοιχείων, διό παρίει μη γραφών τό μεν γάρ τριών δοθέντων σημείων μή επ* ευθείας οντων τό αυτό εστιν τω περί το δοθέν τρίγωνον κύκλον περιγράφαι, τό δε γ δο-θεισών ευθειών μή παραλλήλων ούσών, άλλα τών τριών συμπιπτουσών, τό αυτό εστιν τω εις τό δοθεν τρίγωνον κύκλον έγγραφαι· τό δε δύο παραλλήλων ούσών καί μιας έμπιπτούσης ως μέρος ον της β' ύποδιαιρέσεως προγράφεται εν τουτοις πάντων, καί τα έξης Γ εν τω πρώτω βιβλίω τα Se λειπόμενα δύο, τό δύο δοθεισών εύθειών και κύκλου ή τριών δοθέντων κύκλων μόνον έν τω δευτέρω βιβλίω διά τάς προς άλλήλους θέσεις τών κύκλων τε καί εύθειών πλείονας ούσας καί πλειόνων διορισμών δεομένας.
• Eucl. iv. 5 and 4.
6 The last problem, to describe a circle touching three 342
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this problem, according to the number of like or unlike entities in the hypotheses, there are bound to be, when the problem is subdivided, ten enunciations. For the number of different ways in which three entities can be taken out of the three unlike sets is ten. For the given entities must be (1) three points or (2) three straight lines or (3) two points and a straight line or (4) two straight lines and a point or (5) two points and a circle or (6) two circles and a point or (7) two straight lines and a circle or (8) two circles and a straight line or (9) a point and a straight line and a circle or (10) three circles. Of these, the first two cases are proved in the fourth book of the first Elements,a for which reason they will not be described ; for to describe a circle through three points, not being in a straight line, is the same thing as to circumscribe a given triangle, and to describe a circle to touch three given straight lines, not being parallel but meeting each other, is the same thing as to inscribe a circle in a given triangle ; the case where two of the lines are parallel and one meets them is a subdivision of the second problem but is here given first place. The next six problems in order are investigated in the first book, while the remaining two, the case of two given straight lines and a circle and the case of three circles, are the sole subjects of the second book on account of the manifold positions of the circles and straight lines with respect one to another and the need for numerous investigations of the limits of possibility.b
given circles, has been investigated by many famous geometers, including Newton (Arithmetical Universalis, Prob. 47). The lemmas given by Pappus enable Heath (H.G.M.
ii.	182-185) to restore Apollonius’s solution—a “ plane ” solution depending only on the straight line and circle.
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GREEK MATHEMATICS (vi.) On Plane Loci Ibid. vii. 23, ed. Ilultsch 662. 19-664. 7
ΟΙ μεν ουν αρχαίοι els την των επιπέδων τούτων1 τόπων τάξlv άποβλέποντες εστοιχείωσαν ής άμελή-σαντες οι μετ’ αυτούς προσέθηκαν ετέρους, ως ούκ απείρων τό πλήθος οντων, ει θέλοι τι? προσ-γράφειν ου τής τάξεως εκείνης εχόμενα. θήσω οΰν τα. μεν προσκείμενα υστέρα, τα δ’ εκ τής τάζεως πρότερα μια περιλαβών προτάσει ταυτη’
Έαν δυο εύθείαι άχθώσιν ήτοι από ενός δεδομένου σημείου ή από δυο καί ήτοι επ' ευθείας ή παράλληλοί ή δεδομενην περιέχουσαι γωνίαν καί ήτοι λόγον έχουσαι προς άλλήλας ή χωρίον περι-έχουσαι δεδομένον, άπτηται δε τό τής μιας πέρας επιπέδου τόπου θέσει δεδομένου, αφεται καί τό τής έτέρας πέρας επιπέδου τόπου θέσει δεδομένου ότε μεν τον ομογενούς, ότέ δε τού ετέρου, καί ότε μεν ομοίως κειμένου προς την ευθείαν, ότε δε έναντίως. ταύτα δε γίνεται παρά τάς διαφοράς των υποκειμένων.
(vii.) On Vergings
Ibid. vii. 27-28, ed. Hultsch 670. 4-672. 3
Νεὅειν λέγεται γραμμή επί σημεΐον, εάν επεκβαλλομένη επ' αυτό παραγίνηται [ . . . ] 1 τούτων is attributed by Hultsch to dittography.
e These words follow the passage (quoted supra, pp. 262-265) wherein Pappus divides loci into εφεκτικοί, διεξοδικοί and άναστροφικοί.
b It is not clear what straight line is meant—probably the most obvious straight line in each figure.
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(vi.) On Plane Loci Ibid. vii. 23, ed. Hultsch 662. 19-664. 7 The ancients had regard to the arrangement® of these plane loci with a view to instruction in the elements ; heedless of this consideration, their successors have added others, as though the number could not be infinitely increased if one were to make additions from outside that arrangement. Accordingly I shall set out the additions later, giving first those in the arrangement, and including them in this single enunciation :
If two straight lines he drawn, from one given point or from two, which are in a straight line or parallel or include a given angle, and either hear a given ratio one towards the other or contain a given rectangle, then, if the locus of the extremity of one of the lines he a plane locus given in position, the locus of the extremity of the other will also he a plane locus given in position, which rtill sometimes he of the same kind as the former, sometimes of a different kind, and will sometimes he similarly siitiaied nith respect to the straight line,b sometimes contrariwise. These different cases arise according to the differences in the suppositions.® \
(vii.) On Vergingsa Ibid. vii. 27-28, ed. Hultsch 670. 4-672. S A line is said to verge to a point if, when produced, it passes through the point. [ . . . ] The general
* Pappus proceeds to give seven other enunciations from the first book and eight from the second book. These have enabled reconstructions of the work to be made by Fermat, van Schooten and Robert Simson.
d Examples of vergings have already been encountered several times; ν. pp. 186-189 and vol. i. p. 244 n. o.
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προβλήματος δε οντος καθολικού τούτου· δύο δοθεισών γραμμών θύσει θ είναι μεταξύ τούτων ευθείαν τω μεγεθει δεδομενην νεύουσαν επί δοθεν σημεΐον, επι τούτου των επί μέρους διάφορα τα υποκείμενα εχόντων, α μεν ήν επίπεδα, α δε στερεά, α δε γραμμικά, των δ’ επίπεδων άποκλη-ρώσαντες τα προς πολλά χρησιμώτερα εδειξαν τα προβλήματα ταΰτα·
Θεσει δεδομένων ημικυκλίου τε καί ευθείας προς ορθάς τή βάσει ή δύο ημικυκλίων επ' ευθείας εχόντων τάς βάσεις θεΐναι δοθεΐσαν τω μεγεθει ευθείαν μεταξύ των δύο γραμμών νεύουσαν επί γωνίαν ημικυκλίου·
Και ρόμβον δοθεντος καί επεκβεβλημενης μιας πλευράς άρμόσαι υπό την εκτός γωνίαν δεδομενην τω μεγεθει εύθεΐαν νεύουσαν επί την άντικρυς γωνίαν
Και θεσει δοθεντος κύκλου εναρμόσαι εύθεΐαν μεγεθει δεδομενην νεύουσαν επί δοθεν.
Τούτων δε εν μεν τω πρώτω τεύχει δεδεικται το επί του ενός ημικυκλίου καί ευθείας εχον πτώσεις Β καί τό επί του κύκλου εχον πτώσεις δύο καί τό επί του ρόμβου πτώσεις εχον β, εν δε τω δεύτερα) τεύχει τό επί τών δύο ημικυκλίων της ύποθεσεως πτώσεις εχούσης ϊ, εν δε ταύταις υποδιαιρέσεις πλείονες διοριστικαί ενεκα του δεδομένου μεγέθους τής ευθείας.
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problem is : Two straight lines being given in position, to place between them a straight line of given length so as to verge to a given point. When it is subdivided the subordinate problems are, according to differences in the suppositions, sometimes plane, sometimes solid, sometimes linear. Among the plane problems, a selection was made of those more generally useful, and these problems have been proved :
Given a semicircle and a straight line perpendicular to the base, or two semicircles with their bases in a straight line, to place a straight line of given length between the two lines and verging to an angle of the semicircle [or of one of the semicircles] ;
Given a rhombus with one side produced, to insert a straight line of given length in the external angle so that it verges to the opposite angle ;
Given a circle, to insert a chord of given length verging to a given point.
Of these, there are proved in the first book four cases of the problem of one semicircle and a straight line, two cases of the circle, and two cases of the rhombus ; in the second book there are proved ten cases of the problem in which two semicircles are assumed, and in these there are numerous subdivisions concerned with limits of possibility according to the given length of the straight line.® •
• A restoration of Apollonius’s work On Veraings has been attempted by several writers, most completely by Samuel Horsley (Oxford, 1770). A lemma by Pappus enables Apollonius’s construction in the case of the rhombus to be restored with certainty ; t>. Heath, H.O.M. ii. 190-192.
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(viii.) On the Dodecahedron and the Icosahedron
Hypsicl. [Eucl. Elem. xiv.], Eucl. ed. Heiberg v. 6. 19-8. 5
*0 αυτός κύκλος περιλαμβάνει τό τε του δωδε-καεδρου πεντάγωνον και τό του είκοσάεδρον τρίγωνον των είς την αυτήν σφαίραν εγγραφομενων. τοΰτο δε γράφεται υπό μεν Άρισταίου εν τω επι-γραφομεν ω Ύών ε σχημάτων συγκρίσει, υπό δε Απολλώνιου εν τη δεύτερα εκδόσει της 'Συγκρίσεως του δωδεκαεδρου προς τό είκοσάεδρον, ότι εστίν, ως η του δωδεκαεδρου επιφάνεια προς την του είκοσάεδρον επιφάνειαν, ούτως και αυτό τό δω-δεκάεδρον προς τό είκοσάεδρον δια. τό την αυτήν είναι κάθετον από του κέντρου της σφαίρας επί τό του δωδεκαεδρου πεντάγωνον καί τό τοΰ είκοσαεδρου τρίγωνον.
(ix.) Principles of Mathematics Marin, in Eucl. Oat., Eucl. ed. Heiberg vi. 234. 13-17
Διό των άπλούστερον1 καί μια τινι διάφορά περι-γράφειν τό δεδομενον προθεμενων οι μεν τεταγ-μενον, ως *Απολλώνιος εν τη ΤΙερί νεύσεων καί
1 άπλούστερον Heiberg, άπλουστερων cod.
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(viii.) On the Dodecahedron and the Icosahedron
Hypsicles [Euclid, Elements xiv.],a Eucl. ed. Heiberg v. 6. 19-8. 5
The pentagon of the dodecahedron and the triangle of the icosahedron b inscribed in the same sphere can be included in the same circle. For this is proved by Aristaeus in the work which he wrote On the Comparison of the Five Figuresand it is proved by Apollonius in the second edition of his work On the Comparison of the Dodecahedron and the Icosahedron that the surface of the dodecahedron bears to the surface of the icosahedron the same ratio as the volume of the dodecahedron bears to the volume of the icosahedron, by reason of there being a common perpendicular from the centre of the sphere to the pentagon of the dodecahedron and the triangle of the icosahedron.
(ix.) Principles of Mathematics
Marinus, Commentary on Euclid's Data, Eucl. ed.
Heiberg vi. 234. 13-17
Therefore, among those who made it their aim to define the datum more simply and with a single differentia, some called it the assigned, such as Apollonius in his book On Vergings and in his
e The so-called fourteenth book of Euclid’s Elements is really the work of Hypsicles, for whom v. infra, pp. 391-397.
6 For the regular solids v. vol. ϊ. pp. 216-225. The face of the dodecahedron is a pentagon and the face of the icosahedron a triangle.
e A proof is given by Hypsicles as Prop. 2 of his book. Whether the Aristaeus is the same person as the author of the Solid Loci is not known.
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εν ττ) Καθόλου πραγματεία, οί δε γνώριμον, ως Διάδοχος.
(χ.) On the Cochlias Procl. in Eucl. i., ed. Friedlein 105. 1-6
Την περί τον κύλινδρον έλικα γραφόμενη ν, όταν ευθείας κινούμενης περί την επιφάνειαν του κυλίνδρου σημεΐον όμοταχώς επ' αυτής κινηται. γίνεται γάρ ελιξ, ής όμοιομερώς πάντα τα μόρη πάσιν εφαρμόζει, καθάπερ 'Απολλώνιος εν τψ Περί του κοχλίου γράμματι δείκνυσιν.
(xi.) On Unordered Irrationals Procl. in Eucl. i., ed. Friedlein 74. 23-24
Τα Περί των άτάκτων αλόγων, α ό Απολλώνιος επί πλέον εξειργάσατο.
Schol. i. in Eucl. Elem. χ., Eucl. ed. Heiberg v, 414, 10-16
Έν μεν συν τοῖς πρώτοις περί συμμέτρων καί ασυμμετρών διαλαμβάνει προς την φυσιν αυτών αυτά εξετάζω ν, εν δε τοΐς έξης περί ρητών καί αλόγων ου πασών· τινες γάρ αύτώ ως ενιστάμενοι εγκαλοΰσιν αλλά τών άπλουστάτων ειδών, ών
α Heath (TI.G.M. H. 192-193) conjectures that this work must have dealt with the fundamental principles of mathematics, and to it he assigns various remarks on such subjects attributed to Apollonius by Proclus, and in particular his attempts to prove the axioms. The different ways in which entities are said to be given are stated in the definitions quoted from Euclid’s Data in vol. i. pp. 478-479.
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General Treatise,a others the known, such as Diodorus.6
(x.) On the Cochlias
Proclus, On Euclid i., ed. Friedlein 105. 1-6
The cylindrical helix is described when a point moves uniformly along a straight line which itself moves round the surface of a cylinder. For in this way there is generated a helix which is homoeomeric, any part being such that it will coincide with any other part, as is shown by Apollonius in his work On the Cochlias.
(xi.) On Unordered Irrationals Proclus, On Euclid i.t ed. Friedlein 74. 23-24
The theory of unordered irrationals, which Apollonius fully investigated.
Euclid, Elements x., Scholium i.,e ed. Heiberg v. 414. 10-16
Therefore in the first [theorems of the tenth book] he treats of symmetrical and asymmetrical magnitudes, investigating them according to their nature, and in the succeeding theorems he deals with rational and irrational quantities, but not all, which is held up against him by certain detractors ; for he dealt only with the simplest kinds, by the combination of which
* Possibly Diodorus of Alexandria, for whom v. vol. i. p. 300 and p. 301 n. b.
e In Studien uber Eulelid, p. 170, Heiberg conjectured that this scholium was extracted from Pappus’s commentary, and he has established his conjecture in Videnskabernes Selskabs Skri/ter, 6 Raekke, hist.-philos. Afd. ii. p. 236 seq.
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συντιθεμενων γίνονται άπειροι άλογοι, ών τινας και 6 Απολλώνιος αναγράφει.
(xii.) Measurement of α Circle
Eutoc. Comm, in Archim. Dim. Circ., Archira. ed. Heiberg iii. 258. 16-22
Ί στεον δ ί, ότι και *Απολλώνιος 6 ΪΙεργαΐος εν τω Ώκυτοκίω άπεδειξεν αυτό δι αριθμών ετερων επί το σύνεγγυς μάλλον άγαγών. τούτο δε ακριβέστερου μεν είναι δοκεΐ, ου χρήσιμον δἐ προς τον Άρχιμήδους σκοπόν' εφαμεν γαρ αυτόν σκοπόν εχειν εν τωδε τω βιβλίω τό σύνεγγυς εύρεΐν δια τάς εν τω βίω χρείας.
(xiii.) Continued Multiplications Papp. Coll. ii. 17-21, ed. Hnltsch 18. 23-24. 20»
Τούτου δη προτεθεωρημενου πρόδηλον, πως εστιν τον δοθεντα στίχον πολλαπλασιάσαι και είπεΐν τον γενόμενον αριθμόν εκ του τον πρώτον αριθμόν ον εϊληφε τό πρώτον τών γραμμάτων επί τον δεύτερον αριθμόν ον είληφε τό δεύτερον τών γραμμάτων πολλαπλασιασθηναι καί τον γενόμενον επί τον τρίτον αριθμόν ον εϊληφε τό τρίτον γράμμα
1 The extensive interpolations are omitted.
* Pappus’s commentary on Eucl. Elem. x. was discovered in an Arabic translation by Woepcke (Memoires presentees par divers savans a V Academie des sciences, 1856, xiv.). It contains several references to Apollonius’s work, of which one is thus translated by Woepcke (p. 693): “ Enfin, Apollonius distingua les especes des irrationnclles ordonnees, et 352
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an infinite number of irrationals are formed, of which latter Apollonius also describes some.®
(xii.) Measurement of a Circle
Eutocius, Commentary on Archimedes' Measurement of a Circle, Archim. ed. Heiberg iii. 258. 16-22
It should be noticed, however, that Apollonius of Perga proved the same thing (sc. the ratio of the circumference of a circle to the diameter) in the Quick-deliverer by a different calculation leading to a closer approximation. This appears to be more accurate, but it is of no use for Archimedes’ purpose; for we have stated that his purpose in this book was to find an approximation suitable for the everyday needs of life.6
(xiii.) Continued Multiplications 0
Pappus, Collection ii. 17-21, ed. Hultsch 18. 23-24. 20*
This theorem having first been proved, it is clear how to multiply together a given verse and to tell the number which results when the number represented by the first letter is multiplied into the number represented by the second letter and the product is multiplied into the number represented by the third
decouvrit la science des quantity appeldes (irrationnelles) inordonn^es, dont il produisit un tr£s-grand nombre par des m^thodes exactes.”
*	We do not know what the approximation was.
*	Heiberg (Apollon. Perg. ed. Heiberg ii. 124, η. 1) suggests that these calculations were contained in the Ώκντόκιον, but there is no definite evidence.
*	The passages, chiefly detailed calculations, adjudged by Hultsch to be interpolations are omitted.
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καί κατά to έξης περαίνεσθαι μέχρι του διεξο-δευεσθ αι τ ον στίχον, ον εΐπεν ’Απολλώνιος εν άρχη ούτως·
’Α ρτεμιδος κλειτε κράτος εξοχον εννεα κουρά ι
(τό δε κλεΐτε φησιν αντί του ύπομνησατε).
Έπει ow γράμματα εστιν λη του στίχου, ταΰτα he περιέχει αριθμούς δέκα τους ρτστρτσχϋ ρ, ών έκαστος ἐλάσσων μεν ἐστιν χιλιάδος μετρεΐται δε υπό εκατοντάδος, και αριθμούς ιζ τούς μ ϊ δ κ Χϊκδξδδνννκδϊ, ώ ν έκαστος ἐλάσσων μεν ἐστιν εκατοντάδας μετρεϊτ αι he υπό δεκάδος, και τούς λοιπούς ια τούς άεδέέάεέεά α, ών έκαστος ἐλάσσων δεκάδος, ἐαν άρα τοΐς μεν δέκα άριθμοΐς ύποτάξωμεν ισαρίθμους δέκα κατά τάξιν εκατοντάδος, τοΐς he ι ζ ομοίως ύποτάξωμεν δεκάδας ιζ, φανερόν εκ του ανώτερου λογιστικού θεωρήματος ιβ' ότι δέκα εκατοντάδες μετά των ιζ δεκάδων ποιοϋσι μυριάδας ενναπλάς δέκα.
Έπει he καί πυθμένες 6 μου των μέτρου μενών αριθμών υπό εκατοντάδος καί των μετρουμενων ύπό δεκάδος είσιν οι υποκείμενοι κζ αγβγαγβτδα δάζβγάβζ^ξζέεέβζά,
β Apollonius, it is clear from Pappus, had a system^ of tetrads for calculations involving big numbers, the unit being the myriad or fourth power of 10. The tetrads are called μυριάδας άπλαΐ, μυριάδες διπλαΐ, μυριάδες τριπλοί, simple myriads, double myriads, triple myriads and so on, by which are meant 10000, 10000,* 100003 and so on. In the text of 354.
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letter and so on in order until the end of the verse which Apollonius gave in the beginning, that is
* Αρτίμιδος κλ(ΐπ κράτος ϊζοχον ivvea κοΰραι
(where he says κ Afire for νπομνήσατ€, recall to mind).
Since there are thirty-eight letters in the verse, of which ten, namely ρ τ σ τ ρτ σ χ ν μ (-100, 300, 200 300, 100, 300, 200, 600, 400, 100), represent numbers less than 1000_and divisible by 100, and seventeen, namely μιόκλικοξοονννκοΐ ( = 40, 10, 70, 20, 30, 10, 20, 70, 60, 70, 70, 50, 50, 50, 20, 70, 10), represent numbers less than 100 and divisible by 10, while the remaining eleven, namely, aeSeeaeeeaa (= 1, 5, 4, 5, 5, 1, 5, 5, 5, 1, 1), represent numbers less than 10, then if for those ten numbers we substitute an equal number of hundreds, and if for the seventeen numbers we similarly substitute seventeen tens, it is clear from the above arithmetical theorem, the twelfth, that the ten hundreds together with the seventeen tens make 10.100009.a
And since the bases of the numbers divisible by 100 and those divisible by 10 are the following twenty-seven
1, 3, 2, 3, 1, 3, 2, 6, 4, 1 4, 1, 7, 2, 3, I, 2, 7, 6, 7, 7, 5, 5, 5, 2, 7, 1,
Pappus they are sometimes abbreviated to μα, μβ, μΥ and so on.
From Pappus, though the text is defective, Apollonius’s
Erocedure in multiplying together powers of 10 can be seen to e equivalent to adding the indices of the separate powers of 10, and then dividing by 4 to obtain the power of the myriad which the product contains. If the division is exact, the number is the η-myriad, say, meaning 10000". If there is a remainder, 3, 2 or 1, the number is 1000, 100 or 10 times the n-myriad as the case may be.
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αλλά και των Ελασσόνων δεκάδος είσίν ια, του-τέστιν αριθμοί οί
άέδεεάεέέάά,
εάν τον εκ τούτων των ια και τον έκ των κζ πυθμένων στερεόν δι* άλληλων πολλαπλασιάσω μεν, έσται 6 στερεός μυριάδων τετραπλών ιθ καί τριπλών /γΛγ και διπλών ,ηυπ.
Αΰται δη συμπολλαπλασιαζόμεναι επί τον εκ τών εκατοντάδων καί δεκάδων στερεόν, τουτεστι τάς προκειμένας μυριάδας ενναπλάς δέκα, ποιοΰσιν μυριάδας τρισκαιδεκαπλας ρ^Γ, δώδεκαπλας τςη, ένδεκαπλάς βω.
(xiv.) On the Burning Mirror
Fragmentum mathematicum Bobiense 113. 28-33, ed.
Belger, Hermes, xvi., 1881, 279-280 1
Οί μεν οΰν παλαιοί ύπέλαβον την έζαφιν ποιεΐσθαι περί τό κέντρον του κατόπτρου, τοϋτο δε φεΰδος 3Απολλώνιος μάλα δεόντως . . . (εν τω) προς τούς κατοπτρικούς έδειξεν, καί περί τινα δε τόπον η εκπυρωσις έσται, διασεσάφηκεν εν τω Π ερι του πυρίου.
1 As amended by Heiberg, Zeitschrift fiir Mathematik und Physik, xxviii., 1883, hist. Abth. 124-125.
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while there are eleven less than ten, that is the numbers
1, 5, 4, 5, 5, 1, 5, 5, 5, 1, 1, if we multiply together the solid number formed by these eleven with the solid number formed by the twenty-seven the result will be the solid number 19 . I00004 + 6036 . 100003 + 8480.100002.
When these numbers are multiplied into the solid number formed by the hundreds and the tens, that is with 10.100009 as calculated above, the result is 196.100Q013 +368.1000012 +4800.1000011.
(xiv.) On the Burning Mirror
Fragmentum, mathematicum Bobiense 113. 28-33,° ed.
Belger, Hermes, xvi., 1881, 279-280
The older geometers thought that the burning took place at the centre of the mirror, but Apollonius very suitably showed this to be false ... in his work on mirrors, and he explained clearly where the kindling takes place in his works On the Burning Mirror,b •
• This fragment is attributed to Anthemius by Heiberg, but its antiquated terminology leads Heath (H.O.M. ii. 191) to suppose that it is much earlier.
h Of Apollonius’s other achievements, his solution of the problem of finding two mean proportionals has already been mentioned (vol. i. p. 267 n. b) and sufficiently indicated ; for his astronomical work the reader is referred to Heath, H.O.M.
ii.	195-196.
S57
XX.	LATER DEVELOPMENTS IN GEOMETRY
XX. LATER DEVELOPMENTS IN
GEOMETRY
(a) Classification of Curves Procl. in Eucl. iM ed. Friedlein 111. 1-112. 11
Αιαιρεΐ δ’ αν την γραμμήν 6 Γεμινος1 πρώτον μεν εις την άσύνθετον καί την σύνθετον—καλεΐ δε σύνθετον την κεκλασμενην καί γωνίαν ποιούσαν— επειτα την άσύνθετον2 εις τε την σχηματοποιούσαν καί την επ' άπειρον εκβαλλομενην, σχήμα λεγων ποιεΐν την κυκλικήν, την τού θυρεού, την κιττοειδή, μή ποιεΐν δε την τον ορθογωνίου κώνου τομήν, την τού αμβλυγωνίου, την κογχοειδή, την εύθεΐαν, πάσας τάς τοιαύτας. καί πάλιν κατ’ άλλον τρόπον τής άσυνθετου γραμμής την μεν απλήν είναι, την δε μικτήν, καί τής απλής την μεν σχήμα ποιεΐν ως την κυκλικήν, την δε αόριστον είναι ως την εύθεΐαν, τής δε μικτής την μεν εν τοΐς επιπεδοις είναι, την δε εν τοΐς στερεοΐς, καί της εν επιπεδοις την μεν εν αυτή συμπίπτειν ως την κιττοειδή, την δ* επ' άπειρον εκβάΧλεσθαι, τής δε εν στερεοΐς
1 Γέ/itvos Tittel, Τεμΐνος Friedlein.
* σύνθετον codd., correxi.
β No great new developments in geometry were made bv the Greeks after the death of Apollonius, probably through 360
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(a) Classification of Curves Proclus, On Euclid i., ed. Friedlein III. 1-112. 11
Geminus first divides lines into the in composite and the composite, meaning by composite the broken line forming an angle ; and then he divides the incomposite into those forming a figure and those extending without limit, including among those forming a figure the circle, the ellipse and the cissoid, and among those not forming a figure the parabola, the hyperbola, the conchoid, the straight line, and all such lines. Again, in another manner he says that some incomposite lines are simple, others mixed, and among the simple are some forming a figure, such as the circle, and others indeterminate, such as the straight line, while the mixed include both lines on planes and lines on solids, and among the lines on planes are lines meeting themselves, such as the cissoid, and others extending without limit, and among lines on solids are
the limits imposed by their methods, and the recorded additions to the corpus of Greek mathematics may be described as reflections upon existing work or “ stock-taking.” On the basis of geometry, however, the new sciences of trigonometry and mensuration were founded, as will be described, and the revival of geometry by Pappus will also be reserved for separate treatment.
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την μεν κατά τα? τομάς επινοεΐσθαι των στερεών, την 8ε 7τερϊ τα στερεά ύφίστασθαι. την μεν γάρ έλικα την ττερι σφαίραν η κώνον περί τα στερεά ύφεστάναι, τάς 8ε κωνικάς τομάς η τάς σπειρικάς από τοιάσ8ε τομής γεννάσθαι τών στερεών, em-νενοησθαι 8ε ταυτας τάς τομάς τάς μεν υπό Μεναί-χμου τάς κωνικάς, ο και Ερατοσθένης ιστορών λεγει· “μη 8ε Μεναιχμίους κωνοτομεΐν τριάδας ”* * τάς 8ε υπό Π ερσεως, ος και τό επίγραμμα εποίησεν επί τη ενρεσει—
Τρεις γραμμάς επί πέντε τομαΐς ευρών ελικώ8ειςι
Τίερσευς τών δ* ενεκεν δαίμονας ιλάσατο.
αι μεν 8η τρεις τομαί τών κώνων είσίν παραβολή καί υπερβολή καί ελλειφις, τών 8ε σπειρικών τομών ή μεν εστιν εμπεπλεγμενη, εοικυΐα τη του ίππου πε8η, ή 8ε κατά τα μέσα πλατυνεται, εξ εκατερου 8ε απολήγει μέρους, η 8ε παραμηκης ουσα τω μεν με σ ω 8ιαστηματι ελάττονι χρήται, ευρύνεται 8ε εφ* εκότερα, τών 8ε άλλων μίξεων τό πλήθος άπεραντόν εστιν καί γάρ στερεών σχημάτων πλήθος εστιν άπειρον καί τομαί αυτών συνίστανται πολυει8εΐς.
Ibid., ed. Friedlein 356. 8-12
Και γάρ * Απολλώνιος εφ* εκάστης τών κωνικών γραμμών τί τό σύμπτωμα 8είκνυσι, καί 6 Νικο-μη8ης επί τών κογχοει8ών, καί ἀ Ιππίας επι 1 ελικώδεις Knoche, ευρών τάς σπειρικάς Χεγων codd.
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* For Perseus, ν. ρ. 364 η. α and ρ. 365 η. b.
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lines conceived as formed by sections of the solids and lines formed round the solids. The helix round the sphere or cone is an example of the lines formed round solids, and the conic sections or the spiric curves are generated by various sections of solids. Of these sections, the conic sections were discovered by Menaechmus, and Eratosthenes in his account says: “ Cut not the cone in the triads of Menaechmus”0; and the others were discovered by Perseus,6 who wrote an epigram on the discovery—
Three spiric lines upon five sections finding,
Perseus thanked the gods therefor.
Now the three conic sections are the parabola, the hyperbola and the ellipse, while of the spiric sections one is interlaced, resembling the horse-fetter, another is widened out in the middle and contracts on each side, a third is elongated and is narrower in the middle, broadening out on either side. The number of the other mixed lines is unlimited ; for the number of solid figures is infinite and there are many different kinds of section of them.
Ibid., ed. Friedlein 356. 8-12
For Apollonius shows for each of the conic curves what is its property, as does Nicomedes for the
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των τετραγωνιζουσών, καί ό Περσευς επι των σπει ρικών.
Ibid., ed. Friedlem 119. 8-17
*Ό δε συμβαίνειν φαμεν κατά την σπειρικην επιφάνειαν κατο, γάρ κύκλου νοείται στροφήν ορθού διαμενοντος και στρεφόμενου ττ ερι το αύτ 6 σημεΐον, ο μη ἐστι κέντρον του κύκλου, διό και τριχως η σπείρα γίνεται, η γαρ επί της περιφέρειας ἐστι τό κέντρον η εντός η εκτός, και ει μεν επί της περιφέρειας εστί τό κέντρον, γίνεται σπείρα συνεχής, ει δε εντός, ή εμπεπλεγμενη, ει δε εκτός, ή διεχης. καί τρεις αι σπειρικαί τομαί κατά τάς τρεις ταύτας διαφοράς.
° Obviously the work of Perseus was on a substantial scale to be associated with these names, but nothing is known of him beyond these two references. He presumably flourished after Euclid (since the conic sections were probably well developed before the spiric sections were tackled) and before Geminus (since Proclus relies on Geminus for his knowledge of the spiric curves). He may therefore be placed between 300 and 75 b.c.
Nicomedes appears to have flourished between Eratosthenes and Apollonius. He is known only as the inventor of the conchoid, which has already been fully described (vol. i, pp. 298-309).
It is convenient to recall here that about a century later flourished Diodes, whose discovery of the cissoid has already been sufficiently noted (vol. i. pp. 270-279). He has also been referred to as the author of a brilliant solution of the problem of dividing a cone in a given ratio, which is equivalent to the solution of a cubic equation (supra, p. 162 n. a). The Dionysodorus who solved the same problem (ibid.) may have been the Dionysodorus of Caunus mentioned in the Herculaneum Roll, No. 1044 (so \V. Schmidt in Bibliotheca mathematica, iv. pp. 321-325), a younger contemporary of Apollonius; he is presumably the same person as the SOI
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conchoid and Hippias for the quadratices and Perseus for the spiric curves.®
Ibid., ed. Friedlein 119. 8-17
We say that this is the case with the spiric surface ; for it is conceived as generated by the revolution of a circle remaining perpendicular [to a given plane] and turning about a fixed point which is not its centre. Hence there are three forms of spire according as the centre is on the circumference, or within it, or without. If the centre is on the circumference, the spire generated is said to be continuous, if within interlaced, and if without open. And there are three spiric sections according to these three differences.b
Dionysodorus mentioned by Heron, Metrica ii. 13 (cited infra, p. 481), as the author of a book On the Spire.
* This last sentence is believed to be a slip, perhaps due to too hurried transcription from Geminus. At any rate, no satisfactory meaning can be obtained from the sentence as it stands. Tannery {Memoires scientifiques ii. pp. 24-28) interprets Perseus’ epigram as meaning “ three curves in addition to five sections.” Me explains the passages thus : Let α be the radius of the generating circle, c the distance of the centre of the generating circle from the axis of revolution, d the perpendicular distance of the plane of section (assumed to be parallel to the axis of revolution) from the axis of revolution. Then in the open spire, in which c>a, there are five different cases:
(1)	c+a>d>c. The curve is an oval.
(2)	d = c. Transition to (3).
(3)	c>d>c- a. The curve is a closed curve narrowest in the middle.
(4) d — c-a.	The curve is the hippopede (horse-fetter), which is shaped like the figure of 8 {v. vol. i. pp. 414-4X5 for the use of this curve by Eudoxus).
(5)	e-a>d>0. The section consists of two symmetrical ovals.
Tannery identifies the “ five sections ” of Perseus with these five types of section of the open spire; the three curves
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(b) Attempts to Prove the Parallel Postulate
(i.) General
Procl. in Eve], i., ed. Friedlein 191. 16-193. 9
** Και εάν els δύο ευθείας ευθεία εμηίητουσα τα? εντός και ini τα αυτά μέρη γωνίας δύο ορθών ελάττονας noiij, εκβαλλομενας τα? ευθείας in άηειρον συμηίητειν, i<j> α μέρη είσιν αι των δύο ορθών ελάττονες.”
Τοΰτο καί ηαντελώς διαγράφειν χρη τών αιτημάτων θεώρημα γάρ ἐστι, πολλά? μεν άηορίας εηιδεχόμενον, ας και 6 Πτολεμαίος εν τινι βιβλίω διαλΰσαι ηρούθετο, ηολλών δε εις άηόδειζιν δεόμενον και ορών και θεωρημάτων, και τό γε άντιστρεφον καί ό Ευκλείδης ως θεώρημα δείκνυσιν. ίσως δε αν τινες άηατώμενοι και τοΰτο τάττεΐν εν τοι? αίτημασιν άξιώσειαν, ώς διά την ελάττωσιν τών δύο ορθών αντόθεν την ηίστιν ηαρεχόμενον
described by Proclus are (1), (3) and (4). When the spire is continuous or closed, c—a and there are only three sections corresponding to (1), (2) and (3) ; (4) and (5) reduce to two equal circles touching one another. But the interlaced spire, in which c<a, gives three new types of section, and in these Tannery sees his “ three curves in addition to five sections.” There are difficulties in the way of accepting this interpretation, but no better has been proposed.
Further passages on the spire by Heron, including a formula for its volume, are given infra, pp. 476-483.
“ Eucl. i. Post. 5, for which v. vol. i. pp. 442-443, especially n. c.
Aristotle (Anal. Prior, ii. 16, 65 a 4) alludes to a petitio principii current in his day among those who “ think they establish the theory of parallels ”—τὰ? 7ταηαλλήλου? γράψ«ιν. As Heath notes (The Thirteen Books of Euclid'8 Elements, 366
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(δ) Attempts to Prove the Parallel Postulate
(i.) General
Proclus, On Euclid i., ed. Friedlein 191. 16-193. 9
“ If a straight line falling on two straight lines make the intenor angles on the same side less than two right angles, the two straight lines, if produced indefinitely, meet on that side on which are the angles less than two right angles.” a
This ought to be struck right out of the Postulates; for it is a theorem, and one involving many difficulties, which Ptolemy set himself to resolve in one of his books, and for its proof it needs a number of definitions as well as theorems. Euclid actually proves its converse as a theorem. Possibly some would erroneously consider it right to place this assumption among the Postulates, arguing that, as the angles are less than two right angles, there is
vol. i. pp. 191-192), Philoponus’s comment on this passage suggests that the petitio principii lay in a direction theory of parallels. Euclid appears to have admitted the validity of the criticism and, by assuming his famous postulate once and for all, to have countered any logical objections.
Nevertheless, as the extracts here given will show, ancient geometers were not prepared to accept the undemonstrable character of the postulate. Attempts to prove it continued to be made until recent times, and are summarized by R. Bonola, “ Sulla teoria delle parallele e sulle geometrie non-euclidee ” in Questioni riguardanti la geometria elementare, and by Heath, loc. cit., pp. 204-219. The chapter on the subject in W. Rouse Ball’s Mathematical Essays and Recreations, pp. 307-326, may also be read with profit. Attempts to prove the postulate were abandoned only when it was shown that, by not conceding it, alternative geometries could be built.
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τής τών ευθειών συνεύσεως και συμπτώσεως, προς οΰς ό ΥεμΖνος ορθώς άπήντησε λεγων ὅτι παρ' αυτών εμάθομεν τών της επιστήμης τ αυτής ηγεμόνων μη πάνυ πρόσεχε ιν τον νουν ταΐς πιθαναΐς φαντασίαις εις την τών λόγων τών εν γεωμετρία παραδοχήν. ὅμοιον γάρ φησι και 'Αριστοτέλης ρητορικόν αποδείξεις άπαιτεΐν και γεωμετρου πιθανολογοΰντος άνεχεσθαι, και ό παρά τω Πλάτωνι Σιίμμίας, ότι “ τοΐς εκ τών εΐκότων τάς αποδείξεις ποιουμενοις συνοιδα οΰσιν άλαζόσι.” κάνταΰθα τοίνυν τό μεν ήλαττωμενων τών ορθών συνευειν τάς ευθείας αληθές και άναγκαΐον, τό δε συνευούσας επι πλέον εν τω εκβάλλεσθαι συμ-πεσεΐσθαί ποτε πιθανόν, άλλ' ου κ άναγκαΐον, ει μή τις άποδείξειεν λόγος, ότι επι τών ευθειών τούτο αληθές. τό γάρ εΐναί τινας γραμμάς συνιουσας μεν επ' άπειρον, ασύμπτωτους δε ύπαρχουσας, καίτοι δοκοΰν άπίθανον είναι και παράδοξον, όμως αληθές ἐστι και πεφώραται επ’ άλλων ειδών τής γραμμής. μήποτε οΰν τούτο και επι τών ευθειών δυνατόν, όπερ επ' εκείνων τών γραμμών; εως γάρ αν δι άποδείξεως αυτό καταδησώμεθα, περισπά την φαντασίαν τα επ' άλλων δεικνύμενα γραμμών, ει δε και οι διαμφισ-βητοΰντες λόγοι προς την συμπτωσιν πολύ τό πληκτικόν εχοιεν, πώς ούχι πολλώ πλέον αν τό πιθανόν τούτο και τό άλογον εκβάλλοιμεν τής ήμετερας παραδοχής;
Άλλ' οτι μεν άπόδειξιν χρή ζητεΐν του προ-κειμενου θεωρήματος δήλον εκ τούτων, και ότι
S68
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immediate reason for believing that the straight lines converge and meet. To such, Geminus α .rightly rejoined that we have learnt from the pioneers of this science not to incline our mind to mere plausible imaginings when it is a question of the arguments to be used in geometry. For Aristotle b says it is as reasonable to demand scientific proof from a rhetorician as to accept mere plausibilities from a geometer, and Simmias is made to say by Plato® that he “ recognizes as quacks those who base their proofs on probabilities.” In this case the convergence of the straight lines by reason of the lessening of the right angles is true and necessary, but the statement that, since they converge more and more as they are produced, they will some time meet is plausible but not necessary, unless some argument is produced to show that this is true in the case of straight lines. For the fact that there are certain lines which converge indefinitely but remain non-secant, although it seems improbable and paradoxical, is nevertheless true and well-established in the case of other species of lines. May not this same thing be possible in the case of straight lines as happens in the case of those other lines ? For until it is established by rigid proof, the facts shown in the case of other lines may turn our minds the other way. And though the controversial arguments against the meeting of the two lines should contain much that is surprising, is that not all the more reason for expelling this merely plausible and irrational assumption from our accepted teaching ?
It is elear that a proof of the theorem in question must be sought, and that it is alien to the special *
* Eth. Nic. i. 3. 4, 1094, b 25-27.	e Phaedo 92 d.
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της των αιτημάτων εστιν άλλότριον ΙΒιότητος, πώς Be άποΒεικτεον αυτό και Βία ποιων λόγων aval per Ιον τάς προς αυτό φερομενας ενστάσεις, τηνικαΰτα Αεκτεον, ήνίκα αν και 6 στοιχ€ΐωτης αύτου μελλη ποΐ€Ϊσθαι μνήμην ως εναργεΐ προσ-χρώμενος. τότε γάρ άναγκαΐον αύτοΰ Βειξαι την ενάργειαν ου κ άναποδείκτως προφαινομενην άλλα Bi αποδείξεων γνώριμον γιγνομενην.
(ii.) Posidonius and Geminus Ibided. Friedlein 176. 5-10
Και 6 μεν EύκλείΒης τούτον ορίζεται τον τρόπον τάς παραλλήλους ευθείας, 6 Βε ΥΙοσειΒώνιος, παράλληλοι, φησίν, είσιν αι μήτε συνευουσαι μήτε άπονευουσαι εν ενι επιπεΒω, άλλ’ ϊσας εχουσαι
° i.e., Eucl. ϊ. 28.
b Posidonius was a Stoic and the teacher of Cicero; lie was born at Apamea and taught at Rhodes, flourishing 151-135 b.c. He contributed a number of definitions to elementary geometry, as we know from Proclus, but is more famous for a geographical work On the Ocean (lost but copiously quoted by Strabo) and for an astronomical work Πξω μετεώρων. In this he estimated the circumference of the earth (ν. supra, p. 267) and he also wrote a separate work on the size of the sun.
c As with so many of the great mathematicians of antiquity, we know practically nothing about Geminus’s life, not even his date, birthplace or the correct spelling of his name. As he wrote a commentary on Posidonius’s Ilepi μετεώρων, we have an upper limit for his date, and “ the view most generally accepted is that he was a Stoic philosopher, born probably in the island of Rhodes, and a pupil of Posidonius, and that he wrote about 73-67 b.c. ” (Heath, H.G.M. ii. 223). Further details may be found in Manitius’s edition of the so-called Gemini elementa astronomiae.
Geminus wrote an encyclopaedic work on mathematics 870
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character of the Postulates. But how it should be proved, and by what sort of arguments the objections made against it may be removed, must be stated at the point where the writer of the Elements is about to'recall it and to use it as obvious.® Then it will be necessary to prove that its obvious character does not appear independently of proof, but by proof is made a matter of knowledge.
(ii.) Posidonius 6 and Geminus e Ibid., ed. Friedlein 176. 5-10
Such is the manner in which Euclid defines parallel straight lines, but Posidonius says that parallels are lines in one plane which neither converge nor diverge
which is referred to by ancient writers under various names, but that used by Eutocius (Τὥν μαθημάτων θεωρία, υ. supra, ρρ. 280-281) was most probably the actual title. It is unfortunately no longer extant, but frequent references are made to it by Proclus, and long extracts are preserved in an Arabic commentary by an-Nairizi.
It is from this commentary that Geminus is known to have attempted to prove the parallel-postulate by a definition of parallels similar to that of Posidonius. The method is reproduced in Heath, H.O.M. ii. 228-230. It tacitly assumes “ Playfair’s axiom,” that through a given point only one parallel can be drawn to a given straight line; this axiom —which was explicitly stated by Proclus in his commentary on Eucl. ϊ. 30 (Procl. in Fuel, i., ed. Friedlein 374.18-375. 3)— Is, in fact, equivalent to Euclid’s Postulate 5. Saccheri noted an even more fundamental objection, that, before Geminus’s definition of parallels can be used, it has to be proved that the locup of points equidistant from a straight line is a straight line; and this cannot be done without some equivalent
Eostulate. Nevertheless, Geminus deserves to be held in onour as the author of the first known attempt to prove the parallel-postulate, a worthy predecessor to Lobachewsky and Riemann.
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πάσας τάς κάθετους τάς άγομενας από των της ετε'ρας σημείων επί την λοιπήν.
(iii.) Ptolemy
Ibid., ed. Friedlein 362. 12-303. 18
*ΑΛΛ’ όπως μεν 6 Έτοιχειωτής δείκνυσιν ότι δυο όρθαΐς ίσων ουσα) ν των εντός αι ευθεΐαι παράλληλοί εισι, φανερόν εκ των γεγραμμενων. ΥΙτολεμαΐος δε εν οΐς άποδεΐζαι προεθετο τάς άπ ελαττόνων η δυο ορθών εκβαλλομενας συμπίπτειν, εφ” α μέρη είσίν αι των δυο ορθών ελάσσονες, τούτο προ πάντων δεικνύς το θεώρημα τό δυεῖν όρθαΐς ίσων ύπαρχουσών τών εντός παραλλήλους είναι τάς ευθείας ουτω πως δείκνυσιν.
"Εστωσαν δυο ευθεΐαι αι ΑΒ, ΓΔ, και τεμνετω τις αυτάς ευθεία η ΕΖΗΘ, ώστε τάς ύπο ΒΖΗ
και υπό ΖΗΔ γωνίας δυο όρθαΐς ΐσας ποιεΐν. λέγω ότι παράλληλοί είσιν αι ευθεΐαι, τουτεστιν 372
LATER DEVELOPMENTS IN GEOMETRY but the perpendiculars drawn from points on one of the lines to the other are all equal.
(iii.) Ptolemy a
Ibid., ed. Friedlein 369. 19-363. 18
How the writer of the Elements proves that, if the interior angles be equal to two right angles, the straight lines are parallel is clear from what has been written. But Ptolemy, in the work 6 in which he attempted to prove that straight lines produced from angles less than two right angles will meet on the side on which the angles are less than two right angles, first proved this theorem, that if the interior angles he equal to tivo right angles the lines are parallel, and he proves it somewhat after this fashion.
Let the two straight lines be AB, ΓΔ, and let any straight line ΕΖΗΘ cut them so as to make the angles BZH and ΖΗΔ equal to two right angles. I say that the straight lines are parallel, that is they are non-
•	For the few details known about Ptolemy, v. infra, p. 408 and n. b.
*	This work is not otherwise known.
vol. n	ν
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ασύμπτωτοι elaiv. el γάρ δυνατόν, συμπιπτέ-τωσαν €κβα/\λόμβναι αι ΒΖ, ΗΔ κατά τό Κ. inel ούν evOeia η HZ 4φ4στηκ€ν ini την ΑΒ, δύο όρθαΐς ΐσας Toiei τάς υπό ΑΖΗ, ΒΖΗ γωνίας, ομοίως δύ, irrel ἡ HZ Ιφ4στηκ€ν όπι την ΓΔ, δύο όρθαΐς ΐσας ποιεί τάς υπό ΓΗ Ζ, ΔΗΖ γωνίας, αι τόσσαρβς άρα αι υπό ΑΖΗ, ΒΖΗ, ΓΗΖ, ΔΗΖ τότρασιν όρθαΐς ΐσαι elaiv, ών αι δύο αι υπό ΒΖΗ, ΖΗΔ δύο όρθαΐς ύπόκβινται ΐσαι. λοιπα'ι άρα αι υπό ΑΖΗ, ΓΗΖ καί αύται δύο όρθαΐς ΐσαι. el οΰν αι ΖΒ, ΗΔ δύο όρθαΐς ίσων ονσών των όντός 4κβαλλόμ€ναι συνέπζσον κατά τό Κ, και αι ΖΑ, H Γ 4κβαλλόμ€ναι συμττ€σοΰνται.	δύο
γάρ όρθαΐς καί αι υπό ΑΖΗ, ΓΗΖ ΐσαι elaiv. η γάρ κατ’ άμφότ€ρα συμπ€σοΰνται αι eo0eiai, η κατ' ούδότ€ρα, emep και αύται κάκ€Ϊναι δύο όρθαΐς elaiv ΐσαι. συμπιπτότωσαν ούν αι ΖΑ, H Γ κατά τό Λ. αι άρα ΛΑΒΚ, ΛΓΔΚ evOeiai χωρίον π€ριόχουσιν, onep αδύνατον. ούκ άρα δυνατόν ἐστιν δύο όρθαΐς ίσων ούσών των 4ντός συμπίπτ€ΐν τάς €υθζίας. παράλληλοι άρα elaiv.
Ibid., ed. Friedlein 365. 5-367. 27
"Ηδη μόν ούν και άλλοι τινός ως 0€ωρημα προ-τάζαντ€ς τοΰτο αίτημα παρά τω Ίότοιχ€ΐωτη ληφθόν άποδ€ΐ^€ως ηξίωσαν. δοκ€Ϊ δό και 6 Πτολίμαίος •
• There is a Common Notion to this effect interpolated in the text of Euclid ; v. vol. i. pp. 441 and 445 n. a.
b The argument would have been clearer if it had been proved that the two interior angles on one side of-ZH were severally equal to the two interior angles on the other side, that is ΒΖΗ = ΓΗΖ and ΔΗΖ = ΑΖΗ; whence, if ΖΑ, ΗΓ meet at Λ, the triangle ΖΙΙΛ can be rotated about the mid-874·
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secant. For, if it be possible, let BZ, ΗΔ, when produced, meet at K. Then since the straight line HZ stands on AB, it makes the angles AZH, BZH equal to two right angles [Eucl. i. 13]. Similarly, since HZ stands on ΓΔ, it makes the angles ΓΗΖ, ΔΗΖ equal to two right angles [ibid.]. Therefore the four angles AZH, BZH, ΓΗΖ, ΔΗΖ are equal to four right angles, and of them two, BZH, ΖΗΔ, are by hypothesis equal to two right angles. Therefore the remaining angles AZH, ΓΗΖ are also themselves equal to two right angles. If then, the interior angles being equal to two right angles, ZB, ΗΔ meet at Κ when produced, ΖΑ, ΗΓ will also meet when produced. For the angles AZH, ΓΗΖ are also equal to two right angles. Therefore the straight lines will either meet on both sides or on neither, since these angles also are equal to two right angles. Let ΖΑ, ΗΓ meet, then, at Λ. Then the straight lines ΛΑΒΚ, ΛΓΔΚ enclose a space, which is impossible.0 Therefore it is not possible that, if the interior angles be equal to two right angles, the straight lines should meet. Therefore they are parallel.*
Ibid., ed. Friedlein 365. 5-367. 27
Therefore certain others already classed as a theorem this postulate assumed by the writer of the Elements and demanded a proof. Ptolemy appears
point of ZH so that ZH lies where HZ is in the figure, while '/K, HK lie along the sides ΗΓ, ΖΑ respectively ; and therefore ΙΙΓ, ΖΑ must meet at the point where Κ falls.
The proof is based on the assumption that two straight lines cannot enclose a space. But Kiemann devised a geometry in which this assumption does not hold good, for all straight lines having a common point have another point common also.
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αυτό δεικνύναι εν τω περι του τάς άπ* ελαττόνων ἡ δυο ορθών εκβαλλομενας συμπίπτειν, καί δείκνυαι πολλά 7τρολαβών των μέχρι τοΰδε του Θεωρήματος υπό του Στοιχειωτοΰ προαποδεδειγμενων. και υποκείσθω πάντα είναι αληθή, ΐνα μή και ημείς όχλον επεισάγωμεν άλλον, καί ως λημμάτιον τούτο δείκνυσθαι διά των προειρημενών εν δε και τούτο των προδεδειγμενων τό τάς από δυεΐν όρθαΐς ΐσων εκβαλλομενας μηδαμώς συμπίπτειν. λέγω τοίνυν ότι και τό άνάπαλιν αληθές, και τό παραλλήλων ούσών τών ευθειών και τεμνομενων υπό μιας ευθείας τάς εντός και επί τα αυτά μύρη γωνίας δύο όρθαΐς ΐσας είναι, ανάγκη γάρ την τεμνουσαν τάς παραλλήλους ή δύο όρθαΐς ΐσας ποιεΐν τας εντός και επι τα αυτά μύρη γωνίας ή δύο ορθών ελάσσους ή μείζους. εστωσαν οΰν παράλληλοι αι ΑΒ, ΓΔ, και εμπιπτετω εις αύτάς ή ΗΖ; λέγω ότι ου ποιεί δύο ορθών μείζους τάς εντός καί επί τἀ αυτά, ει γάρ αι υπό ΑΖΗ, ΓΗΖ δύο
ορθών μείζους, αι λοιπαί αι υπό ΒΖΗ,^ΔΗΖ δυο ορθών ελάσσους. αλλά καί δύο ορθών μείζους αι αύταί· oi)Sev γάρ μάλλον αι ΑΖ, ΓΗ παράλληλοι ή ΖΒ, H Δ, ώστε ει ή εμπεσοΰσα εις τα? Α Ζ, ΓΗ δύο ορθών μείζους ποιεί τάς εντός, και 876
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to have proved it in his book on the proposition that straight lines drawn from angles less than two right angles meet if produced, and he uses in the proof many of the propositions proved by the writer of the Elements before this theorem. Let all these be taken as true, in order that we may not introduce another mass of propositions, and by means of the aforesaid propositions this theorem is proved as a lemma, that straight lines drawn from two angles together equal to two right angles do not meet when produced0·—for this is common to both sets of preparatory theorems. I say then that the converse is also true, that if parallel straight lines he cut by one straight line the interior angles on the same side are equal to two right angles.b For the straight line cutting the parallel straight lines must make the interior angles on the same side equal to two right angles or less or greater. Let AB, ΓΔ be parallel straight lines, and let HZ cut them ; I say that it does not make the interior angles on the same side greater than two right angles. For if the angles AZH, ΓΗΖ are greater than two right angles, the remaining angles BZH, ΔΗ Ζ are less than two right angles.® But these same angles are greater than two right angles ; for AZ, ΓΗ are not more parallel than ZB, ΗΔ, so that if the straight line falling on AZ, ΓΗ make the interior angles greater than two right angles, the same straight line falling·
e This is equivalent to Eucl. i. 28.
6 This is equivalent to Eucl. i. 29.
• By Eucl. ϊ. 13, for the angles ΛΖΗ, BZH are together equal to two right angles and so are the angles ΓΗΖ,ΔΗΖ.
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η els τάς ZB, ΗΔ εμπίπτουσα δύο ορθών ποιήσει μείζους τάς εντός' ἀλλ’ αι αύταί και δυο ορθών ελάσσονς· αι γαρ τεσσαρες αι υπό ΑΖΗ, ΓΗ Ζ, ΒΖΗ, ΔΗ Ζ τετρασιν όρθαΐς ισαι · διτερ αδύνατον, ομοίως δη δείζομεν δτι εις τάς παραλλήλους εμπίπτουσα ου ποιεί δυο ορθών ελάσσονς τας εντός καί επί τα αυτά μέρη γωνίας, ει 8e μήτε μείζους μήτε ελάσσονς ποιεί τών δυο ορθών, λείπεται την εμπίπτουσαν δυο όρθαΐς ίσας ποιεΐν τάς εντός καί επί τα αυτά μέρη γωνίας.
Τούτοι; δη οΰν προδεδειγμενου το προκείμενον άναμφισβητητως άποδείκνυται. λέγω γάρ δτι εάν είς δύο ευθείας ευθεία εμπίπτουσα τάς εντός καί επί τα αυτά μέρη γωνίας δύο ορθών ελάσοονας ποιή, συμπεσοΰνται αι εύθεΐαι εκβαλλόμεναι, εφ' α μέρη εισίν αι τών δυο ορθών ελάσσονες. μη γαρ συμ-πιπτετωσαν. α.Λλ’ ει ασύμπτωτοι είσιν, εφ' α μέρη αι τών δύο ορθών ελάσσονες, πολλώ μάλλον εσονται ασύμπτωτοι επί θάτερα, εφ' α τών δύο είσιν ορθών αι μείζονες, ώστε εφ* * εκότερα αν εΐεν ασύμπτωτοι αι εύθεΐαι. ει δε τούτο, παράλληλοι είσιν. άλλα δεδεικται δτι ή είς τάς παραλλήλους εμπίπτουσα τάς εντός καί επί τα αυτά μέρη δύο όρθαΐς ίσας ποιήσει γωνίας, αι αύταί άρα καί δύο όρθαΐς ισαι καί δύο ορθών ελασσόνες, οπερ αδύνατον.
Ταΰτα προδεδειχώς ό Πτολεμαίος καί καταν-
α See note c on ρ. 377.
* The fallacy lies in the assumption that “ AZ, ΓΗ are not more parallel than ZB, ΙΙΔ,” so that the angles ΒΖΗ, ΔΗΖ must also be greater than two right angles. This assump-378
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on ZB, ΗΔ also makes the interior angles greater than two right angles ; but these same angles are less than two right angles, for the four angles AZH, ΓΗΖ, BZH, ΔΗΖ are equal to four right angles α ; which is impossible. Similarly wc may prove that a straight line falling on parallel straight lines does not make the interior angles on the same side less than two right angles. But if it make them neither greater nor less than two right angles, the only conclusion left is that the transversal makes the interior angles on the same side equal to two right angles.6
With this preliminary proof, the theorem in question is proved beyond dispute. I mean that if a straight line falling on two straight lines make the interior angles on the same side less than two right angles, the two straight lines, if produced, will meet on that side on which are the angles less than trvo right angles. For [, if possible,] let them not meet. But if they are nonsecant on the side on which are the angles less than two right angles, by much more will they be nonsecant on the other side, on which are the angles greater than two right angles, so that the straight lines would be non-secant on both sides. Now if this should be so, they are parallel. But it has been proved that a straight line falling on parallel straight lines makes the interior angles on the same side equal to two right angles. Therefore the same angles are both equal to and less than two right angles, which is impossible.
Having first proved these things and squarely faced
tion is equivalent to the hypothesis that through a given point only one parallel can be drawn to a given straight line ; but this hypothesis can be proved equivalent to Euclid’s postulate. It is known as “ Playfair’s Axiom,” but is, in fact, stated by Proclus In his note on Eucl. i. 31.
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τήσ ας εις τό προκείμενον άκριβεστερόν τι προσ-θ είναι βούλεται και δεΐξαι δτι, εαν els δυο ευθείας ευθεία εμπίπτουσα τας εντός καί επί τα αυτά μέρη δυο ορθών πο φ ελασσόνας, ου μόνον ούκ είσίν ασύμπτωτοι αι εύθεΐαι, ως δεδεικται, άλλα καί ἡ σύμπτωσις αυτών κατ εκείνα γίνεται τα μέρη, εφ* α αι τών δύο ορθών ελασσόνες, ούκ εφ’ α αι μείζονες. εστωσαν γάρ δύο εύθεΐαι αι ΑΒ, ΓΔ καί εμπίπτουσα εις αύτάς ἡ ΕΖΗΘ ποιείτω τας υπό ΑΖΗ καί υπό ΓΗΖ δύο ορθών ελάσσους.
αι λοιποί άρα μείζους δύο ορθών. ὅτι μεν [ow]1 ούκ ασύμπτωτοι αι εύθεΐαι δεδεικται. ει δε συμ-πίπτουσιν, ἡ επί τα Α, Γ συμπεσοΰνται, η επί τα Β, Δ. συμπιπτετωσαν επί τα Β, Δ κατά τό Κ. επεί ούν αι μεν υπό ΑΖΗ καί ΓΗΖ δύο ορθών είσιν ελάσσους, αι δε υπό ΑΖΗ, ΒΖΗ δύο όρθαΐς ΐσαι, κοινής άφαιρεθείσης της υπό ΑΖΗ, 380
LATER DEVELOPMENTS IN GEOMETRY the theorem in question, Ptolemy tries to make a more precise addition and to prove that, if a straight line falling on two straight lines make the interior angles on the same side less than two right angles, not only-are the straight lines not non-secant, as has been proved, but their meeting takes place on that side on which the angles are less than two right angles, and not on the side on which they are greater. For let AB, ΓΔ be two straight lines and let ΕΖΗΘ fall on them and make the angles AZH, ΓΗΖ less than two right angles. Then the remaining angles are greater than two right angles [Eucl. i. IS]. Now it has been proved that the straight lines are not non-secant. If they meet, they will meet either on the side of Α, Γ or on the side of B, Δ. Let them meet on the side of B, Δ at K. Then since the angles AZH, ΓΗΖ are less than two right angles, while the angles AZH, BZH are equal to two right angles, when the common angle AZH is taken away, the angle ΓΗΖ will be less
ovv is clearly out of place.
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ή υπό ΓΗΖ Βλασσών εσται της υπό ΒΖΗ. τριγώνου αρα του ΚΖΗ ἡ εκτός της εντός και άπεναντίον ἐλάσσων, όπερ αδύνατον. ούκ αρα κατά ταυτα συμπίπτουσιν. αλλά μην συμπίπτουσι. κατά θάτερα αρα η σύμπτωσις αυτών ἐσται, καθ' α αι των δυο ορθών εισιν ελασσόνες.
Ον·) Proclus
Ibid., ed. Friedlein 371. 23-373. 2
Τούτου δη προυποτεθεντος λέγω οτι, εάν παραλλήλων ευθειών την ετεραν τεμνει τις ευθεία, τεμεΐ και την λοιπήν.
"Εστωσαν γάρ παράλληλοι αι ΑΒ, ΓΔ, και τεμνετω την ΑΒ η ΕΖΗ. λέγω ότι την ΓΔ τεμεΐ.
Γ	Λ
Έπει γάρ δυο εύθεΐαί είσιν άφ' ενός σημείου του Ζ, εις άπειρον εκβαλλόμεναι αι ΒΖ, ΖΗ, παντός μεγέθους μείζονα εχουσι διάστασιν, ώστε και τούτου, όσον εστί τό μεταξύ τών παραλλήλων.
382
LATER DEVELOPMENTS IN GEOMETRY than the angle BZH. Therefore the exterior angle of the triangle KZH will be less than the interior and opposite angle, which is impossible [Eucl. i. 16]. Therefore they will not meet on this side. But they do meet. Therefore their meeting will be on the other side, on which the angles are less than two right angles.
(iv·) Proclus
Ibid., ed. Friedlein 371. 23-373. 2
This having first been assumed, I say that, if any straight line cut one of parallel straight lines, it will cut the other also.
For let AB, ΓΔ be parallel straight lines, and let EZH cut AB. I say that it will cut ΓΔ.
For since BZ, ZH are two straight lines drawn from one point Z, they have, when produced indefinitely, a distance greater than any magnitude, so that it will also be greater than that between the parallels.
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όταν ουν μεΐζον άλληλων διαστώσιν της τούτων διαστάσεως τεμεΐ ή Ζ H την ΓΔ. εάν άρα παραλλήλων την ετεραν τεμνη τις εύθεΐα, τεμεΐ και την λοιπήν.
Τ ούτου προαποδείχθεντος ακολούθως δείζομεν τδ προκείμενον. εστωσαν γάρ δυο εύθεΐαι αι ΑΒ, ΓΔ, και εμπιπτετω εις αντος η ΕΖ ελασσόνας δύο ορθών ποιούσα τάς υπό ΒΕΖ, ΔΖΕ.1 λέγω ότι σνμπεσοΰνται αΐ εύθεΐαι κατά, ταΰτα τα μέρη, εφ* α αι των δυο ορθών εισιν ελάσσους.
Εττ^ιδἡ γαρ αι υπό ΒΕΖ, ΔΖΕ ελάσσους εισι δύο ορθών, τη υπεροχή τών δύο ορθών έστω ϊση η υπό ΘΕΒ. και εκβεβλησθω η ΘΕ επί τό Κ. επεί ουν εις τάς ΚΘ, ΓΔ εμπεπτωκεν η ΕΖ καί ποιεί τάς εντός δύο όρθαΐς ϊσας τάς υπό ΘΕΖ, ΔΖΕ, παράλληλοί εισιν αι ΘΚ, ΓΔ εύθεΐαι. καί τεμνει την ΚΘ ἡ ΑΒ' τεμεΐ άρα καί την ΓΔ διά τό προδεδειγμενον.	σνμπεσοΰνται άρα αι ΑΒ,
ΓΔ κατά τα μέρη εκείνα, εφ’ α αι τών δύο ορθών ελασσόνες, ώστε δεδεικται τό προκείμενον.
1 ΔΕΖ codd., correxi.
° The method is ingenious, but Clavius detected the flaw, which lies in the initial assumption, taken from Aristotle, that two divergent straight lines will eventually be so far apart that a perpendicular drawn from a point on one to the other will be greater than any assigned distance ; Clavius draws attention to the conchoid of Nicomedes (ν. vol. i. pp. 298-301), which continually approaches its asymptote, and therefore continually gets further away from the tangent at the vertex ; but the perpendicular from any point on the curve to that tangent will always be less than the distance between the tangent and the asymptote.
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Whenever, therefore, they are at a distance from one another greater than the distance between the parallels, ZH will cut ΓΔ. If, therefore, any straight line cuts one of parallels, it will cut the other also.
This having first been established, we shall prove in turn the theorem in question. For let AB, ΓΔ be two straight lines, and let EZ fall on them so as to
make the angles BEZ, ΔΖΕ less than two right angles. I say that the straight lines will meet on that side on which are the angles less than two right angles.
For since the angles BEZ, ΔΖΕ are less than two right angles, let the angle ΘΕΒ be equal to the excess of the two right angles. And let ΘΕ be produced to K. Then since EZ falls on Κθ, ΓΔ and makes the interior angles ΘΕΖ, ΔΖΕ equal to two right angles, the straight lines ΘΚ, ΓΔ are parallel. And AB cuts ΚΘ ; therefore, by what was before shown, it will also cut ΓΔ. Therefore AB, ΓΔ will meet on that side on which are the angles less than two right angles, so that the theorem in question is proved.®
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(c)	ISOPERIMETRIC FIGURES
Theon. Alex, in Ptol. Math. Syn. Comm. i. 3, ed. Rome,
Studi e Testi, lxxii. (1936), 354. 19-357. 22
“ 'Ωσαύτως δ* οτι, των ΐσην περίμετρον εχόντων σχημάτων διαφόρων, επειδή μείζονά εστιν τα πολνγωνότερα, των μεν επίπεδων ό κύκλος γίνεται μείζων, των στερεών ή σφαίρα.”
ΪΙοιησόμεθα δη την τούτων άπόδειξιν εν επίτομη εκ των Ζηνοδώρω δεδειγμενων εν τω ΥΙερι ίσοπερι-μετρων σχημάτων.
Των ΐσην περίμετρον εχόντων τεταγμενων εύ-
• Ptolemy, Math. Svn. i. 3, ed. Heiberg i. parsi. 13. 16-19. 6 Zenodorus, as will shortly be seen, cites a proposition by Archimedes, and therefore must be later in date than Archimedes ; as he follows the style of Archimedes closely, he is generally put not much later. Zenodorus’s work is not
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(c) I SOPER I METRIC FIGURES
Theon of Alexandria, Commentary on Ptolemy's Syntaxes i. 3, ed. Rome, Studi e Testi, lxxii. (1936), 354. 19-357. 22
“ In the same way, since the greatest of the various figures having an equal perimeter is that which has most angles, the circle is the greatest among plane figures and the sphere among solid.0 ”
We shall give the proof of these propositions in a summary taken from the proofs by Zenodorus b in his book On Isopenmetric Figures.
Of all rectilinear figures having an equal perimeter—
extant, but Pappus also quotes from it extensively (Coll. v. ad init.), and so does the passage edited by Hultsch (Papp. Coll., ed. Hultsch 1138-1165) which is extracted from an introduction to Ptolemy’s Syntaxis of uncertain authorship (t>. Rome, Studi e Testi, liv., 1931, pp. xiii-xvii). It b disputed which of these versions is the most faithful.
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θνγράμμων σχημάτων, λέγω δη Ισοπλεύρων τε και ισογωνίων, το πολυγωνότερον μειζόν εστιν.
νΕστω γάρ ισοπερίμετρα ισόπλευρα τε και Ισογώνια τα ΑΒΓ, ΔΕΖ, πολυγωνότερον δἐ έστω το ΑΒΓ. λέγω, ότι μειζόν εστιν το ΑΒΓ.
Έιίλήφθω γάρ τα κέντρα των περί τα ΑΒΓ, ΔΕΖ πολύγωνα περιγραφομενών κύκλων τα H, Θ, και επεζεύχθωσαν αι ΗΒ, H Γ, ΘΕ, ΘΖ. και ετι από των H, Θ επί τάς Β Γ, ΕΖ κάθετοι ήχθωσαν αι H Κ, ΘΑ. επεί ονν πολυγωνότερον εστιν τό ΑΒΓ του ΔΕΖ, πλεονάκις η Β Γ τη ν του ΑΒΓ περίμετρον καταμετρεί ηπερ η ΕΖ την τού ΔΕΖ. καί εισιν ϊσαι αι περίμετροι, μείζων άρα η ΕΖ της ΒΓ· ώστε και η ΕΛ της ΒΚ. κείσθω τη ΒΚ ΐση η ΛΜ, καί επεζεύχθω ή ΘΜ. και επεί εστιν ως ἡ ΕΖ ευθεία προς την τού ΔΕΖ πολυγώνου περίμετρον ούτως η υπό ΕΘΖ προς δ όρθάς, διά τό Ισόπλευρον είναι τό πολύγωνον καί ίσας άπολαμβάνειν περιφερείας τού περιγραφομενου κύκλου καί τάς προς τω κεντρω γωνίας τον αυτόν ύχειν λόγον ταΐς περιφερείαις εφ’ ών βεβήκασιν, ως δε η τού ΔΕΖ περίμετρος, τοντεστιν η του ΑΒΓ, π ρος την Β Γ ούτως αι δ όρθαί προς την ύπό Β H Γ, δι* ίσου άρα ως η ΕΖ προς ΒΓ, του-τεστιν η ΕΛ προς ΛΜ, ούτως καί η ύπό ΕΘΖ γωνία προς την ύπό Β H Γ, τουτεστιν η ύπό ΕΘΛ π ρος την ύπό ΒΗΚ. καί επεί η ΕΛ προς AM μείζονα λόγον εχει ηπερ η ύπό ΕΘΛ γωνία προς την ύπό ΜΘΛ, ως εξής δείξομεν, ως δε ή ΕΛ
β ΘΖ is not, in fact, joined in the ms. figures.
6 This is proved in a lemma immediately following the proposition by drawing an arc of a circle with Θ as centre 388
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I mean equilateral and equiangular figures—the greatest is that which has most angles.
For let ΑΒΓ, ΔΕΖ be equilateral and equiangular figures having equal perimeters, and let ΑΒΓ have the more angles. I say that ΑΒΓ is the greater.
For let H, θ be the centres of the circles circumscribed about the polygons ΑΒΓ, ΔΕΖ, and let HB, ΗΓ, ΘΕ, ΘΖ « be joined. And from H, θ let HK, ΘΛ be drawn perpendicular to ΒΓ, EZ. Then since ΑΒΓ has more angles than ΔΕΖ, ΒΓ is contained more often in the perimeter of ΑΒΓ than EZ is contained in the perimeter of ΔΕΖ. And the perimeters are equal. Therefore EZ> ΒΓ ; and therefore ΕΛ> BK. Let ΛΜ be placed equal to BK, and let ΘΜ be joined. Then since the straight line EZ bears to the perimeter of the polygon ΔΕΖ the same ratio as the angle ΕΘΖ bears to four right angles—owing to the fact that the polygon is equilateral and the sides cut off equal arcs from the circumscribing circle, while the angles at the centre are in the same ratio as the arcs on which they stand [Eucl. iii. 26]—and the perimeter of ΔΕΖ, that is the perimeter of ΑΒΓ, bears to ΒΓ the same ratio as four right angles bears to the angle ΒΗΓ, therefore ex aequali [Eucl. v. 17]
EZ : ΒΓ = angle ΕΘΖ : angle ΒΗΓ, i.e.,	ΕΛ : ΛΜ = angle ΕΘΖ	:	angle	ΒΗΓ,
i.e.,	ΕΛ : AM = angle ΕΘΛ	:	angle	BHK.
And since	ΕΛ : AM> angle ΕΘΛ	:	angle	ΜΘΛ,
as we shall prove in due course,6
and ΘΜ as radius cutting ΘΕ and ΘΛ produced, as in Eucl. Optic. 8 (ν. vol. i. pp. 502-505); the proposition is equivalent to the formula tan α : tan β> a: β if in> α>β.
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προς ΛΜ ή ύπο ΕΘΛ ττ ρος την ύπο Β H Κ, ἡ ύπό E ΘΑ 7τ ρος την ύπο ΒΗΚ μείζονα λόγον έχει ήπερ προς την υπό ΜΘΛ. μείζων αρα η υπό ΜΘΛ γωνία της υπό ΒΗΚ. έστιν Se και ορθή ή προς τω Α ορθή τη προς τω Κ ίση. λοιπή αρα ή υπό ΗΒΚ μείζων έσται της ύπο ΘΜΛ. κείσθω τη υπό ΗΒΚ ΐση η υπό ΛΜΝ και διήχθω η ΛΘ επί τό Ν. και επει ίση εστιν η υπό ΗΒΚ τη υπό ΝΜΛ, αλλά καί ή προς τω Α ΐση τη προς τω Κ, εστι δε καί η ΒΚ πλευρά τη ΜΛ ΐση, ΐση αρα και ή ΗΚ τη ΝΛ. μείζων αρα η ΗΚ τῆς ΘΛ. μεΐζον αρα και τό υπό της ΑΒΓ περιμέτρου και τής H Κ του υπό της ΔΕΖ περιμέτρου και της ΘΛ. και εστιν τό μεν υπό τής ΑΒΓ περιμέτρου και τής ΗΚ διπλάσιον του ΑΒΓ πολυγώνου, επει και τό υπό τής Β Γ και τής H Κ διπλάσιάν εστιν του ΗΒΓ τριγώνου, τό δε υπό τής ΔΕΖ περιμέτρου και τής ΘΛ διπλάσι ον τοΰ ΔΕΖ πολυγώνου, μεΐζον αρα τό ΑΒΓ πολύγωνον τοΰ ΔΕΖ.
Ibid. 858. 12-360. 3
Τοιπου δεδει γμενου λέγω, ότι εό,ν κύκλος ενθυγράμμω ίσοπλεύρω τε και ίσογωνίω Ισοπερί-μετρος ή, μείζων εσται ο κύκλος.
Κύκλος yap 6 ΑΒΓ ίσοπλεύρω τε καί ίσογωνίω τω ΔΕΖ ενθυγράμμω ίσοπερίμετρος έστω· λέγω, ότι μείζων εστιν 6 κύκλος.
Έίλήφθω τοΰ μεν ΑΒΓ κύκλου κέντρον τό H, του δε περί τό ΔΕΖ πολύγωνον περιγραφομένου τό Θ, καί περιγεγράφθω περί τον ΑΒΓ κύκλον 390
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and	ΕΛ : ΛΜ = angle ΕΘΛ : angle BHK,
.·. angle ΕΘΛ : angle BHK> angle ΕΘΛ : ΜΘΛ.
angle ΜΘΛ> angle BHK.
Now the right angle at Λ is equal to the right angle at K. Therefore the remaining angle HBK is greater than the angle ΘΜΛ [by Eucl. i. 32]. Let the angle ΛΜΝ be placed equal to the angle HBK, and let Λ θ be produced to N. Then since the angle HBK is equal to the angle ΝΜΛ, and the angle at Λ is equal to the angle at K, while BK is equal to the side ΜΛ, therefore HK is equal to ΝΛ [Eucl. i. 2G], Therefore HK> ΘΛ. Therefore the rectangle contained by the perimeter of ΑΒΓ and HK is greater than the rectangle contained by the perimeter of ΔΕΖ and ΘΛ. But the rectangle contained by the perimeter of ΑΒΓ and HK is double of the polygon ΑΒΓ, since the rectangle contained by ΒΓ and HK is double of the triangle ΗΒΓ [Eucl. i. 41] ; and the rectangle contained by the perimeter of ΔΕΖ and ΘΛ is double of the polygon ΔΕΖ. Therefore the polygon ΑΒΓ is greater than ΔΕΖ.
Ibid. 358. 12-360. 3
This having been proved, I say that if a circle have an equal perimeter with an equilateral and equiangular rectilineal figure, the circle shall be the greater.
For let ΑΒΓ be a circle having an equal perimeter with the equilateral and equiangular rectilineal figure ΔΕΖ. I say that the circle is the greater.
Let H be the centre of the circle ΑΒΓ, θ the centre of the circle circumscribing the polygon ΔΕΖ ; and let there be circumscribed about the circle ΑΒΓ the
391
GREEK MATHEMATICS
πολύγωνον ομοιον τω ΔΕΖ τ6 ΚΛΜ, καί επε-ζεύχθω ή H Β, και κάθετος άπο τοΰ Θ επί την ΕΖ ήχθω ή ΘΝ, και επεζεύχθωσαν αι ΗΛ, ΘΕ.
επεϊ ονν η τοΰ ΚΛΜ πολύγωνον περίμετρος μείζων εστϊν της τοΰ ΑΒΓ κύκλον περίμετρον ως εν τω Ilept σφαίρας και κνλίνδρον 'Αρχιμήδης, ίση δε η τοΰ ΑΒΓ κύκλον περίμετρος τη τοΰ ΔΕΖ πολνγώνον περιμετρω, μείζων αρα καί η τοΰ ΚΛΜ π ολνγώνον περίμετρος της τοΰ ΔΕΖ πολνγώνου περίμετρον, καί είσιν ὅμοια τα πολύγωνα· μείζων αρα η ΒΛ τής NE. καί ομοιον το ΗΛΒ τρίγωνον τω ΘΕΝ τ ριγώνω, επεί καί τα 392
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polygon ΚΛΜ similar to ΔΕΖ, and let HB be joined, and from θ let ΘΝ be drawn perpendicular to EZ, and let ΗΛ, ΘΕ be joined. Then since the perimeter
of the polygon ΚΛΜ is greater than the perimeter of the circle ΑΒΓ, as Archimedes proves in his work On the Sphere and Cylinder,a while the perimeter of the circle ΑΒΓ is equal to the perimeter of the polygon ΔΕΖ, therefore the perimeter of the polygon ΚΛΜ is greater than the perimeter of the polygon ΔΕΖ. And the polygons are similar ; therefore ΒΛ>ΝΕ. And the triangle ΗΛΒ is similar to the triangle ΘΕΝ, 0 Prop. 1, v. supra, pp. 48-49.
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ολα πολύγωνα, μείζων dpa καί ή ΗΒ τής ΘΝ. καί εστιν ϊση ή του ΑΒΓ κύκλου περίμετρος τῆ του ΔΕΖ πολυγώνου περιμετρω. το αρα ύπο τής περίμετρον του ΑΒΓ κύκλου καί τής H Β μεΐζόν εστιν του υπ ο τής περιμέτρου του ΔΕΖ πολυγώνου και τής ΘΝ. άλλα το μεν ύ πο τής περιμέτρου του ΑΒΓ κύκλου και τής ΗΒ διπλάσιον του ΑΒΓ κύκλου *Αρχιμήδης εδειξεν, ύΰ και την δεΐξιν εξής εκθησόμεθα- το δε υπό τής περιμέτρου του ΔΕΖ πολυγώνου και τής ΘΝ διπλάσιου του ΔΕΖ πολυγώνου. μείζων αρα 6 ΑΒΓ κύκλος του ΔΕΖ πολυγώνου, οπερ εδει δείξαι.
Ibid. 364. 12-14
Λέγω δἡ και ότι των Ισοπεριμετρων εύθυγράμ-μων σχημάτων και τάς πλευράς ισοπλ ηθεΐς εχόντων τό μεγιστον ισόπλευρόν τε εστιν και ισογώνιον.
Ibid. 374. 12-14
Λέγω δἡ οτι και ή σφαίρα μείζων εστιν πάντων των ίση ν επιφάνειαν εχόντων στερεών σχημάτων, 7τροσχρησάμενος τοΐς υπό ’Λρχιμήδους δεδειγ-μενοις εν τω Υίερί σφαίρας καί κυλίνδρου.
(d)	Division of Zodiac Circle into 360 Parts :
Hypsicles
Hypsicl. Anaph., ed. Manitius 5. 25-81
Του των Ζωδίων κύκλου εις τξ περιφέρειας ΐσας
α Dim. Circ. Prop. 1, ν. vol. i. pp. 316-321.
6 The proofs of these two last propositions are worked out by similar methods.
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since the whole polygons are similar; therefore HB> ΘΝ. And the perimeter of the circle ΑΒΓ is equal to the perimeter of the polygon ΔΕΖ. Therefore the rectangle contained by the perimeter of the circle ΑΒΓ and HB is greater than the rectangle contained by the perimeter of the polygon ΔΕΖ and ΘΝ. But the rectangle contained by the perimeter of the circle ΑΒΓ and HB is double of the circle ΑΒΓ as was proved by Archimedes,'3 whose proof we shall set out next; and the rectangle contained by the perimeter of the polygon ΔΕΖ and ΘΝ is double of the polygon ΔΕΖ [by Eucl. i. 41]. Therefore the circle ΑΒΓ is greater than the polygon ΔΕΖ, which was to be proved.
Ibid. 864. 12-14
Now I say that, of all rectilineal figures having an equal number of sides and equal perimeter, the greatest is that which is equilateral and equiangular.
Ibid. 374. 12-14
Now I say that, of all solid figures having an equal surface, the sphere is the greatest; and I shall use the theorems proved by Archimedes in his work On the Sphere and Cylinder,b
(d) Division of Zodiac Circle into 360 Parts: Hypsicles
Hypsicles, On Risings, ed. Manitius * 5. 25-31
The circumference of the zodiac circle having been
* Des Hypsikles Schrift Anaphorikos nach Uberlieferung und Inhalt kritisch behandelt, in Programm des Gymnasiums zum Heiligen Kreuz in Dresden (Dresden, 1888), 1® Abt.
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δηγρημένου, έκαστη των περιφερειών μοίρα τοπική καλείσθω. ομοίως δἡ καί τον χρόνου, εν ω ο ζωδιακός άφ* ου έτυχε σημείου επί το αυτό σημεϊον παραγίγνεται, εις τξ χρόνους ίσους διηρη-μενου, έκαστος των χρόνων μοίρα χρονική καλείσθω.
(e)	Handbooks (i.) Cleomedes
Cleom. De motu circ. ii. 6, ed. Ziegler 218. 8-224. 8
Ύοιουτων των περί την έκλειφιν της σελήνής είναι έπιδεδειγμενών δοκεΐ έναντιοϋσθαι τω λόγω τω κατασκευάζοντι εκλείπειν την σελήνήν εις την σκιάν έμπίπτουσαν της γης τα λεγάμενα κατα τάς παραδόξους των έκλείφεων. φασι γάρ τινες, ότι γίνεται σελήνής έκλειφις καί άμφοτέρων των φωτών υπέρ τον ορίζοντα θεωρούμενων, τούτον δε δηλον ποιεί, δι ότι μη εκλείπει ή σελήνη τη σκιφ
° Hypsicles, who flourished in the second half of the second century b.c., is the author of the continuation of Euclid’s Elements known as Book xiv. Diophantus attributed to him a definition of a polygonal number which is equivalent to the formula £ n{2+(n- l)(a-2)} for the nth a-gonal number.
The passage here cited is the earliest known reference in Greek to the division of the ecliptic into 360 degrees. This number appears to have been adopted by the Greeks from the Chaldaeans, among whom the zodiac was divided into twelve signs and each sign into thirty parts according to one system, sixty according to another (v. Tannery, Memoires scientifiques, ii. pp. 256-268). The Chaldaeans do not, however, seem to have applied this system to other circles ; Hipparchus is believed to have been the first to divide the 396
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divided into 360 equal arcs, let each of the arcs be called a degree in space, and similarly, if the time in which the zodiac circle returns to any position it has left be divided into 360 equal times, let each of the times be called a degree in time.*
(e) Handbooks (i.) Cleomedesb
Cleomedes, On the Circular Motion of the Heavenly Bodies ii. 6, ed. Ziegler 218. 8-224. 8
Although these facts have been proved with regard to the eclipse of the moon, the argument that the moon suffers eclipse by falling into the shadow of the earth seems to be refuted by the stories told about paradoxical eclipses. For some say that an eclipse of the moon may take place even when both luminaries are seen above the horizon. This should make it clear that the moon does not suffer eclipse by
circle in general into 360 degrees. The problem which Hypsicles sets himself in his book is: Given the ratio between the length of the longest day and the length of the shortest day at any given place, to find how many time-degrees it takes any given sign to rise. A number of arithmetical lemmas are proved.
b Cleomedes is known only as the author of the two books Κυκλική θίωρία μΐπώρων. This work is almost wholly based on Posidonius. He must therefore have lived after Posidonius and presumably before Ptolemy, as he appears to know-nothing of Ptolemy’s works. In default of better evidence, he is generally assigned to the middle of the first century b.c.
The passage explaining the measurement of the earth by Eratosthenes has already been cited (supra, pp. 266-273). This is the only other passage calling for notice.
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της γης περιπίπτονσα, άλλ' ετερον τροπον. . . . ή τταλαιότεροι τών μαθηματικών ούτως επεχείρουν λύειν την απορίαν ταύτην. εφασαν γαρ, οτι . . . οι δ* ini γης ear cores' ουδεν αν κωλύοιντο οράν άμφοτβρους αυτούς ini τοΐς κυρτώμασι της γης εστώτες. . . . τοιαύτην μεν οΰν οι παλαιότεροι των μαθηματικών την της προσαγομενης απορίας λύσιν εποιήσαντο. μη ποτε δ’ ούχ νγιώς είσιν ενηνεγμενοι. εφ' ύφους μεν γαρ η οψις ήμών^ γενομενη δύναιτ* αν τοΰτο παθεΐν, κωνοειδούς του όρίζοντος γινομένου πολύ από της γης εκ τον αέρα ημών εξαρθεντων, επί δε της γης εστώτων ούδαμώς. €ΐ γαρ και κύρτωμά εστιν, εφ' οδ βεβήκαμεν, αφανίζεται ημών ή όφις υπό του μεγέθους της γης· · · · αλλα πρώτον μεν απ-αντητεον λέγοντας, οτι πεπλασται 6 λόγος οντος υπό τινων απορίαν βουλομενών εμποιησαι τοΐς περί ταΰτα καταγινομενοις τών άστρολόγων και φιλοσόφων. . . . πολλών δε και παντοδαπών περί τον άερα παθών σννίστασθαι πεφυκότων ούκ αν εΐη αδύνατον, ήδη καταδεδυκότος του ήλιον και υπό τον ορίζοντα οντος φαντασίαν ήμΐν προσπεσεΐν ως μηδεπω καταδεδυκότος αύτοΰ, ή νέφους παχύτερου προς τη δύσει οντος και λαμπρυνόμενου υπό τών ηλιακών ακτινών και ήλιου ήμΐν φαντασίαν άποπεμποντος ή άνθηλίου γενομενου. και γα,ρ
• i.e., the horizon would form the base of a cone whose vertex would be at the eye of the observer. He could thus look down on both the sun anil moon as along the generators of a cone, even though they were diametrically opposite each other.
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falling into the shadow of the earth, but in some other way. . . . The more ancient of the mathematicians tried to explain this difficulty after this fashion. They said that persons standing on the earth would not be prevented from seeing them both because they would be standing on the convexities of the earth. . . . Such is the solution of the alleged difficulty given by the more ancient of the mathematicians. But its soundness may be doubted. For, if our eye were situated on a height, the phenomenon in question might take place, the horizon becoming conical a if we were raised sufficiently far above the earth, but it could in no wise happen if we stood on the earth. For though there might be some convexity where we stood, our sight itself becomes evanescent owing to the size of the earth. . . . The fundamental objection must first be made, that this story has been invented by certain persons wishing to make difficulty for the astronomers and philosophers who busy themselves with such matters. . . . Nevertheless, as the conditions which naturally arise in the air are many and various, it would not be impossible that, when the sun has just set and is below the horizon, we should receive the impression of its not having yet set, if there were a cloud of considerable density at the place of setting and if it were illumined by the solar rays and transmitted to us an image of the sun, or if there were a mock sun.b For such images are often *
* Lit. “ anthelion," defined in the Oxford English Dictionary as “ a luminous ring or nimbus seen (chiefly in alpine or polar regions) surrounding the shadow of the observer’s head projected on a cloud or fog bank opposite the sun.” The explanation here tentatively put forward by Cleomedes is, of course, the true one.
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τοιαΰτα πολλά φαντάζεται εν τω αέρι, καί μάλιστα περί τον Πόντον.
(ii.) Theon of Smyrna
Ptol. Math. Syn. χ. 1, ed. Heiberg i. pars ii. 296. 14-16
Έν μεν yap ταΐν παρά Θεωνον του μαθηματικού δοθείσαιν ήμΐν εϋρομεν άναγεγραμμενην τηρησιν τω is~' ετει Άδριανοΰ.
Theon Smyr., ed. Hiller 1. 1-2. 2
“Οτι μεν ου χ οΐόν τε συνεΐναι των μαθηματικών λεγομένων παρά Π λάτωνι μη και αυτόν ησκη-μενον iv τη θεωρία τ αυτή, παν αν που όμολο-γησειεν' ών 3e ουδέ τα άλλα άνωφελην ουδέ άνόνητον η περί ταΰτα εμπειρία, διά πολλών αυτόν εμφάνιζειν έοικε. τό μεν ουν συμπάσην γεωμετρίαν καί συμπάσην μουσικήν καί αστρονομίαν έμπειρον γενόμενον τοΐν Πλάτωνος συγγράμμασιν εντυγ-χάνειν μακαριστόν μεν ει τω γενοιτο, ου μην εϋπορον ουδέ ρόδιον αλλά πάνυ πολλοΰ του εκ παίδων πόνου δεόμενον. ώστε δέ τ ουν διημαρτη-κόταν του εν τοΐν μαθημασιν άσκηθήναι, όρεγο-μενουν δέ την γνώσεων των συγγραμμάτων αύτοΰ μη παντάπασιν ών ποθοΰσι διαμαρτεΐν, κεφαλαιώδη καί σύντομον ποιησόμεθα των αναγκαίων καί ών δει μάλιστα τοΐν εντευξομενοιν Πλάτωνι μαθηματικών θεωρημάτων παράδοσιν, αριθμητικών τε καί μουσικών καί γεωμετρικών τών τε κατα στερεομετρίαν καί αστρονομίαν, ών χωρίν ούχ 4-00
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seen in the air, and especially in the neighbourhood of Pontus.
(ii.) Theon of Smyrna
Ptolemy, Syntaxis χ. 1, ed. Heiberg i. pars ii. 29(5. 14-16
For in the account given to us by Theon the mathematician we find recorded an observation made in the sixteenth year of Hadrian.®
Theon of Smyrna, ed. Hiller 1. 1 -2. 2
Everyone would agree that he could not understand the mathematical arguments used by Plato unless he were practised in this science ; and that the study of these matters is neither unintelligent nor unprofitable in other respects Plato himself would seem to make plain in many ways. One who had become skilled in all geometry and all music and astronomy would be reckoned most happy on making acquaintance with the writings of Plato, but this cannot be come by easily or readily, for it calls for a very great deal of application from youth upwards. In order that those who have failed to become practised in these studies, but aim at a knowledge of his writings, should not wholly fail in their desires, I shall make a summary and concise sketch of the mathematical theorems which are specially necessary for readers of Plato, covering not only arithmetic and music and geometry, but also their application to stereometry and astronomy, for
“ i.e., in a.d. 132. Ptolemy mentions other observations made by Theon in the years a.d. 127,129, and 130. In three places Theon of Alexandria refers to his namesake as “ the old Theon,” ό Θέων παλαιό? (ed. Basil, pp. 390, 395, 396).
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οΐόν τε είναι φησι τνχζΐν τοΰ άρίστον βίου, δια πολλών πάνυ δηλώσας ώς ου χρη των μαθημάτων άμ^λζϊν.
β By way of example, Theon proceeds to relate Plato’s reply to the craftsmen about the doubling of the cube (v.
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without these studies, as he says, it is not possible to attain the best life, and in many ways he makes clear that mathematics should not be ignored.®
vol. i. p. 257), and also the Epinomis. Theon’s work, which has often been cited in these volumes, is a curious hotchpotch, containing little of real value to the study of Plato and no original work.
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XXI. TRIGONOMETRY
1. HIPPARCHUS AND MENELAUS
Theon Alex, in Ptol. Math. Syn. Comm. i. 10, ed. Rome, Studi e Testi, lxxii. (1936), 451. 4-5
Αεδεικται μεν ovv και 'Ιππάρχω πραγματεία των iv κύκλω ευθειών εν φ βιβλίοις, ετι τε και Μενελάω εν Γ.
Heron, Metr. i. 22, ed. H. SchOne (Heron iii.) 58. 13-20
"Εστω εννάγωνον ισόπλευρον καί ισογώνιον τό ΑΒΓΔΕΖΗΘΚ, οΰ έκαστη των πλευρών μονάδων ι. εύρεΐν αύτοϋ τό εμβαδόν, περιγεγράφθω περί αυτό κύκλος, ου κέντρον έστω τό Α, καί επε-
β The beginnings of Greek trigonometry may be found in the science of sphaeric, the geometry of the sphere, for which ν. vol. i. p. 5 n. b. It reached its culminating point in the Sphaerica of Theodosius.
Trigonometry in the strict sense was founded, so far as we know, by Hipparchus, the great astronomer, who was born at Nicaea in Bithynia and is recorded by Ptolemy to have made observations between 161 and 126 b.c., the most important of them at Rhodes. His greatest achievement was the discovery of the precession of the equinoxes, and he made a calculation of the mean lunar month which differs by less than a second from the present accepted figure. Unfortunately the only work of his which has survived is his early Commentary on the Phenomena of Eudoxus and Aratus. It 406
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1. HIPPARCHUS AND MENELAUS
Theon of Alexandria, Commentary on Ptolemy's Syntaxis i. 10, ed. Rome, Sludi β Testi, lxxii. (1936), 451. 4-5
An investigation of the chords in a circle is made by Hipparchus in twelve books and again by Menelaus in six.®
Heron, Metrics i. 22, ed. H. SchOne (Heron iii.) 58. 13-20
Let ΑΒΓΔΕΖΗΘΚ be an equilateral and equiangular enneagon,6 whose sides are each equal to 10. To find its area. Let there be described about it a circle with centre Λ, and let ΕΛ be joined and pro-
is clear, however, from the passage here cited, that he drew up, as did Ptolemy, a table of chords, or, as we should say, a table of sines ; and Heron may have used this table (ν. the next passage cited and the accompanying note).
Menelaus, who also drew up a table of chords, is recorded by Ptolemy to have made an observation in the first year of Trajan’s reign (a.d. 98). He has already been encountered (vol. i. pp. 348-349 and n. c) as the discoverer of a curve called “ paradoxical.” His trigonometrical work Sphaerica has fortunately been preserved, but only in Arabic, which will prevent citation here. A proof of the famous theorem in spherical trigonometry bearing his name can, however, be given in the Greek of Ptolemy {infra, pp. 458-463); and a summary from the Arabic is provided by Heath, H.Q.M. ii. 262-273.
* i.e., a figure of nine sides.
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ζεύχθω η ΕΛ καί εκβεβλησθω επί το Μ, καί επεζενχθω ή ΜΖ. το άρα ΕΖΜ τρίγωνον δοθεν όστιν του ενναγώνου. δεδεικται δε εν τοῖς περί των £ν κύκλω ευθειών, ότι η ΖΕ τῆς ΕΜ τρίτον μέρος εστίν ως έγγιστα.
. 2. PTOLEMY (α) General Suidas, s.v. ΤΙτολεμαΐος
Πτολεμαίος, 6 ΚΑαὅδιος χρηματία ας, *Αλεζ-ανδρεύς, φιλόσοφος, γεγονώς επί των χρόνων Μάρκον τού βασιλεως. οντος εγραφε Μηχανικά βιβλία γ, U ερι φάσεων καί επισημασιών αστέρων απλανών βιβλία β, "Α πλωσιν επιφάνειας σφαίρας, Κανόνα πρόχειρον, τον Μεγαν αστρονόμον ήτοι λΐύνταζιν καί ἀλλα.
α Α similar passage (i. 24·, ed. II. Schiine 62. 11-20) asserts that the ratio of the side of a regular hendecagon to the
diameter of the circumscribing circle is approximately ~;
and of this assertion also it is said SeSeiktcu δέ ev rois περί των ev κύκλω ευθειών. These are presumably the works of Hipparchus and Menelaus, though this opinion is controverted by A. Rome, “ Premiers essais de trigonorndtrie rectilignc chez les Grecs ” in L'AntiquitS classique, t. 2 (1933), pp. 177-192. The assertions are equivalent to saying that sin 20° is approximately 0-333... and sin 16° 2Γ 49' is approximately 0-28.
b Nothing else is certainly known of the life of Ptolemy except, as can be gleaned from his own works, that he made observations between a.d. 125 and 141 (or perhaps 151). Arabian traditions add details on which too much reliance should not be placed. Suidas’s statement that he was born 408
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duced to M, and let MZ be joined. Then the triangle EZM is given in the enneagon. But it has been proved in the works on chords in a circle that ZE : EM is approximately £.a
2. PTOLEMY
(a) General Suidas, s.v. Ptolemaeus
Ptolemy, called Claudius, an Alexandrian, a philosopher, born in the time of the Emperor Marcus. He wrote Mechanics, three books, On the Phases and Seasons of the Fixed Stars, two books, Explanation of the Surface of a Sphere, A Ready Reckoner, the Great Astronomy or Syntaxis ; and others.6
in the time of the Emperor Marcus [Aurelius] is not accurate as Marcus reigned from a.d. 161 to 180.
Ptolemy’s Mechanics has not survived in any form ; but the books On Balancings and On the Elements mentioned by Simplicius may have been contained in it. The lesser astronomical works of Ptolemy published in the second volume of Heiberg’s edition of Ptolemy include, in Greek, Φάστι? απλανών αστέρων καί συναγωγή έπατημασιών and Προχΐίρων κανόνων δκίταξω και ψηφοφορία, which can be identified with two titles in Suidas^s notice. In the same edition is the Planisphaerium, a Latin translation from the Arabic, which can be identified with the Άπλωσις έπιφανΑας σφαίρας of Suidas; it is an explanation of the stereographic system of projection by which points on the heavenly sphere are represented on the equatorial plane by projection from a pole— circles are projected into circles, as Ptolemy notes, except great circles through the poles, which are projected into straight lines.
Allied to this, but not mentioned by Suidas, is Ptolemy’s Analemma, which explains how points on the heavenly sphere can be represented as points on a plane by means of orthogonal projection upon three planes mutually at right angles—
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Simpl. in De caelo iv. 4 (Aristot. 311 b 1), ed. Heiberg 710. 14-19
Πτολεμαίος δε 6 μαθηματικός iv τω Ile/H ροπών την ivaντίαν εχων τω Αριστοτίλει δόξαν π€ΐραται κατασκ€νάζ€ΐν και αυτός, ότι iv τη όαυτών χώρα ουτ€ τό ϋΒωρ οϋτβ ὅ άηρ βχβι βάρος, καί ότι μεν τό ύδωρ ούκ όχ€ΐ, δβίκνυσιν βκ τοΰ τούς καταδύοντας μη αίσθάνεσθαι βάρους τοΰ όπικβιμόνου υδατος, καίτοι τινας €ις πολύ καταδύοντας βάθος.
Ibid. ί. 2, 269 a 9, ed. Heiberg 20. 11
Πτολεμαίος ev τω Π ερι των στοιχείων βιβλίω καί iv τοΐς Όπτικοΐς . . .
Ibid. i. 1, 268 a 6, ed. Heiberg 9. 21-27
Ό Se θαυμαστός Πτολεμαίος iv τω ITepi διαστάσβως μονοβίβλω άπόδβιξβν, ότι ούκ €ισι
the meridian, the horizontal and the “ prime vertical.” Only fragments of the Greek and a Latin version from the Arabic have survived ; they are given in Heiberg’s second volume.
Among the “ other works ” mentioned by Suidas are presumably the Inscription in Canobus (a record of some of Ptolemy’s discoveries), which exists in Greek; the Ύποθεσεις τών πλανωμίνων, of which the first book is extant in Greek and the second in Arabic; and the Optics and the book On Dimension mentioned by Simplicius.
But Ptolemy’s fame rests most securely on his Great Astronomy or Syntaxis as it is called by Suidas. Ptolemy himself called this majestic astronomical work in thirteen books the Μαθηματική σύνταξις or Mathematical Collection. In due course the lesser astronomical works came to be called the Μικρό? άστρονομονμΐνος (τόπος), the Little Astronomy, and the Syntaxis came to be called the Μεγάλη σύνταξις, or Great Collection. Later still the Arabs, combining their article ΑΙ 410
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Simplicius, Commentary on Aristotle's De caelo iv. 4 (311 b 1), ed. Heiberg 710. 14-19
Ptolemy the mathematician in his work On Balancings maintains an opinion contrary to that of Aristotle and tries to show that in its own place neither water nor air has weight. And he proves that water has not weight from the fact that divers do not feel the weight of the water above them, even though some of them dive into considerable depths.
Ibid. ϊ. 2, 269 a 9, ed. Heiberg 20. 11
Ptolemy in his book On the Elements and in his Optics . .
Ibid. i. 1, 268 a 6, ed. Heiberg 9. 21-27
The gifted Ptolemy in his book On Dimension showed that there are not more than three dimen-
with the Greek superlative μίγιcrros, called it Al-majisti; corrupted into Almagest, this has since been the favourite name for the work.
The Syntaxis was the subject of commentaries by Pappus and Theon of Alexandria. The trigonometry in it appears to have been abstracted from earlier treatises, but condensed and arranged more systematically.
Ptolemy’s attempt to prove the parallel-postulate has already been noticed (supra, pp. 372-383).
° Ptolemy’s Optics exists in an Arabic version, which was translated into Latin in the twelfth century by Admiral Eugenius Siculus (v. G. Govi, L' ottica di Claudio Tolomeo di Eugenio Ammiraglio di Sicilia); but of the five books the first and the end of the last are missing. Until the Arabic text was discovered, Ptolemy’s Optics was commonly supposed to be identical with the Latin work known as De Speculis; but this is now thought to be a translation of Heron’s Catoptrica by William of Moerbeke (υ. infra, p. 602 n. a).
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πλείονες τών τριών διαστάσεις, εκ του δεΐν μεν τάς διαστάσεις ώρισμένας είναι, τάς δε ώρισμένας διαστάσεις κατ* ευθείας λαμβάνεσθαι κάθετους, τρεις δε μάνας προς όρθάς άλλήλαις ευθείας δυνατόν είναι λαβεΐν, δυο μεν καθ' ας τό επίπεδον ορίζεται, τρίτην δε την τό βάθος μετρούσαν ώστε, ει τις είη μετά την τριχή διάστασιν άλλη, άμετρος αν εΐη παντελώς και αόριστος.
(b) Table of Sines (i.) Introduction
Ptol. Math. Syn. i. 10, ed. Heiberg i. pars i. 31. 7-32. 9
ι. ΥΙερΙ της πηλικότητος τών εν τω κύκλω ευθειών
Πρός μεν οΰν την εξ ετοίμου χρήσιν κανονικήν τινα μετά ταΰτα εκθεσιν ποιησόμεθα της πηλικότητος αυτών την μεν περίμετρον εις τξ τμήματα διελόντες, παρατιθέντες δε τάς υπό τάς καθ* ημιμοίριον παραυξήσεις τών περιφερειών ύπο-τεινομένας ευθείας, τουτεστι πόσων εισίν τμημάτων ως της διαμέτρου διά τό εξ αυτών τών επι-λογισμών φανησόμενον εν τοις άριθμοΐς εϋχρηστον εις ρκ τμήμα τα διηρημενης. πρότερον δε δείξομεν, πώς αν ως ενι μάλιστα δι* ολίγων καί τών αυτών θεωρημάτων ευμεθόδευτον καί ταχεΐαν την επιβολήν την προς τάς πηλικότητας αυτών ποιοίμεθα, όπως μή μόνον εκτεθειμένα τά μεγέθη τών ευθειών εχωμεν άνεπιστάτως, αλλά καί διά τής εκ τών γραμμών μεθοδικής αυτών συστάσεως τον έλεγχον εξ ευχερούς μεταχειριζώμεθα. καθόλου 412
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sions ; for dimensions must be determinate, and determinate dimensions are along perpendicular straight lines, and it is not possible to find more than three straight lines at right angles one to another, two of them determining a plane and the third measuring depth ; therefore, if any other were added after the third dimension, it would be completely unmeasurable and undetermined.
(b) Table of Sines (i.) Introduction
Ptolemy, Syntaxis i. 10, ed. Heiberg i. pars i. 31. 7-32. 9 10. On the lengths of the chords in a circle With a view to obtaining a table ready for immediate use, we shall next set out the lengths of these [chords in a circle], dividing the perimeter into 360 segments and by the side of the arcs placing the chords subtending them for every increase of half a degree, that is, stating how many parts they are of the diameter, which it is convenient for the numerical calculations to divide into 120 segments. But first we shall show how to establish a systematic and rapid method of calculating the lengths of the chords by means of the uniform use of the smallest possible number of propositions, so that we may not only have the sizes of the chords set out correctly, but may obtain a convenient proof of the method of calculating them based on geometrical considera-
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μέντοι χρησόμεθα rat? των αριθμών εφόδοις κατο. τον της έξηκοντάδος τρόπον διά το δνσχρηστον των μοριασμών έτι τε τοῖς πολυπλασιασμοΐς και μερισμοΐς ακολουθήσομε του συνεγγίζοντος αει καταστοχαζόμενοι, και καθ' όσον αν το παρα-λειπόμενον μηδεν'ι αξιολογώ διαφέρη του προς αισθησιν ακριβούς.
(ii.) sin 18° and sin 36°
Ibid. 32. 10-35. 16
"Εστω δἡ πρώτον ημικύκλιον το ΑΒΓ επί διαμέτρου τής ΑΔΓ περί κέντρον το Δ, και από του Α τή ΑΓ προς όρθάς γωνίας ήχθω ή ΔΒ, και τετμήσθω δίχα ή Δ Γ κατά το E, και επεζεύχθω ή ΕΒ, και κείσθω αυτή ίση ή ΕΖ, και επεζεύχθω ή ΖΒ. λέγω, ότι ή μεν ΖΔ δεκαγώνου έστίν πλευρά, ή δε Β Ζ πενταγώνου.
α By διὰ τψ €Κ τών γραμμών μΐθοδικης συστάσεως Ptolemy meant more than a graphical method ; the phrase indicates a rigorous proof by means of geometrical considerations, as will be seen when the argument proceeds; cf. the use of διὰ των γραμμών infra, ρ. 431. It may be inferred, therefore, that when Hipparchus proved “by means of lines” (διὰ τών γραμμών, On the Phaenomena of Eudoxus and Aratus, ed. Manitius 148-150) certain facts about the risings of stars, he used rigorous, and not merely graphical calculations ; in other woixls, he was familiar with the main formulae of spherical trigonometry.
b i.e., ΖΔ is equal to the side of a regular decagon, and BZ to the side of a regular pentagon, inscribed in the circle ΑΒΓ. 414
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tions.® In general we shall use the sexagesimal system for the numerical calculations owing to the inconvenience of having fractional parts, especially in multiplications and divisions, and we shall aim at a continually closer approximation, in such a manner that the difference from the correct figure shall be inappreciable and imperceptible.
(ii.) sin 18° and sin 36°
Ibid. 32. 10-35. 16
First, let ΑΒΓ be a semicircle on the diameter ΑΔΓ and with centre Δ, and from Δ let ΔΒ be drawn per-
pendicular to ΑΓ, and let ΔΓ be bisected at E, and let EB be joined, and let EZ be placed equal to it, and let ZB be joined. I say that ΖΔ is the side of a decagon, and BZ of a pentagon.6
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Έπει γάρ ευθεία γραμμή ἡ Δ Γ τέτμηται δίχα κατά το E, και πρόσκειταί τις αυτή ευθεία ἡ ΔΖ, το υπό των ΓΖ και ΖΔ περιεχόμενον ορθογώνιον μετά του anτό τῆ? ΕΔ τετραγώνου ίσον εστιν τω από της ΕΖ τετραγώνω, τουτέστιν τω από της BE, επει ΐση εστιν η ΕΒ τη ΖΕ. αλλά τω από της ΕΒ τετραγώνω ίσα εστι τα από των ΕΔ και ΔΒ τετράγωνα· τό άρα υπό των ΓΖ και ΖΔ περιεχόμενον ορθογώνιον μετά του από της ΔΕ τετραγώνου ’ίσον εστιν τοΐς από των ΕΔ, ΔΒ τετραγώνοις. και κοινού άφαιρεθέντος του από της ΕΔ τετραγώνου λοιπόν τό υπό των ΓΖ καί ΖΔ ίσον εστιν τω από της ΔΒ, τουτεστιν τω από τής ΔΓ· ή Ζ Γ άρα άκρον καί μέσον λόγον τετμηται κατά τό Α. επει ουν ή του εζαγώνου και ή τού δεκαγώνου πλευρά των εις τον αυτόν κύκλον έγγραφομένων επί τής αυτής ευθείας άκρον καί μέσον λόγον τέμνονται, ή δε ΓΔ εκ του κέντρου ουσα την του εζαγώνου περιέχει πλευράν, ή ΔΖ άρα εστιν ίση τή του δεκαγώνου πλευρά, ομοίως δέ, επει ή του πενταγώνου πλευρά δύναται την τε τού εζαγώνου καί την του δεκαγώνου των εις τον αυτόν κύκλον εγγραφομενων, του δέ ΒΔΖ ορθογωνίου τό από τής ΒΖ τετράγωνον ίσον εστιν τω τε από τής ΒΔ, ήτις εστιν εζαγώνου πλευρά, καί τω από τής ΔΖ, ήτις εστιν δεκαγώνου πλευρά, ή ΒΖ άρα ίση εστιν τή τού πενταγώνου πλευρά.
Έπει ουν, ως έφην, υποτιθέμεθα την τού κύκλου διάμετρον τμημάτων ρκ, γίνεται δια τα προκειμενα ή μεν ΔΕ ήμίσεια ουσα τής έκ του κέντρου
α Following the usual practice, I shall denote segments (τμήματα) of the diameter by v, sixtieth parts of a τμήμα by
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For since the straight line ΔΓ is bisected at E, and the straight line ΔΖ is added to it,
ΓΖ . ΖΔ + ΕΔ2 = EZ2	[Eucl. ii. 6
= BE2,
since EB = ZE.
But	ΕΔ2 +ΔΒ2 = ΕΒ2;	[Eucl. i. 47
therefore ΓΖ . ΖΔ + ΕΔ2 = ΕΔ2 + ΔΒ2.
When the common term ΕΔ2 is taken away, the remainder ΓΖ . ΖΔ = ΔΒ2 i.e.,	=ΔΓ2;
therefore ΖΓ is divided in extreme and mean ratio at Δ [Eucl. vi., Def. 3]. Therefore, since the side of the hexagon and the side of the decagon inscribed in the same circle when placed in one straight line arc cut in extreme and mean ratio [Eucl. xiii. 9]» and ΓΔ, being a radius, is equal to the side of the hexagon [Eucl. iv. 15, coroll.], therefore ΔΖ is equal to the side of the decagon. Similarly, since the square on the side of the pentagon is equal to the rectangle contained by the side of the hexagon and the side of the decagon inscribed in the same circle [Eucl. xiii. 10], and in the right-angled triangle ΒΔΖ the sqflare on BZ is equal [Eucl. i. 47] to the sum of the squares on ΒΔ, which is a side of the hexagon, and ΔΖ, which is a side of the decagon, therefore BZ is equal to the side of the pentagon.
Then since, as I said, we made the diameter a consist of 12(ν, by what has been stated ΔΕ, being half the numeral with a single accent, and second-sixtieths by the numeral with two accents. As the circular associations of the system tend to be forgotten, and it is used as a general system of enumeration, the same notation will be used for the tquares of parts.
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τμημάτων Χ και το απ’ αυτής ή δέ ΒΔ έκ του κέντρου ουσα τμημάτων ξ και το από αυτής /γχ, τό Be από της ΕΒ, τουτέστιν τό από της ΕΖ, των επί τό αυτό δφ· μήκει άρα έσται ή ΕΖ τμημάτων ξζ Β νέ έγγιστα, και λοιπή η ΔΖ των αυτών λζ Β νε. η άρα του δεκαγώνου πλευρά, υποτείνουσα δε περιφέρειαν τοιούτων Αθ’, οΐων εστιν 6 κύκλος τξ, τοιούτων έσται λζ Β νε, οΐων ή Βιάμετρος ρκ. πάλιν επεί ή μεν ΔΖ τμημάτων έστι λζ Β νε, τό δε από αυτής ,ατοε Β ϊε, έστι δε και τό από της ΔΒ των αυτών ,γχ, α συντεθέντα ποιεί τό από τής ΒΖ τετράγωνον ,δ'ϊγοε δ ϊε, μήκει άρα έσται ή ΒΖ τμημάτων δ λβ γ έγγιστα, καί ή του πενταγώνου άρα πλευρά, υποτείνουσα 8ε μοίρας οβ, οΐων εστιν 6 κύκλος τξ, τοιούτων εστιν δ λβ γ, οΐων ή Βιάμετρος ρκ.
Φανερόν δε αύτόθεν, ότι και ή του έξαγώνου πλευρά, υποτείνουσα δέ μοίρας ξ, και ίση οΰσα τη εκ τοΰ κέντρου, τμημάτων εστιν ξ. ομοίως Βέ, επει ή μεν τοΰ τετραγώνου πλευρά, υποτείνουσα Be μοίρας ζ, δυνάμει διπλάσιά εστιν τής εκ τοΰ κέντρου, ή δέ τοΰ τριγώνου πλευρά, υποτείνουσα δέ μοίρας ρκ, δυνάμει τής αυτής εστιν τριπλασίων, τό δέ από τής εκ τοΰ κέντρου τμημάτων εστιν ζγχ, συναχθήσεται τό μέν από τής τοΰ τετραγώνου
πλευράς ,ζσ, τό δέ από τῆς τοΰ τριγώνου Μ ώ. ώστε και μήκει ή μέν τας ζ μοίρας υποτείνουσα εύθεΐα τοιούτων έσται πδ να ϊ έγγιστα, οΐων ή
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of the radius, consists of 30p and its square of 900», and ΒΔ, being the radius, consists of 60» and its square of 3600?, while EB2, that is EZ2, consists of 4500p ; therefore EZ is approximately 67p 4·' 55",a and the remainder ΔΖ is 37p 4' 55". Therefore the side of the decagon, subtending an arc of 36° (the whole circle consisting of 360°), is 37p 4' 55" (the diameter being 120p). Again, since ΔΖ is 37p 4' 55", its square is 1375P 4' 15", and the square on ΔΒ is 3600*», which added together make the square on BZ 4975® 4' 15", so that BZ is approximately 70® 32' 3". And therefore the side of the pentagon, subtending 72° (the circle consisting of 360°), is 70p 32' 3" (the diameter being 120*).
Hence it is clear that the side of the hexagon, subtending 60° and being equal to the radius, is 60?. Similarly, since the square on the side of the square,'' subtending 90°, is double of the square on the radius, and the square on the side of the triangle, subtending 120°, is three times the square on the radius, while the square on the radius is 36003», the square on the side of the square is 7200* and the square on the side of the triangle is ΙΟδΟΟ1*. Therefore the chord subtending 90° is approximately 84V 51' 10" (the diameter
•	Theon’s proof that -γ/4500 is approximately 67p 4' 55" has already been given (vol. i. pp. 56-61).
*	This is, of course, the square itself; the Greek phrase is not so difficult. We could translate, “ the second power of the side of the square,” but the notion of powers was outside the ken of the Greek mathematician.
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δι άμετρος ρκ, ή δε τα? ρκ των αυτών ργ vt κγ.
(iii.) sm2 O +cos2 0 = 1 Ibid. 35. 17-36. 12
AcSe μεν ούτως ήμΐν εκ προχείρου καί καθ* αυτά? είλήφθωσαν, και εσται φανερόν εντεύθεν, 'ότι των διδόμενων ευθειών εξ ευχερούς δίδονται καί αι ύπδ τα? Χειπούσας εις τδ ημικύκλιον περιφέρειας ύποτείνουσαι δια τδ τα άπ* αυτών συντιθέμενα ποιεΐν τδ άπδ της διαμέτρου τετράγωνον οΐον, επειδή ή ύπδ τας Α θ’ μοίρας ευθεία τμημάτων εδείχθη λζ S νέ καί τδ άπ* αυτής ,ατοε δ ιε, τδ[
δε άπδ της διαμέτρου τμημάτων εστίν Μ ,Ί5ΰ, εσται καί τδ μεν άπδ τής ύποτεινούσης τας λει-πούσας εις τδ ημικύκλιον μοίρας ρμδ τών λοιπών
α Let ΛΒ be a chord of a circle subtending an angle α at the centre 0, and let AKA' be drawn perpendicular to OB so as to meet OB in Κ and the circle again in A'. Then
.	,	.	AK £AA'
s|n„(=s,nAB)=js=I-sg-.
And ΑΛ' is the chord subtended by double of the arc AB, while Ptolemy expresses the lengths of chords as so many 120th parts of the diameter; therefore sin α is half the chord subtended by an angle 2a at the centre, which is conveniently abbreviated by Heath to 4(crd. 2a), or, as we may alternatively express the relationship, sin AB is “ half the chord subtended by 420
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consisting of 120»), and the chord subtending 120° is 103p 55' 23\a
(iii.) sin2 θ +cos2 θ = 1 Ibid. 35. 17-36. 19
The lengths of these chords have thus been obtained immediately and by themselves,6 and it will be thence clear that, among the given straight lines, the lengths are immediately given of the chords subtending the remaining arcs in the semicircle, by reason of the fact that the sum of the squares on these chords is equal to the square on the diameter; for example, since the chord subtending 36° was shown to be 37p 4/ 55" and its square 1375p 4>' 15", while the square on the diameter is 14400*, therefore the square on the chord subtending the remaining 144° in the semicircle is
double of the arc AB,” which is the Ptolemaic form; as Ptolemy means by this expression precisely what we mean by sin AB, I shall interpolate the trigonometrical notation in the translation wherever it occurs. It follows that cos α [ =sin(90-α)] =£ crd. (180°-2a), or, as Ptolemy says, “ half the chord subtended by the remaining angle in the semicircle.” Tan α and the other trigonometrical ratios were not used by the Greeks.
In the passage to which this note is appended Ptolemy proves that
side of decagon ( = crd. 36° =2 sin 18°) = 37* 4' 55", side of pentagon ( =crd. 72° = 2 sin 36°) = 70* 32' 3", side of hexagon ( =crd. 60° =2 sin 30°) =60p, side of square (=crd. 90° =2 sin 45°) = 84I> 51' 10",
Si<triang^ikteral (=crd· 120° = 2 sin 60°) = 103» 55' 23'.
b i.e., not deduced from other known chords.
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M,y/c8 ve με, αντη 8έ μηκει των αυτών ρΐδ ζ λζ έγγιστα, και έπι των άλλων ομοίως.
*0ν δε τρόπον από τούτων και αι λοιπαι των κατά, μέρος δοθήσονται, δείξομεν εφεξής προεκθε-μενοι λημμάτιον εϋχρηστον πάνυ προς την παρούσαν πραγματείαν.
(χν.) “ Ptolemy's Theorem ”
Ibid. 36. 13-37. 18
"Εστω γάρ κύκλος εγγεγραμμένου έχων τετράπλευρου τυχόν τό ΑΒΓΔ, και επεζευχθωσαν αι ΑΓ καί ΒΔ. δεικτέον, δτι τό υπό των ΑΓ και ΒΔ περιεχόμενον ορθογώνιον ίσον ἐστι συναμφο-τέροις τω τε υπό των ΑΒ, ΔΓ καί τω υπό των ΑΔ, ΒΓ.
Ιά,είσθω γάρ τη υπό των ΔΒΓ γωνία Ιση η υπό ΑΒΕ. εάν συν κοινήν προσθώμεν την υπό ΕΒΔ,
422
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13024*’ 55' 45" and the chord itself is approximately 114V 7' 37", and similarly for the other chords.®
We shall explain in due course the manner in which the remaining chords obtained by subdivision can be calculated from these, setting out by way of preface this little lemma which is exceedingly useful for the business in hand.
(iv.) “ Ptolemy’s Theorem ”
Ibid. 36. 13-37. 18
Let ΑΒΓΔ be any quadrilateral inscribed in a circle, and let ΑΓ and ΒΔ be joined. It is required to prove that the rectangle contained by ΑΓ and ΒΔ is equal to the sum of the rectangles contained by AB, ΔΓ and ΑΔ, ΒΓ.
For let the angle ABE be placed equal to the angle
ΔΒΓ. Then if we add the angle ΕΒΔ to both, the
423
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εσται καί η ύπο ΑΒΔ γωνία ΐ<τη τη ύπο ΕΒΓ. εστιν δε καί η ύπο ΒΔΑ^τἡ ύπο ΒΓΕ ΐση- τό γάρ αυτό τμήμα ύποτείνουσιν- ισογώνιον άρα εστιν τό ΑΒΔ τρίγωνον τω ΒΓΕ τ ριγώνω, ώστε καί άνάλογόν εστιν, ως ἡ Β Γ προς την ΓΕ, ούτως η ΒΔ προς την ΔΑ* τό αρα ύπο ΒΓ, ΑΔ ίσον εστιν τω υπό ΒΔ, ΓΕ. πάλιν επεί ίση εστιν η ύπο ΑΒΕ γωνία τη ύπο ΔΒΓ γωνία, εστιν δε καί η ύπο ΒΑΕ ΐση τη ύπο ΒΔΓ, ισογώνιον αρα ἐστιν το ΑΒΕ τρίγωνον τω ΒΓΔ τ ριγώνω- άνάλογον αρα εστιν, ως η Β Α προς ΑΕ, η ΒΔ προς Δ Γ* το αρα ύπο Β Α, Δ Γ ίσον ἐστιν τω ύπο ΒΔ, ΑΕ. εδείχθη δε καί το ύπο Β Γ, ΑΔ ίσον τω ύπο ΒΔ, ΓΕ* καί ολον άρα το ύπο ΑΓ, ΒΔ ίσον εστιν συναμφοτ4ροις τω τε ύπο ΑΒ, Δ Γ και τω ύπερ Α Α, ΒΓ· δπερ εδει δεΐζαι.
(ν.) sin (#-ψ) = sin θ cos φ-cos θ sin φ Ibid. 37. 19-39. 3
Τούτου προεκτεθ4ντος 4στ ω ημικύκλιον το ΑΒΓΔ 4πί Βιαμ4τρου της ΑΔ, καί από του Α δύο διηχθωσαν αι ΑΒ, ΑΓ, και έστω 4κατ4ρα αυτών δοθεΐσα τω μεγ4θει, οίων η διάμ€τρος δοθεΐσα ρκ, καί επεζεύχθω η ΒΓ. λ4γω, δτι καί αυτή Β48οται.
Έπεζεύχθωσαν γάρ αι ΒΔ, ΓΔ· δεδομύναι άρα είσίν δηλονότι καί αύται διά τό λείπειν 4κείνων εις τό ημικύκλιον. επεί ούν 4ν κύκλω τετράπλευρόν εστιν τό ΑΒΓΔ, τό άρα ύπο ΑΒ, ΓΔ μετά τοΰ 421
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angle ABA = the angle ΕΒΓ. But the angle ΒΔΑ = the angle ΒΓΕ [Eucl. iii. 21], for they subtend the same segment; therefore the triangle ΑΒΔ is equiangular with the triangle ΒΓΕ.
ΒΓ : ΓΕ = ΒΔ : ΔΑ ;	[Eucl. vi. 4
.·.	ΒΓ . ΑΔ = ΒΔ . ΓΕ.	[Eucl. vi. 6
Again, since the angle ABE is equal to the angle ΔΒΓ, while the angle BAE is equal to the angle ΒΔΓ [Eucl. iii. 21], therefore the triangle ABE is equiangular with the triangle ΒΓΔ ;
BA : AE = ΒΔ : ΔΓ ;	[Eucl. vi. 4
BA . ΔΓ = ΒΔ . AE.	[Eucl. vi. 6
But it was shown that
ΒΓ . ΑΔ = ΒΔ . ΓΕ ;
and.·.	ΑΓ . ΒΔ = ΑΒ . ΔΓ +ΑΔ . ΒΓ ;
[Eucl. ii. 1
which was to be proved.
(v.) sin (θ - φ) = sin θ cos φ-cos θ sin φ Ibid, 37. 19-39. 3
This having first been proved, let ΑΒΓΔ be a semicircle having ΑΔ for its diameter, and from A let the two [chords] AB, ΑΓ be drawn, and let each of them be given in length, in terms of the 120P in the diameter, and let ΒΓ be joined. I say that this also is given.
For let ΒΔ, ΓΔ be joined ; then clearly these also are given because they are the chords subtending the remainder of the semicircle. Then since ΑΒΓΔ is a quadrilateral in a circle,
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υπό των ΑΔ, Β Γ ΐσον ἐστιν τω υπό Α Γ, ΒΔ. καί ἐστιν τό τε όπό των Α Γ, ΒΔ δοθεν καί το
νττο ΑΒ, ΓΔ· και λοιπόν αρα τό υπό ΑΔ, ΒΓ δοθεν ἐστιν, καί ἐστιν ἡ ΑΔ διάμετρος* δοθεΐσα άρα ἐστιν και ἡ ΒΓ ευθεία.
Και φανερόν ή μιν γεγονεν, οτ ι, εαν δοθώσιν δυο περιφέρειαι και αι υπ' αύτα,ς εύθεΐαι, Bode ίσα εσται και η την ύπεροχην των δύο περιφερειών υποτείνουσα ευθεία. δηλον δε, οτ ι δια τούτου του θεωρήματος άλλας τε ούκ όλίγας ευθείας εγγρά-φομεν από των εν ταΐς καθ' αύτας δεδομένων υπεροχών καί δη καί την υπό τἀ? δώδεκα μοίρας, επειδηπερ εχομεν την τε υπό τάς | και την υπό τάς οβ.
426
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[“ Ptolemy’s theorem ” And ΑΓ . ΒΔ is given, and also AB . ΓΔ ; therefore the remaining term ΑΔ . ΒΓ is also given. And ΑΔ is the diameter; therefore the straight line ΒΓ is given.®
And it has become clear to us that, if two arcs are given and the chords subtending them, the chord subtending the difference of the arcs will also be given. It is obvious that, by this theorem we can inscribe 6 many other chords subtending the difference between given chords, and in particular we may obtain the chord subtending 12°, since we have that subtending 60° and that subtending 72°.
•	If AT subtends an angle 2Θ and AB an angle 2ψ at the centre, the theorem asserts that
crd. 2Θ-2φ). (crd. 180°) =(crd. 2Θ). (crd. 180°-2ψ) -
(crd. 2ψ) . (crd. 180° - 2Θ)
i.e.,	sin (θ - ψ) =sin θ cos ψ - cos θ sin ψ.
*	Or “ calculate,” as we might almost translate £γγράφομα>; ef. svpra, p. 414 η. α on έκ των γραμμών.
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(vi.) sin2 \Θ=\(1 - cos θ)
Ibid. S9. 4-41. 3
Πάλιν προκείσθω δοθείσης τινός ευθείας εν κύκλω την υπό τό ημισυ της ύποτεινομενης περιφέρειας ευθείαν εύρεΐν. και έστω ημικύκλιον τό ΑΒΓ επϊ διαμέτρου της Α Γ και δοθεΐσα ευθεία η ΓΒ, και η ΓΒ περιφέρεια δίχα τετμησθω κατά, τό Δ, και επεζευχθωσαν αι ΑΒ, ΑΔ, ΒΔ, ΔΓ, και από του Δ επί την ΑΓ κάθετος ηχθω η ΔΖ. λέγω, ότι η Ζ Γ ημίσειά ἐστι της των ΑΒ καί Α Γ υπέροχης.
Κείσθω γάρ ττ} ΑΒ ίση ή ΑΕ, και επεζευχθω η ΔΕ. επεί ΐση εστίν η ΑΒ τη ΑΕ, κοινή δε η ΑΔ, δυο δη αι ΑΒ, ΑΔ δυο ταΐς ΑΕ, ΑΔ ισαι είσιν εκατερα εκατερα. καί γωνία η υπό ΒΑΔ γωνία τη υπό ΕΑΔ ίση εστίν· καί βάσις άρα η ΒΔ βάσει τη ΔΕ ιση εστίν. άλλα η ΒΔ τῆ Δ Γ ΐση εστίν· καί ή ΔΓ άρα τη ΔΕ ιση εστίν. επεί οΰν ισοσκελούς οντος τριγώνου τοΰ ΔΕΓ από της κορυφής επί την βάσιν κάθετος ήκται ἡ Δ Ζ, ΐση εστίν η ΕΖ τη ΖΓ. ἀλλ’ ή ΕΓ όλη η υπεροχή εστιν των ΑΒ καί Α Γ ευθειών η άρα Ζ Γ ημί-σειά εστιν της των αυτών υπέροχης, ώστε, επεί της υπό την Β Γ περιφέρειαν ευθείας υποκείμενης 428
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(vi.) sin2 \θ = \(\ - cos θ)
Ibid. 39. 4-41. 3
Again, given any chord in a circle, let it be required to find the chord subtending half the arc subtended by the given chord. Let ΑΒΓ be a semicircle upon the diameter ΑΓ and let the chord ΓΒ be given, and
let the arc ΓΒ be bisected at Δ, and let AB, ΑΔ, ΒΔ, ΔΓ be joined, and from Δ let ΔΖ be drawn perpendicular to ΑΓ. I say that ΖΓ is half of the difference between AB and ΑΓ.
For let AE be placed equal to AB, and let ΔΕ be joined. Since AB = AE and ΑΔ is common, [in the triangles ΑΒΔ, ΑΕΔ] the two [sides] AB, ΑΔ are equal to AE, ΑΔ each to each ; and the angle ΒΑΔ is equal to the angle ΕΑΔ [Eucl. iii. 27] ; and therefore the base ΒΔ is equal to the base ΔΕ [Eucl. i. 4]. But ΒΔ = ΔΓ; and therefore ΔΓ = ΔΕ. Then since the triangle ΔΕΓ is isosceles and ΔΖ has been drawn from the vertex perpendicular to the base, EZ = ΖΓ [Eucl. i. 26]. But the whole ΕΓ is the difference between the chords AB and ΑΓ ; therefore ΖΓ is half of the difference. Thus, since the chord subtending the arc ΒΓ is given, the chord AB subtending the remainder
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αύτόθεν δεδοται καί ή λείπουσα els το ημικύκλιον
L* ΑΒ, δοθήσεται και η Ζ Γ ἡμίσεια οὅσα τῆς των Γ και ΛΒ υπεροχής· ἀλλ’ ί7Τ€ι ἐν όρθογωνίω τω ΑΓΔ κάθετου αχθείσης τής ΔΖ ισογώνιον γίνεται τό ΑΔΓ ορθογώνιον τω ΔΓΖ, καί ἐστιν, ως ἡ ΑΓ ΓΔ, ἡ ΓΔ ττρός ΓΖ, τό αρα υπό των ΑΓ, ΓΖ περιεχόμενον ορθογώνιον ίσον ἐστιν τω από τής ΓΔ τετραγώνω. δοθεν δε τό υπό των ΑΓ, ΓΖ. δοθεν αρα εστιν και τό από τής ΓΔ τετράγωνον. ώστε και μήκει ἡ ΓΔ ευθεία δοθήσεται την ήμίσειαν υποτείνουσα τής ΒΓ περιφέρειας.
Και διά τούτου δη πάλιν του θεωρήματος άλλαι τε ληφθήσονται πλεΐσται κατά, τάς ήμισείας των προεκτεθειμενων, και δη και από τής τάς ιβ μοίρας ύποτεινούσης ευθείας ή τε υπό τάς Γ και ή υπό τ<ζς γ καί ή υπό την μίαν ήμισυ και ή νπο τό ήμισυ τέταρτον τής μιας μοίρας. εύρίσκομεν δε εκ των επιλογισμών την μεν υπό την μίαν ήμισυ μοίραν τοιούτων α λδ ΐε έγγιστα, οΐων εστιν ή διάμετρος ρκ, την δε υπό τό Ζ.' δ' των αυτών O μζ ή.
(vii.) cos (θ + φ) = cos θ cos φ-sin Θ sin φ
Ibid. 41. ι.43. 5
Πάλιν έστω κύκλος 6 ΑΒΓΔ περί διάμετρον μεν την ΑΔ, κέντρον δε τό Ζ, και από του Α άπειλήφθωσαν διίο περιφερειαι δοθεΐσαι κατά τό εξής αι ΑΒ, ΒΓ, καί επεζεύχθωσαν αι ΑΒ, ΒΓ υπ* αντος ευθεία ι καί αύταί δεδομένα ι.	λέγω
δτι, εάν επιζεύξωμεν την ΑΓ, δοθήσεται και αυτή.
β If ΒΓ subtends an angle 2Θ at the centre the proposition asserts that 430
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of the semicircle is immediately given, and ΖΓ will also be given, being half of the difference between ΑΓ and AB. But since the perpendicular ΔΖ has been drawn in the right-angled triangle ΑΓΔ, the right-angled triangle ΑΔΓ is equiangular with ΔΓΖ [Eucl. vi. 8], and
ΑΓ : ΓΛ = ΓΔ : ΓΖ, and therefore ΑΓ . ΓΖ = ΓΔ2.
But ΑΓ . ΓΖ is given ; therefore Γ Δ2 is also given. Therefore the chord ΓΔ, subtending half of the arc ΒΓ, is also given.®
And again by this theorem many other chords can be obtained as the halves of known chords, and in particular from the chord subtending 12° can be obtained the chord subtending 6° and that subtending 3° and that subtending 1|° and that subtending ψ +|°( = |°). We shall find, when we come to make the calculation, that the chord subtending 1|° is approximately lp 34' 15" (the diameter being 120?) and that subtending |° is 0P 47' 8".b
(vii.) cos (θ +Φ) — cos θ cos φ —sin θ sin φ Ibid. 41. 4-43. 5
Again, let ΑΒΓΔ be a circle about the diameter ΑΔ and with centre Z, and from A let there be cut off in succession two given arcs AB, ΒΓ, and let there be joined AB, ΒΓ, which, being the chords subtending them, are also given. I say that, if we join ΑΓ, it also will be given.
(crd. 0)2 = i(crd. 180). {(crd. 180°)-crd. 180° -20} i.e., sin2 \θ =£(l-cos0).
* The symbol in the Greek for O should be noted; v. vol. i. p. 47 n. a.
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Διήχθω γάρ διά του Β διάμετρος του κύκλου η ΒΖΕ, καί επεζεύχθωσαν αί ΒΔ, ΔΓ, ΓΕ, ΔΕ· δήλον δη αύτόθεν, ὅτι διά μεν την Β Ρ δοθήσεται καί η ΓΕ, διά Se την ΑΒ δοθήσεται η τε ΒΔ καί η ΔΕ. καί διά τα αυτά τοῖς έμπροσθεν, επεί εν κύκλω τετράπλευρόν εστιν το ΒΓΔΕ, καί διηγμεναι είσϊν αι ΒΔ, ΓΕ, το υπό των διηγμενων περι-εχόμενον ορθογώνιον Ίσον εστιν συναμφοτεροις τοΐς υπό των άπεναντίον' ώστε, επεί δεδομένου του υπό των ΒΔ, ΓΕ δεδοται καί τό υπό των Β Γ, ΔΕ, δεδοται άρα καί τό υπό BE, ΓΔ. δίδοται δε καί η BE διάμετρος, καί λοιπή η ΓΔ εσται δεδομένη, καί διά τούτο καί η λείπουσα εις τό ημικύκλιον η ΓΑ· ώστε, εάν δοθώσιν δύο περι-φερειαι καί αι υπ* αύτάς εύθεΐαι, δοθήσεται καί η συναμφοτερας τάς περιφέρειας κατά σύνθεσιν υποτείνουσα ευθεία διά τούτου του θεωρήματος.
° If ΑΒ subtends an angle 29 and ΒΓ an angle 2φ at the centre, the theorem asserts that
(crd. ISO0) . (crd. 180° - 29-2φ) =(crd. 180° - 29). (crd.
180°-2φ) - (crd. 29). (crd. 2φ), cos (θ + φ) —cos θ cos φ - sin θ sin φ.
i.e.,
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For through Β let BZE, the diameter of the circle, be drawn, and let ΒΔ, ΔΓ, ΓΕ, ΔΕ be joined ; it is
then Immediately obvious that, by reason of Β Γ being given, ΓΕ is also given, and by reason of AB being-given, both ΒΔ and ΔΕ are given. And by the same reasoning as before, since ΒΓΔΕ is a quadrilateral in a circle, and ΒΔ, ΓΕ arc the diagonals, the rectangle contained by the diagonals is equal to the sum of the rectangles contained by the opposite sides. And so, since ΒΔ . ΓΕ is given, while ΒΓ . ΔΕ is also given, therefore BE . ΓΔ is given. But the diameter BE is given, and [therefore] the remaining term ΓΔ will be given, and therefore the chord ΓΑ subtending the remainder of the semicircle 0 ; accordingly, if two arcs be given, and the chords subtending them, by this theorem the chord subtending the sum of the arcs will also be given.
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Φανερόν δε, δη συντιθε'ντες αει μετά των προ-εκτεθειμένων πασών την υπό α L·' μοίραν καί τάς συναπτομενας επιλογιζόμενοι πάσας απλώς εγγράφομεν, δσαι δίς γινόμεναι τρίτον μέρος εξουσιν, και μόνα ι ετι περιλειφθήσονται αι μεταξύ των άνα α Δ' μοίραν διαστημάτων δυο καθ’ έκαστον εσόμεναι, επειδήπερ καθ' ημιμοίριον ποιουμεθα την εγγραφήν, ώστε, εάν την ύπο το ημιμοίριον ευθείαν ευρωμεν, αυτή κατ α τε την συνθεσιν καί την ύπεροχην την προς τας τα διαστήματα περιεχουσας και δεδομένας ευθείας καί τάς λοιπάς τάς μεταξύ πάσας ήμΐν συνανα-πληρώσει. επεί δε δοθείσης τινος ευθείας ως τής υπό την α Δ' μοίραν ή το τρίτον τής αυτής περιφέρειας υποτείνουσα διά των γραμμών ου δίδοταί πως· ει δε γε δυνατόν ήν, είχομεν αν αύτόθεν καί την ύπο το ημιμοίριον πρότερον μεθοδεύσομεν την ύπο την α μοίραν από τε τής ύπο την α Δ μοίραν καί τής ύπο Δ' δ' νποτεθέμενοι λημμάτιον, δ, καν μη προς το καθόλου δύνηται τάς πηλι-κότητας όριζειν, επί γε τών ούτως ελάχιστων το προς τάς ώρισμένας απαράλλακτου δυναιτ αν συντηρε ιν.
(viii.) Method of Interpolation Ibid. 43. 6-46. 20
Α,εγω γάρ, δτι εάν εν κύκλω διαχθώσιν ανισοι δυο εύθειαι, ή μείζων προς την ελάσσονα ελασσόνα λόγον έχει ήπερ ή επί τής μείζονος ευθείας περιφέρεια προς την επί τής έλάσσονος.
Έστω γάρ κύκλος ό ΑΒΓΔ, καί διήχθωσαν εν αύτώ δυο εύθειαι ανισοι ελάσσων μεν ή ΑΒ, 434
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It is clear that, by continually putting next to all known chords a chord subtending 1|° and calculating the chords joining them, we may compute in a simple manner all chords subtending multiples of 1|°, and there will still be left only those within the II·0 intervals—two in each case, since we are making the diagram in half degrees. Therefore, if we find the chord subtending ψ, this will enable us to complete, by the method of addition and subtraction with respect to the chords bounding the intervals, both the given chords and all the remaining, intervening chords. But when any chord subtending, say, , is given, the chord subtending the third part of the same arc is not given by the [above] calculations—if it were, we should obtain immediately the chord subtending ζ5 ; therefore we shall first give a method for finding the chord subtending 1° from the chord subtending l£° and that subtending |°, assuming a little lemma which, even though it cannot be used for calculating lengths in general, in the ease of such small chords will enable us to make an approximation indistinguishable from the correct figure.
(viii.) Method of Interpolation Ibid. 43. 6-46. 20
For I say that, if two unequal chords be drawn in a circle, the greater will bear to the less a less ratio than that which the arc on the greater chord bears to the arc on the lesser.
For let ΑΒΓΔ be a circle, and in it let there be drawn two unequal chords, of which AB is the lesser
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μείζων Se ή Β Γ. λέγω, ότι ή ΓΒ ευθεία προς την Β Α ευθείαν ελασσόνα λόγον εχει ήπερ ή Β Γ περιφέρεια προς την ΒΑ περιφέρειαν,
Τετμήσθω γάρ η υπό ΑΒΓ γωνία 8ίχα υπό της ΒΔ, και επεζευχθωσαν η τε ΑΕΓ και η ΑΔ και ή ΓΔ. και επει η υπό ΑΒΓ γωνία δίχα τετμηται υπό της ΒΕΔ ευθείας, ΐση μεν εστιν η ΓΔ ευθεία τη ΑΔ, μείζων δε η ΓΕ τής ΕΑ. ήχθω 8ή από του Α κάθετος επί την ΑΕΓ ή ΔΖ. επεί τοίνυν μείζων εστιν ή μεν Α Α τής ΕΔ, ή 8ε ΕΔ τής ΔΖ, ἀ άρα κεντρω μεν τω Α, όιαστήματι 8ε τω ΔΕ γραφόμενος κύκλος την μεν ΑΔ τεμεΐ, ύπερπε-σεΐται Se την ΔΖ. γεγράφθω 8η 6 ΗΕΘ, και εκβεβλήσθω ή ΔΖΘ. και επει 6 μεν ΔΕΘ τομευς μείζων εστιν του ΔΕΖ τριγώνου, τό δε ΔΕΑ τρίγωνον μεΐζον τοΰ ΔΕΙ! τομεως, τό άρα ΔΕΖ
° Lit. “ let ΔΖΘ be produced/·
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and ΒΓ the greater. I say that
ΓΒ : BA <arc ΒΓ : arc BA.
For let the angle ΑΒΓ be bisected by ΒΔ, and let
ΑΕΓ and ΑΔ and ΓΔ be joined. Then since the angle ΑΒΓ is bisected by the chord ΒΕΔ, the chord ΓΔ = ΑΔ [Eucl. iii. 26, 29], while ΓΚ> EA [Eucl. vi. 3]. Now let ΔΖ be drawn from Δ perpendicular to ΑΕΓ. Then since ΑΔ> ΕΔ, and ΕΔ>ΔΖ, the circle described with centre Δ and radius ΔΕ will cut ΑΔ, and will fall beyond ΔΖ. Let [the arc] ΗΕΘ be described, and let ΔΖ be produced to θ.β Then since sector ΔΕΘ> triangle ΔΕΖ, and	triangle ΔΕΑ> sector ΔΕΗ,
VOL. 11
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τρίγωνον προς το ΔΕΑ τρίγωνον Ελασσόνα λόγον εχει ηπερ 6 ΔΕΘ τομεύς προς τον ΔΕΗ. αλλ’ ως μεν τό ΔΕΖ τρίγωνον προς τό ΔΕΑ τρίγωνον, ούτως η ΕΖ ευθεία προς την ΕΑ, ως δε ο ΔΕΘ τομεύς προς τον ΔΕΗ τομέα, όντως ή υπό ΖΔΕ γωνία προς την υπό ΕΔΑ* η αρα ΖΕ ευθεία προς την ΕΑ ελασσόνα λόγον εχει ηπερ η υπό ΖΔΕ γωνία προς την υπό ΕΔΑ. καί συνθεντι αρα η ΖΑ εύθεΐα προς την ΕΑ ελασσόνα λόγον εχει ηπερ η υπό ΖΔΑ γωνία προς την υπό ΑΔΕ· καί των ηγουμένων τα διπλάσια, ή ΓΑ εύθεΐα προς την ΑΕ ελασσόνα λόγον εχει ηπερ η υπό ΓΔΑ γωνία προς την υπό ΕΔΑ· καί διελόντι η ΓΕ εύθεΐα προς την ΕΑ ελασσόνα λόγον εχει ηπερ ή υπό ΓΔΕ γωνία προς την υπό ΕΔΑ. ἀλλ’ ως μεν ἡ ΓΕ εύθεΐα προς την E Α, ούτως η ΓΒ εύθεΐα προς την ΒΑ, ως δε η υπό ΓΔΒ γωνία προς την υπό ΒΔΑ, οὅτως ή ΓΒ περιφέρεια προς την ΒΑ* ἡ ΓΒ αρα εύθεΐα προς την ΒΑ ελασσόνα λόγον εχει ηπερ η ΓΒ περιφέρεια προς την ΒΑ περιφέρειαν.
Τούτου δη ούν υποκείμενου έστω κύκλος 6 ΑΒΓ, καί διηχθωσαν εν αύτω δυο εύθεΐαι η τε ΑΒ καί η ΑΓ, ύποκείσθω δε πρώτον η μεν ΑΒ υποτείνουσα μιας μοίρας Δ.' δ', η δε ΑΓ μοίραν α. επεί η ΑΓ εύθεΐα προς την ΒΑ εύθεΐαν ελασσόνα λόγον εχει ηπερ ἡ ΑΓ περιφέρεια προς την ΑΒ, η δε ΑΓ περιφέρεια επίτριτός εστιν της ΑΒ, η ΓΑ αρα εύθεΐα της ΒΑ ἐλάσσων εστιν η επίτριτός. άλλα ή ΑΒ εύθεΐα εδείχθη τοιούτων O μζ η, ο ίων εστιν ή διάμετρος ρκ· ή αρα ΓΑ
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.·. triangle ΔΕΖ ; triangle ΔΕΑ < sector ΔΕΘ :
sector ΔΕΗ.
But triangle ΔΕΖ : triangle ΔΕΑ = ΕΖ : EA,
[Eucl. vi. 1
and
sector ΔΕΘ : sector ΔΕΗ = angle ΖΔΕ t angle ΕΔΑ.
ZE : EA <angle ΖΔΕ : angle ΕΔΑ.
.·. componendo, ΖΑ : EA <angle ΖΔΑ : angle ΑΔΕ ; and, by doubling the antecedents,
ΓΑ : AE < angle ΓΔΑ : angle ΕΔΑ ; and dirimendo, ΓΕ : EA <angle ΓΔΕ : angle ΕΔΑ. But	ΓΕ : EA = ΓΒ : BA, [Eucl. vi. 3
and
angle ΓΔΒ : angle ΒΔΑ = arc ΓΒ : arc BA ;
[Eucl. vi. 33
ΓΒ : BA <arc ΓΒ : arc BA.°
On this basis, then, let ΑΒΓ be a circle, and in it let there be drawn the two chords AB and ΑΓ, and let it first be supposed that Α Β subtends an angle of and ΑΓ an angle of 1°. Then since
ΑΓ : BA <arc ΑΓ : arc AB, while	arc ΑΓ = £ . arc AB,
Γ A : BA <|.
But the chord AB was shown to be O» 47' 8" (the diameter being 120»); therefore the chord ΓΑ
° If the chords ΓΒ, BA subtend angles 20, 2φ at the centre, this is equivalent to the formula, sin θ θ sin <f> φι*
where θ<φ<\π.
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εύθεΐa ἐλάσσων ἐστιν τών αυτών α β ν' ταϋτα γάρ επίτριτά ἐστιν έγγιστα των O μζ ῆ.
Πάλιν ἐ7Γι τἡς αυτής καταγραφής ή μεν ΑΒ ευθεία υποκείσθω υποτείνουσα μοίραν α, ἡ δε Α Γ μοίραν α Δ* , κατά τα αυτά Βή, έπει ή ΑΓ περιφέρεια τής ΑΒ έστιν ημιολία, ή ΓΑ άρα ευθεία τής ΒΑ έλάσσων έστίν ή ήμιόλιος. αλλά τήν Α Γ άπεΒείξαμεν τοιούτων οΰσαν α λδ Τε, οΐων έστιν ή Βιάμετρος "ρκ· ή άρα ΑΒ ευθεία μείζων έστιν των αυτών α. β ν' τούτων γάρ ήμι- · όλιά έστιν τα προκείμενα α λδ Τε. ώστε, έπει τών αυτών έΒείχθη και μείζων καί έλάσσων ή την μίαν μοίραν υποτείνουσα ευθεία, καί ταύτην Βηλον-ότι έξομεν τοιούτων α β ν έγγιστα, οΐων έστιν ή Βιάμετρος "ρκ, και διά τα προΒεΒειγμένα και την ύπο το ήμιμοίριον, ήτις εύρίσκεται τών αυτών
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<IP 2' 50" ; for this is approximately four-thirds of 0» 47' 8".
Again, with the same diagram, let the chord AB
be supposed to subtend an angle of 1°, and ΑΓ an angle of 1|°. By the same reasoning, since	arc ΑΓ. arc AB,
ΓΑ : BA <f.
But we have proved ΑΓ to be lp 34,' 15" (the diameter being 120p) ; therefore the chord AB> 1? 2' 50* ; for iv 34/ 15" is one-and-a-half times this number. Therefore, since the chord subtending an angle of 1° has been shown to be both greater and less than [approximately] the same [length], manifestly we shall find it to have approximately this identical value 1» 2' 50" (the diameter being 120p), and by what has been proved before we shall obtain the chord subtending £°, which is found to be approximately
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O	Λα ice έγγιστα, καί συναναπληρωθήσεται τα λοιπά, ως εφαμεν, διαστήματα εκ μεν της προς την μίαν ημισυ μοίραν λόγου ενεκεν ως όπι του πρώτου διαστήματος συνθεσεως τοΰ ήμιμοιρίου δεικνυμενης της υπό τάς β μοίρας, εκ δε τής υπεροχής τής προς τ ας γ μοίρας καί τής υπό τας β ZJ διδόμενης· ωσαύτως 8e και επι των λοιπών.
(ix.) The Table
Ibid. 46. 21-63. 46
‘Η μεν ονν πραγματεία των εν τω κύκλω ευθειών ούτως αν οΐμαι βάστα μεταχειρισθείη. ΐνα δε, ως εφην, εφ* εκάστης τών χρειών εξ ετοίμου τας πηλικότητας εχωμεν τών ευθειών εκκειμενας, κανόνια ύποτάξομεν άνά στίχους με διά το σύμμετρον, ών τα μεν πρώτα μόρη περιεξε ι τ ας ττηλι-κότητας τών περιφερειών καθ’ ήμιμοίριον παρηνξη-μενας, τα δε δεύτερα τας τών παρακείμενων ταΐς περιφερείαις ευθειών πηλικότητας ώς τής διάμετρον τών ρκ τμημάτων υποκείμενης, τα δε τρίτα τό λ' μέρος τής καθ' έκαστον ήμιμοίριον τών ευθειών 7ταραυξήσεως, ΐνα εχοντες καί την τοΰ ενός εξηκοστού μεσην επιβολήν αδιαφορούσαν προς αΐσθη-σιν τής ακριβούς και τών μεταξύ τον ήμίσους μερών εξ ετοίμου τας επιβαλλουσας πηλικότητας επιλογίζεσθαι δυνώμεθα.	ευ κατανοητόν δ’, ότι
διά τών αυτών καί προκειμενων θεωρημάτων, καν εν δισταγμώ γενώμεθα γραφικής αμαρτίας περί τινα τών εν τω κανονίω παρακείμενων ευθειών, ρη,δίαν ποιησόμεθα την τε εξετασιν καί την 442
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0p 31' 25'. The remaining intervals may be completed, as we said, by means of the chord subtending 1|°—in the case of the first interval, for example, by adding we obtain the chord subtending 2°, and from the difference between this and 3° we obtain the chord subtending 2|°, and so on for the remainder.
(ix.) The Table Ibid. 46. 21-63. 46
The theory of the chords in the circle may thus, I think, be very easily grasped. In order that, as I said, we may have the lengths of all the chords in common use immediately available, we shall draw up tables arranged in forty-five symmetrical rows.® The first section will contain the magnitudes of the arcs increasing by half degrees, the second will contain the lengths of the chords subtending the arcs measured in parts of which the diameter contains 120, and the third will give the thirtieth part of the increase in the chords for each half degree, in order that for every sixtieth part of a degree we may have a mean approximation differing imperceptibly from the true figure and so be able readily to calculate the lengths corresponding to the fractions between the half degrees. It should be well noted that, by these same theorems now before us, if we should suspect an error in the computation of any of the chords in the table,6 we can easily make a test and
• As there are 360 half degrees in the table, the statement appears to mean that the table occupied eight pages each of 45 rows ; so Manitius, Des Claudius Ptolemaus Handbuch der Astronomic, ler Bd., p. 35 η. o.
b Such an error might be accumulated by using the approximations for 1° and ; but, in fact, the sines in the table are generally correct to five places of decimals.
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έπανόρθωσιν ήτοι από τής νπό την διπλάσιο να τής έπιζητονμένης ή τής προς αλλας τινας των δεδομένων υπεροχής ή της την λειπονσαν εις το ημικύκλιον περιφέρειαν ύποτεινούσης ευθείας, και ἐστιν ή του κανόνιον καταγραφή τοιαύτη ·
ια'. Κανόνιον των εν κύκλω ευθειών
περιφερειών	ευθειών			εξηκοστών			
L·'	O	λα	κε	O	α	β	ν
α	α	β	ν	O	α	β	ν
α Lf	α	λδ	ιε	ο	α	β	ν
β	β	€	μ	ο	α	β	ν
βΑ'	β	λζ	δ	ο	α	β	μν
Υ	Υ	ν	κη	ο	α	β	μν
γ L'	Υ	λθ	νβ	ο	α	β	μη
δ	δ	ια	ιΓ	ο	α	β	μζ
δ 1/	δ	μβ	μ	ο	α	β	μζ
ί * Ι	ί Ι	ο Ι	ο Ι	O Ι	O Ι	Ι ·* Ι	κα
ρος-ρος- l?	ριθ ριθ	VC νΓ	>3	ο ο	ο ο	β α	Ιζ
ροζ	ριθ	νζ	ν	ο	ο	α	λ
ροζ L.'	ριθ	νη	ί	ο	ο	α	ιδ
ροη ροη L	ριθ ριθ	2	VC κδ	ο ο	ο ο	ο ο	νζ μα
ροθ	ριθ	νθ	μδ	ο	ο	ο	
ροθ L*	ριθ	νθ	νΓ	ο	ο	ο	θ
ρπ	ρκ	ο	ο	ο	ο	ο	O
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apply a correction, either from the chord subtending double of the arc which is under investigation, or from the difference with respect to any others of the given magnitudes, or from the chord subtending the remainder of the semicircular arc. And this is the diagram of the table :
11. Table of the Chords in a Circle
Arcs	Chords			Sixtieths			
F	0”	31'	25"	0p		2"	50'"
1	1	2	50	0	1	2	50
n	1	34	15	0	1	2	50
2	2	5	40	0	1	2	50
n	2	37	4	0	1	2	48
3	3	8	28	0	I	2	48
Si	3	39	52	0	1	2	48
4	4	11	16	0	1	2	47
4*	4	42	40	0	I	2	47
60 |	60 |	ο 1	o 1	o 1	0 154 |		21
176	119	55	38	0	0	2	3
176*	119	56	39	0	0	1	47
177	119	57	32	0	0	1	30
mi	119	58	13	0	0	1	17
178	119	58	55	0	0	0	57
178£	119	59	24	0	0 1	0	41
179	119	59	44 1	0	0	0	25
179£	119	59	56 ι	0	0 1	0	9
180	120	0	0 1	0	0	0	0
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(e) Menelaus’s Theorem (i.) Lemmas Ibid. 68. 14-74. 8
ι γ*. Π ρολαμβανόμενα els τάς σφαιρικός δείξεις
*Ακολούθου S’ οντος άποδεΐξαι καί τας κατα μέρος γινομενας πηλικότητας των απολαμβανόμενων περιφερειών μεταξύ τοΰ τε Ισημερινού και τον διά μέσων των Ζωδίων κύκλου των γραφόμενων μεγίστων κύκλων δια των τοΰ ισημερινού πόλων προεκθησόμεθα λημμάτια βραχέα καί εύχρηστα, δι* ών τάς πλείστας σχεδόν δείξεις των σφαιρικώς θεωρούμενων, ως ενι μάλιστα, άπλού-στερον και μεθοδικώτερον ποιησόμεθα.
Εις δάο δη ευθείας τάς ΑΒ και ΑΓ διαχθεΐσαι
δύο εύθειαι η τε BE και ή ΓΔ τεμνετωσαν άλλήλας 446
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(<?) Menelaus’s Theorem (i.) Lemmas Ibid. 68. 14-74.8
18. Preliminary matter for the spherical proofs
The next subject for investigation being to show the lengths of the arcs, intercepted between the celestial equator and the zodiac circle, of great circles drawn through the poles of the equator, we shall set out some brief and serviceable little lemmas, by means of which we shall be able to prove more simply and more systematically most of the questions investigated spherically.
Let two straight lines BE and ΓΔ be drawn so as
to meet the straight lines AB and ΑΓ and to cut one
447
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κατά το Ζ σημεΐον. λέγω, δτι 6 της ΓΑ ττ ρος ΑΕ λόγος συνήπται εκ τε του της ΓΔ προς ΔΖ και του της ΖΒ προς BE.
"Βγθω γάρ διά τοΰ E τη ΓΔ παράλληλος η ΕΗ. όπει παράλληλοί είσιν αι ΓΔ και ΕΗ, 6 της ΓΑ προς E Α Aoyoj 6 αυτός εστιν τω της ΓΔ προς ΕΗ. εζωθεν Be η ΖΔ· ό άρα της ΓΔ προς ΕΗ Aoyo? συγκείμενος εσται εκ τε τοΰ της ΓΔ προς Δ Ζ και τοΰ της ΔΖ προς ΗΕ· ώστε και ο της ΓΑ προς ΑΕ λόγος συγκειται εκ τε τοΰ της ΓΔ προς ΔΖ και τοΰ της ΔΖ προς HE. eariy Βε και ό της ΔΖ προς HE λόγος 6 αυτός τω της ΖΒ προς ΒΕ διά τό παραλλήλους πάλιν είναι τάς E H και ΖΔ· ό άρα τής ΓΑ προς ΑΕ λόγος συγκειται εκ τε τοΰ τής ΓΔ προς ΔΖ και του τής ΖΒ προς ΒΕ· οπερ προεκειτο Βεΐξαι.
Κατά τα αυτά Βε Βειχθήσεται, δτι καί κατά Βιαίρεσιν ό τής ΓΕ προς ΕΑ λόγος συνηπται εκ τε τοΰ τής ΓΖ προς ΔΖ καί τοΰ τής ΔΒ προς ΒΑ, διά τοΰ Α τη ΕΒ παραλλήλου άχθείσης και •
• Lit. “ the ratio of ΓΛ to ΛΕ is compounded of the ratio of ΓΔ to ΔΖ and ZB to BE.”
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another at the point Ζ. I say that
Γ A : AE = (ΓΔ : ΔΖ)(ΖΒ : BE)®
For through E let EH be drawn parallel to ΓΔ. Since ΓΔ and EH are parallel,
Γ A : EA = ΓΔ : EH.	[Eucl. vi. 4
But Ζ Δ is an external [straight line] ;
ΓΔ : EH = (ΓΔ : ΔΖ)(ΔΖ : HE);
Γ A : AE = (ΓΔ : ΔΖ)(ΔΖ : HE).
But	ΔΖ : HE = ZB : BE,	[Eucl. vi. 4
by reason of the fact that EH and ΖΔ are parallels ;
ΓΑ : AE = (ΓΔ : ΔΖ)(ΖΒ : BE) ;	. (1)
which was set to be proved.
With the same premises, it will be shown by transformation of ratios that
ΓΕ : EA = (ΓΖ : ΔΖ)(ΔΒ : BA),
449
a parallel to EB being drawn through A and ΓΔΗ
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προσεκβληθείαης επ' αυτήν τῆς ΓΔΗ. επεϊ γαρ πάλιν παράλληλός εστιν η AH τη ΕΖ, εστιν, ως η ΓΕ προς ΕΑ, η ΓΖ πρός ΖΗ. ἀΛΛα της ΖΔ εξωθεν λαμβανομόνης ό της ΓΖ προς Ζ H λόγος σύγκειται εκ τε του της ΓΖ προς Ζ Δ και του της ΔΖ προς ΖΗ· coni' Se 6 της ΔΖ 7τρός Ζ H λόγος ό αντος τω της ΔΒ προς ΒΑ δια το εις παραλλήλους τάς ΑΗ και ΖΒ διηχθαι τάς ΒΑ και ΖΗ· ό άρα της ΓΖ προς Ζ H λόγος σννηπται εκ τε του της ΓΖ προς ΔΖ και του τῆς ΔΒ προς ΒΑ. αλλά τω της ΓΖ προς Ζ H λόγω ο αυτός εστιν ο της ΓΕ προς ΕΑ· και ό της ΓΕ άρα προς ΕΑ λόγος σύγκειται εκ τε του της ΓΖ προς ΔΖ και του της ΔΒ προς ΒΑ* δπερ εδει δεΐζαι.
Πάλιν έστω κύκλος 6 ΑΒΓ, ου κέντρον το Δ,
καί είληφθω επί τάς περιφέρειας αύτοΰ τυχόντα 450
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being produced to it. For, again, since AH is parallel to EZ,
ΓΕ : EA = ΓΖ : ZH.	[Eucl. vi. 2
But, an external straight line ΖΑ having been taken, ΓΖ : ZH = (ΓΖ : ΖΔ)(ΔΖ : ZH) ; and	ΔΖ : ΖΗ = ΔΒ : BA,
by reason of BA and ZH being drawn to meet the parallels AH and ZB ;
ΓΖ : ZH = (ΓΖ : ΔΖ)(ΔΒ : BA).
But	ΓΖ : ZH = ΓΕ : EA ;	[supra
and .·.	ΓΕ : EA = (ΓΖ : ΔΖ)(ΔΒ : BA) ;	. (2)
which was to be proved.
Again, let ΑΒΓ be a circle with centre Δ, and let
there be taken on its circumference any three points
451
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τρία σημεία τα Α, Β, Γ, ώστε εκατεραν των ΑΒ, Β Γ περιφερειών ελασσόνα είναι ημικυκλίου· και επι των εξής δε λαμβανομενών περιφερειών τ6 δμοιον ύπακουεσθω· και επεζεύχθωσαν αι ΑΓ και ΔΕΒ. λέγω, δτι εστιν, ως ἡ υπ δ την διπλήν τής ΑΒ περιφέρειας προς την υπό την διπλήν τής Β Γ, ούτως ή ΑΕ ευθεία προς την E Γ ευθείαν.
"ΙΙχθωσαν γάρ κάθετοι από τών Α και Γ σημείων επι την ΔΒ ή τε ΑΖ καί ή ΓΗ. επει παράλληλός εστιν ή ΑΖ τή ΓΗ, και διήκται εις αύτάς ευθεία ή ΑΕΓ, εστιν, ως ή ΑΖ προς την ΓΗ, ούτως ή ΑΕ προς ΕΓ. ἀλλ* 6 αυτός εστιν λόγος 6 τής ΑΖ προς ΓΗ και τής υπό την διπλήν τής ΑΒ περιφέρειας προς την υπό την διπλήν τής ΒΓ* ἡμίσεια γαρ εκατερα εκατερας· καί 6 τής ΑΕ άρα προς E Γ λόγος ό αυτός εστιν τω τής υπό την διπλήν τής ΑΒ προς την υπό την διπλήν τής ΒΓ· οπερ εδει δεΐξαι.
ΪΙαρακολουθεΐ δ’ αύτόθεν, ότι, καν δοθώσιν η τε ΑΓ δλη περιφέρεια καί ό λόγος ό τής υπό την διπλήν τής ΑΒ προς την υπό την διπλήν τής Β Γ, δοθήσεται καί εκατερα τών ΑΒ και Β Γ περιφερειών. εκτεθείσης γά.ρ τής αυτής καταγραφής επεζευχθω ή ΑΔ, και ήχθω από του Δ κάθετος επι την ΑΕΓ ή ΔΖ. δτι μεν οΰν τής ΑΓ περί-4,52
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Α, Β, Γ, in such a manner that each of the arcs AB, ΒΓ is less than a semicircle ; and upon the arcs taken in succession let there be a similar relationship ; and let ΑΓ be joined and ΔΕΒ. I say that the chord subtended by double of the arc AB : the chord subtended by double of the arc ΒΓ [i.e., sin AB : sin ΒΓ β] = AE : ΕΓ.
For let perpendiculars AZ and ΓΗ be drawn from the points A and Γ to ΔΒ. Since AZ is parallel to ΓΗ, and the straight line ΑΕΓ has been drawn to meet them,
AZ : ΓΗ = AE : ΕΓ. [Eucl. vi. 4 But AZ : ΓΗ = the chord subtended by double of the arc AB :
the chord subtended by double of the arc ΒΓ,
for each term is half of the corresponding term ; and therefore
AE:Er = the chord subtended by double of the arc AB :
the chord subtended by double of the arc ΒΓ. .	.	. (3)
[ = sin AB : sin ΒΓ], which was to be proved.
It follows immediately that, if the whole arc ΑΓ be given, and the ratio of the chord subtended by double of the arc AB to the chord subtended by double of the arc ΒΓ [i.e. sin Α Β : sin ΒΓ], each of the arcs AB and ΒΓ will also be given. For let the same diagram be set out, and let ΑΔ be joined, and from Δ let ΔΖ be drawn perpendicular to ΑΕΓ. If the arc • ν. supra, p. 420 η. a.
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φερείας Βοθείσης η τε υπό ΑΔΖ γωνία την ήμί-σειαν αυτής υποτείνουσα δεδομένη εσται καί ολον το ΑΔΖ τρίγωνον, δήλον επει δε της ΑΓ
ευθείας όλης δεδομένης ύπόκειται και 6 της ΑΕ προς E Γ Λόγος ό αυτός ών τω της υπό την διπλήν της ΑΒ 7τ ρος την υπό την διπλήν της Β Γ, ή τε ΑΕ εσται δοθεΐσα και λοιπή ή ΖΕ. και δια τούτο και τής ΔΖ δεδομένης δοθήσεται και ή τε υπό ΕΔΖ γωνία του ΕΔΖ ορθογωνίου και όλη ή υπό ΑΔΒ· ώστε και ή τε ΑΒ περιφέρεια δοθήσεται και λοιπή ή ΒΓ* διτε ρ εδει δεΐξαι.
Πάλιν έστω κύκλος ό ΑΒΓ περί κέντρον τό Δ, καί επι τής περιφέρειας αύτοΰ ειλήφθω τρία σημεία τα Α, Β, Γ, ώστε εκατεραν των ΑΒ, ΑΓ περιφερειών ελασσόνα είναι ημικυκλίου· και επι 454
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ΑΓ is given, it is then clear that the angle ΑΔΖ, subtending half the same arc, will also be given and therefore the whole triangle ΑΔΖ ; and since the whole chord ΑΓ is given, and by hypothesis AE:Er = the chord subtended by double of the arc AB :
the chord subtended by double of the arc ΒΓ,
[i.e. = sin AB : sin ΒΓ],
therefore AE will be given [Eucl. Dat. 7], and the remainder ZE. And for this reason, ΔΖ also being given, the angle ΕΔΖ will be given in the right-angled triangle ΕΔΖ, and [therefore] the whole angle ΑΔΒ ; therefore the arc AB will be given and also the remainder ΒΓ ; which was to be proved.
Again, let ΑΒΓ be a circle about centre A, and let
three points Α, Β, Γ be taken on its circumference so that each of the arcs AB, ΑΓ is less than a semicircle ;
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των εξής δε λαμβανομένων περιφερειών τ6 ὅμοιον ύπακουέσθω' καί έπιζευχθείσαι ή τε ΔΑ καί ^ ΓΒ έκβεβλήσθωσαν καί συμπιπτέτωσαν κατά το E σημεΐον. λέγω, δτι ἐστίν, ως ἡ υπό την διπλήν τής Γ Α περιφέρειας προς την υπό την διπλήν τής ΑΒ, οὅτως ή ΓΕ ευθεία προς την BE.
*Ομοίως γάρ τω προτέρω λημματίω, εάν από των Β και Γ άγάγωμεν κάθετους επί την ΔΑ την τε ΒΖ και την ΓΗ, εσται διά το παραλλήλους αΰτάς είναι, ως ή ΓΗ προς την ΒΖ, ούτως η ΓΕ προς την ΕΒ· ώστε καί, ως ή υπό την διπλήν τής Γ Α π ρος την υπό την διπλήν τής ΑΒ, ούτως ή ΓΕ προς την ΕΒ· δπερ εδει δεΐξαι.
Και ενταύθα δε αύτόθεν παρακολουθεί, διότι, καν ή ΓΒ περιφέρεια μόνη δοθή, καί ό λόγος 6 τής υπό την διπλήν τής ΓΑ προς την υπό την διπλήν τής ΑΒ δοθή, καί ή ΑΒ περιφέρεια δοθή-σεται. πάλιν γάρ επί τής όμοιας καταγραφής έπιζευχθείσης τής ΔΒ καί καθέτου άχθείσης επί
την Β Γ τής ΔΖ ή μεν ύπό ΒΔΖ γωνία την ήμί-σειαν υποτείνουσα τής Β Γ περιφέρειας εσται 456
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and upon the arcs taken in succession let there be a similar relationship; and let ΔΑ be joined and let ΓΒ be produced so as to meet it at the point Έ. I say that
the chord subtended by double of the arc ΓΑ : the chord subtended by double of the arc Α Β [i.e., sin ΓΑ : sin ΑΒ] = ΓΕ : BE.
For, as in the previous lemma, if from Β and Γ we draw BZ and ΓΗ perpendicular to ΔΑ, then, by reason of the fact that they are parallel,
ΓΗ : ΒΖ = ΓΕ : EB.	[Eucl. vi. 4
.·. the chord subtended by double of the arc ΓΑ : the chord subtended by double of the arc AB [i.e., sin ΓΑ : sin ΑΒ] = ΓΕ : EB ; .	.	. (4)
which was to be proved.
And thence it immediately follows why, if the arc ΓΒ alone be given, and the ratio of the chord subtended by double of the arc ΓΑ to the chord subtended by double of the arc AB [i.e., sin ΓΑ : sin AB], the arc AB will also be given. For again, in a similar diagram let ΔΒ be joined and let ΔΖ be drawn perpendicular to ΒΓ ; then the angle ΒΔΖ subtended by half the arc ΒΓ will be given; and therefore the
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δεδομένη · καί ολον άρα τό ΒΔΖ ορθογώνιον. hτεί δε και δ τε της ΓΕ προς την ΕΒ λόγος δέδοται καί έτι η ΓΒ ευθεία, δοθησεται καί η τε ΕΒ και έτι δλη η ΕΒΖ· ώστε καί, επεί η ΔΖ δέδοται, δοθησεται καί η τ€ υπό ΕΔΖ γωνία του αύτοΰ ορθογωνίου καί λοιπή ή υπό ΕΔΒ. ώστε καί η ΑΒ περιφέρεια εσται δεδομένη.
(ii.) The Theorem Ibid. 74. 9-76. 9
Τουτων προληφθέντων γεγράφθωσαν επί σφαιρικής επιφάνειας μεγίστων κύκλων περιφέρειαι, ώστε εις δύο τας ΑΒ καί ΑΓ δύο γραφείσας τάς BE καί ΓΔ τέμνειν άλληλας κατά το Ζ σημεΐον έστω δε έκαστη αυτών έλάσσων ημικυκλίου· το δε αυτό καί επί πασών τών καταγραφών ύπ-ακουέσθω.
Αέγω δη, δτι 6 της υπό την διπλήν της ΓΕ περιφερείας προς την υπό την διπλήν της ΕΑ Λόγος συνηπται εκ τε του της υπό την διπλήν της ΓΖ προς την υπό την διπλήν της ΖΔ καί του της υπό την διπλήν της ΔΒ προς την υπό την διπλήν της ΒΑ.
Είλήφθω γάρ τό κέντρον της σφαίρας καί έστω τό H, καί ηχθωσαν από του H επί τα? Β, Ζ, E τομας τών κύκλων η τε H Β καί η H Ζ καί ἡ HE, καί έπιζευχθεΐσα η ΑΔ έκβεβλήσθω καί συμπι-πτέτω τη ΗΒ έκβληθείση καί αυτή κατά τό Θ σημεΐον, ομοίως δέ επιζευχθεΐσαι αι Δ Γ και ΑΓ τεμνέτωσαν τάς H Ζ και HE κατά το Κ και Α 458
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whole of the right-angled triangle ΒΔΖ. But since the ratio ΓΕ : EB is given and also the chord ΓΒ, therefore EB will also be given and, further, the whole [straight line] EBZ ; therefore, since ΔΖ is given, the angle ΕΔΖ in the same right-angled triangle will be given, and the remainder ΕΔΒ. Therefore the arc AB will be given.
(ii.) The Theorem Ibid. 74. 9-76. 9
These things having first been grasped, let there be described on the surface of a sphere arcs of great circles such that the two arcs BE and ΓΔ will meet the two arcs AB and ΑΓ and will cut one another at the point Ζ ; let each of them be less than a semicircle ; and let this hold for all the diagrams.
Now I say that the ratio of the chord subtended by double of the arc ΓΕ to the chord subtended by double of the arc EA is compounded of (a) the ratio of the chord subtended by double of the arc ΓΖ to the chord subtended by double of the arc ΖΔ, and
(b)	the ratio of the chord subtended by double of the arc ΔΒ to the chord subtended by double of the arc BA,
Γ. sinrE_sinrZ sin ΔΒΊ [* e*’ sin EA “sin ΖΔ sin BA] ’
For let the centre of the sphere be taken, and let it be H, and from H let HB and HZ and HE be drawn to Β, Ζ, E, the points of intersection of the circles, and let ΑΔ be joined and produced, and let it meet HB produced at the point θ, and similarly let ΔΓ and ΑΓ be joined and cut HZ and HE at Κ and the point
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σημεΐον επί μιας δἡ γίνεται ευθείας τα Θ, Κ, Α σημεία διά τό εν δυσίν άμα είναι επιπεδοις τω τε του ΑΓΔ τρίγωνον καί τω τοΰ ΒΖΕ κύκλον, ητις
επιζευχθεΐσα ποιεί εις δυο ευθείας τας ΘΑ και ΓΑ διηγμε'νας τας ΘΑ καί ΓΔ τεμνονσας αλληλας κατά το Κ σημείο ν 6 άρα της Γ Α προς ΛΑ λόγος συνήττται εκ τε του της ΓΚ προς^ ΚΔ και τοΰ της ΔΘ προς ΘΑ. ἀλλ’ ως μ±ν η ΓΛ προς Α Α, ούτως η ύπδ την διπλήν της ΓΕ προς την ύπο την διπλήν τής ΕΑ περιφέρειας, ως δε V ΓΚ προς ΚΔ, ούτως ή ύπο την διπλήν της Τ Δ· περιφέρειας προς την ύπο την διπλήν της ΖΔ, ως οε η ΘΔ 4-G0
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Λ; then the points θ, K, Λ will lie on one straight line because they lie simultaneously in two planes, that of the triangle ΑΓΔ and that of the circle BZE, and therefore we have straight lines ΘΛ and ΓΔ meeting the two straight lines ΘΑ and ΓΑ and cutting one another at the point Κ ; therefore
ΓΛ : ΛΑ = (ΓΚ : ΚΔ)(ΔΘ : ΘΑ).	[by (2)
But rA:AA = the chord subtended by double of the arc ΓΕ :
the chord subtended by double of the arc EA
[i.e., sin ΓΕ : sin EA],
while TK:KA = the chord subtended by double of the arc ΓΖ :
the chord subtended by double of the arc ΖΔ	[by (3)
[i.e., sin ΓΖ : sin ΖΔ],
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GREEK MATHEMATICS προς ΘΑ, ούτως ή υπό τήν διπλήν τής ΔΒ περιφέρειας προς την ύπο την διπλήν τής ΒΑ· και 6 λόγος άρα 6 τής υπό την διπλήν τής ΓΕ προς την ύπο την διπλήν τής ΕΑ συνήπται εκ τε του τής ύπο την διπλήν τής ΓΖ προς την ύπο την διπλήν τής ΖΔ και τον τής ύπο την διπλήν τής ΔΒ προς την ύπο την διπλήν τής ΒΑ.
Κατά τα αυτά δη και ώσπερ επί τής επίπεδου καταγραφής των ευθειών δείκνυται, ότι καί 6 τής ύπο την διπλήν τής ΓΑ προς την ύπο τήν διπλήν τής ΕΑ λόγος συνήπται εκ τε του τής ύπο την διπλήν τής ΓΔ προς τήν ύπο τήν διπλήν τής ΔΖ καί τον τής ύπο τήν διπλήν τής ΖΒ προς τήν ύπο τήν διπλήν τής ΒΕ· άπερ προεκειτο δεΐζαι.
» From the Arabic version, it is known that “ Menelaus’s Theorem ” was the first proposition in Book iii. of his Sphaerica, and several interesting deductions follow.
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end ΘΔ : ΘΑ = the chord subtended by double of the arc ΔΒ :
the chord subtended by double of the arc BA	[by (4)
[i.e., sin ΔΒ : sin BA],
and therefore the ratio of the chord subtended b} double of the arc ΓΕ to the chord subtended by double of the arc EA is compounded of (a) the ratio of the chord subtended by double of the arc ΓΖ to the chord subtended by double of the arc ΖΔ, and (b) the ratio of the chord subtended by double of the arc ΔΒ to the chord subtended by double of the arc BA,
Γ. sin ΓΕ sin ΓΖ sin ΔΒΊ sin EA “ sin ΖΔ sin BAJ
Now with the same premises, and as in the case of the straight lines in the plane diagram [by (1)], it is shown that the ratio of the chord subtended by double of the arc ΓΑ to the chord subtended by double of the arc EA is compounded of (a) the ratio of the chord subtended by double of the arc ΓΔ to the chord subtended by double of the arc ΔZ, and (b) the ratio of the chord subtended by double of the arc ZB to the chord subtended by double of the chord BE,
Γ. sin rA_sin ΓΔ sin ΖΒΊ ^
L ’’ sin EA sin ΔΖ ’ sin BEJ ’ which was set to be proved.®
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XXII. MENSURATION: HERON OF
ALEXANDRIA
(a)	Definitions
Heron, Deff., ed. Heiberg (Heron iv.) 14. 1-24
Και τα μεν προ της γεωμετρικής στοιχειώσεως τεχνολογούμενα υπογραφών σοι καί ύποτυπού-μενος, ως εχει μάλιστα συντόμως, Διονύσιε λαμπρότατε, την τε αρχήν και την δλην σύνταξιν ποιήσομαι κατά την τοΰ ΕόκΑείδου τον Στοιχειω-τοΰ τής εν γεωμετρία θεωρίας διδασκαλίαν· οΐμαι γάρ ούτως ον μόνον τάς εκείνον πραγματείας
° The problem of Heron’s date is one of the most disputed questions in the history of Greek mathematics. The only details certainly known are that he lived after Apollonius, whom he quotes, and before Pappus, who cites him, say between 150 b.c. and a.d. 250. Many scraps of evidence have been thrown into the dispute, including the passage here first cited ; for it is argued that the title λαμπρότατος corresponds to the Latin clarissimus, which was not in common use in the third century a.d. Both Heiberg (Heron, vol. v. p. ix) and Heath (II.O.M. ii. 306) place him, however, in the third century a.d., only a little earlier than Pappus.
The chief works of Heron are nenv definitively published in five volumes of the Teubner series. Perhaps the best known arc his Pneumatica and the Automata, in which he shows how to use the force of compressed air, water or steam ; they are of great interest in the history of physics, and have led some to describe Heron as “ the father of the turbine,” but 466
XXII. MENSURATION: HERON OF
ALEXANDRIA “
(a)	Definitions
Heron, Definitions, ed. Heiberg (Heron iv.) 14. 1-24
In setting out for you as briefly as possible, O most excellent Dionysius, a sketch of the technical terms premised in the elements of geometry, I shall take as my starting point, and shall base my whole arrangement upon, the teaching of Euclid, the writer of the elements of theoretical geometry ; for in this way I think I shall give you a good general understanding,
as they have no mathematical interest they cannot be noticed here. Heron also wrote a Belopoe'ica on the construction of engines of war, and a Mechanics, which has survived in Arabic and in a few fragments of the Greek.
In geometry, Heron’s elaborate collection of Definitions has survived, but his Commentary on Euclid's Elements is known only from extracts preserved by Proclus and an-Nairizi, the Arabic commentator. In mensuration there are extant the Metrica, Geometrica, Stereometrica, Geodaesia, Mensurae and Liber Geiponicus. The Metrica, discovered in a Constantinople ms. in 1896 by R. Schone and edited by his son H. Schone, seems to have preserved its original form more closely than the others, and will be relied on here in preference to them. Heron’s Dioptra, describing an instrument of the nature of a theodolite and its application to surveying, is also extant and will be cited here.
For a full list of Heron’s many works, v. Heath, H.G.M. ii. 308-310.
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ευσύνοπτους εσεσθαί σοι, άλλα και πλείστας άλλας των εις γεωμετρίαν άνηκόντων. άρζομαι τοίνυν από σημείου.
α'. Σημεΐον εστιν, ου μέρος ούθεν η πέρας άπιαστα τον η πέρας γραμμής, πεφυκε δε διάνοια μόνη ληπτόν είναι ώσανει άμερες τε καί άμεγεθες τυγχάνον. τοιοΰτον οδν αυτό φασιν είναι οΐον εν χρόνω το ενεστός καί οΐον μονάδα θεσιν εχονσαν. εστι1 μεν ουν τη ουσία ταύτόν τη μονάδι· αδιαίρετα γάρ άμφω καί άσώματα καί άμεριστα· τη 8e επιφάνεια καί τη σχίσει διαφέρει· η μεν γάρ μονάς άρχη αριθμού, το δε σημεΐον της γεωμετρουμενης ουσίας άρχη, άρχη δε κατά εκθεσιν, ούχ ως μέρος ον της γραμμής, ως του άριθμοΰ μέρος η μονας, προεπινοουμενον δε αυτής· κινηθεντος γάρ η μάλλον νοηθεντος εν ρύσει νοείται γραμμή, καί οϋτω σημεΐον αρχή εστι γραμμής, επιφάνεια δε στερεού σώματος.
Ibid. 60. 22-62. 9
ζ ζ'. Σιπεΐρα γίνεται, όταν κύκλος επί κύκλον το κέντρον εχων ορθός ών προς τό τού κύκλον επίπεδον περιενεχθείς εις το αυτό πάλιν άποκατα-σταθή· τό δε αυτό τούτο καί κρίκος καλείται, διεχής μεν ουν εστι σπείρα ή εχουσα διάλειμμα, συνεχής δε ή καθ’ εν σημεΐον σνμπίπτονσα, επαλ-λάττονσα δε, καθ’ ήν ό περιφερόμενος κύκλος 1 ἔστι Friedlein, ότι codd..
β The first definition is that of Euclid i. Def. 1, the third in effect that of Plato, who defined a point as άρχη γραμμής (Aristot. Metaph. 991 a 20) ; the second is reminiscent of Nicomachus, Arith. lntrod. ii. 7. 1, υ. vol. i. pp. 86-89.
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not only of Euclid’s works, but of many others pertaining to geometry. I shall begin, then, with the point.
1. A point is that which has no parts, or an extremity without extension, or the extremity of a line/1 and, being both without parts and without magnitude, it can be grasped by the understanding only. It is said to have the same character as the moment in time or the unit having position.6 It is the same as the unit in its fundamental nature, for they are both indivisible and incorporeal and without parts, but in relation to surface and position they differ ; for the unit is the beginning of number, while the point is the beginning of geometrical being—but a beginning by way of setting out only, not as a part of a line, in the way that the unit is a part of number—and is prior to geometrical being in conception ; for when a point moves, or rather is conceived in motion, a line is conceived, and in this way a point is the beginning of a line and a surface is the beginning of a solid body.
Ibid. 60. 22-62. 9
97. A spire is generated when a circle revolves and returns to its original position in such a manner that its centre traces a circle, the original circle remaining at right angles to the plane of this circle ; this same curve is also called a ring. A spire is open when there is a gap, continuous when it touches at one point, and self-crossing when the revolving circle cuts itself. *
* The Pythagorean definition of a point t v. Proclus, in Eucl. i., ed. Friedlein 95. 22. Proclus’s whole comment is worth reading, anil among modern writers there is a full discussion in Heath, The Thirteen Books of Euclid's Elements, vol. i. pp. 155-158.
VOL. II
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αντος αυτόν τεμνε ι. γίνονται δή και τουτων το μαι γραμμαί τινες ίδιάζουσαι.	οι δε τετράγωνοι
κρίκοι εκπρίσματά είσι κυλίνδρων· γίνονται δε και άλλα τινα ποικίλα πρίσματα εκ τε σφαιρών και εκ μικτών επιφανειών.
(b)	Measurement of Areas and Volumes (i.) Area of a Triangle Given the Sides Heron, Metr. i. 8, ed. H. Schone (Heron iii.) 18. 12-24. 21
*Έστι δε καθολική μέθοδος ώστε τριών πλευρών δοθεισών οίουδηποτοΰν τριγώνου τό εμβαδόν εύρεΐν χωρίς κάθετου· οΐον εστωσαν αι τοΰ τριγώνου πλευραι μονάδων ζ, ή, θ. σννθες τα ζ και τα ή και τα Θ- γίγνεται κδ. τούτων λαβε τό ημισυ· γίγνεται φ. άφελε τάς ζ μονάδας· λοιπαι έ. πάλιν άφελε από τών ϊβ τάς _ῆ_· λοιπαι 8. και ετι τάς 5· λοιπαι γ. ποίησαν τα ιβ επί τα έ· γίγνονται ξ. ταΰτα επι τον 8* γίγνονται σμ· ταΰτα επι τον γ· γίγνεται φκ· τούτων λαβε πλευράν και εσται τό εμβαδόν τοΰ τριγώνου, επει ούν αι φκ ρητήν την πλευράν ούκ εχουσι, ληφόμεθ α μετά διαφόρου ελάχιστου την πλευράν ούτως· επει 6 συνεγγίζων τω φκ τετράγωνός εστιν ό φκθ και πλευράν εχει τον κζ, μερισον τάς φκ εις _τόν κζ· γίγνεται κτ και τρίτα δύο· πρόσθες τάς κζ· γίγνεται νγ τρίτα δύο. τούτων τό ημισυ· γίγνεται κΐτ Α-γ'. εσται άρα τοΰ φ κ ή πλευρά έγγιστα τά κτ ώγ'. τα γάρ ~κζ~ ώγ' εφ’ εαυτά γίγνεται φ κ λθ’'* ώστε τό διάφοροί μονάδος εστί μόριον λεάν δε βουλώμεθα 470
MENSURATION: HERON OF ALEXANDRIA
Certain special curves are generated by sections of these spires. But the square rings are prismatic sections of cylinders ; various other kinds of prismatic sections are formed from spheres and mixed surfaces.®
(b)	Measurement of Areas and Volumes (i.) Area of a Triangle Given the Sides Heron, Metrica i. 8, eel. H. SchOne (Heron iii.) 18. 12-24. 21
There is a general method for finding, without drawing a perpendicular, the area of any triangle whose three sides are given. For example, let the sides of the triangle be 7, 8 and 9· Add together 7, 8 and 9 *, the result is 24-. Take half of this, which gives 12. Take away 7 ; the remainder is 5. Again, from 12 take away 8 ; the remainder is 4. And again 9 ; the remainder is 3. Multiply 12 by 5 ; the result is 60. Multiply this by 4 ; the result is 240. Multiply this by 3 ; the result is 720. Take the square root of this and it will be the area of the triangle. Since 720 has not a rational square root, we shall make a close approximation to the root in this manner. Since the square nearest to 720 is 729, having a root 27, divide 27 into 720 ; the result is 26|; add 27 ; the result is 53| . Take half of this ; the result is 26|+^( = 26f). Therefore the square root of 720 will be very nearly 26£. For 26| multiplied by itself gives 720^ ; so that the difference is If we wish to make the difference less than
• The passage should be read in conjunction with those from Prod us cited supra, pp. 360-365 ; note the slight difference in terminology—self-crossing for interlaced.
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εν ελάσσονι μορίω τοϋ Λγ' την διαφοράν γίγνεσθαι, αντί τοϋ φκθ τάξομεν τα νυν εύρεθεντα ψκ καί λ?"', καί ταύτά ποιήσαντες ευ ρήσομεν πολλώ ἐλάττονα (του)1 λθ’' την διαφοράν γιγνομενην.
'H δε γεωμετρική τούτου άπόδειξίς εστιν ήδε' τριγώνου δοθεισών των πλευρών εύρεϊν το εμβαδόν, δυνατόν μεν ουν εστιν άγαγόντα\ς^ μίαν κάθετον καί πορισάμενον αυτής το μεγεθος εύρεϊν τοϋ τριγώνου τό εμβαδόν, δε'ον δε έστω χωρίς τής κάθετου τό εμβαδόν πορίσασθαι.
’Έστω τό δοθεν τρίγωνον τό ΑΒΓ καί έστω εκάστη των ΑΒ, ΒΓ, ΓΑ δοθεΐσα· εύρεϊν τό εμβα-
1	του add. Heiberg.
* ὰγαγόντα[?] corr. H. SchOne,
α If a non-square number A is equal to a*±b. Heron’s method gives as a first approximation to
An equivalent formula is used by Rhabdas(v. vol. I, p. 30 n. 6) and by a fourteenth century Calabrian monk Barlaain, who wrote in Greek and who indicated that the process could be continued indefinitely. Several modern writers have used the formula to account for Archimedes’ approximations to \/3 (ν. vol. i. p. 322 η. a).
b Heron had previously shown how to do this.
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instead of 729 we shall take the number now found, 720^V, and by the same method we shall find an approximation differing by much less than γ’6 .α
The geometrical proof of this is as follows : In a triangle whose sides are given to find the area. Now it is possible to find the area of the triangle by drawing one perpendicular and calculating its magnitude,6 but let it be required to calculate the area without the perpendicular.
Let ΑΒΓ be the given triangle, and let each of
AB, ΒΓ, ΓΑ be given ; to find the area. Let the
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δάν. έγγεγράφθ ω εις τό τρίγωνον κύκλος ο ΔΕ Ζ, ου κέντρον έστω το H, καί έπεζεύχθωσαν al ΑΗ, ΒΗ, ΓΗ, ΔΗ, ΕΗ, ΖΗ. τό μεν άρα υπό ΒΓ, E H διπλάσιάν ἐστι τοΰ ΒΙΙΓ τριγώνου, τό δε υπό Γ Α, ΖΗ τοΰ ΑΓΗ τριγώνου, (τό δε υπό ΑΒ, ΔΗ τοΰ ΑΒΗ τριγώνου)1- τό άρα υπό της περιμέτρου τοΰ ΑΒΓ τριγώνου και της ΕΗ, τουτέστι της έκ τοΰ κέντρου τοΰ ΔΕΖ κύκλον, διπλάσιάν έστι τοΰ ΑΒΓ τριγώνου, εκβεβλησθω ή ΓΒ, καί τη ΑΔ ίση κείσθω ή ΒΘ- η άρα ΓΒΘ ήμίσειά έστι της περιμέτρου τοΰ ΑΒΓ τριγώνου διά τό ΐσην εΐναι την μεν ΑΔ τη ΑΖ, την δε ΔΒ τη BE, την δε ΖΓ τη ΓΕ. τό άρα υπό των ΓΘ, ΕΗ ίσον έστι τω ΑΒΓ τ ριγώνω, άλλα τό υπό των ΓΘ, E H πλευρά εστιν τοΰ άπό της ΓΘ επί τό α πο της ΕΗ* εσται άρα τοΰ ΑΒΓ τριγώνου τό εμβαδόν εφ* εαυτό γενάμενον ίσον τω άπό της Θ Γ επί τό άπό της ΕΗ. ηχθω τη μεν ΓΗ προς ορθάς η ΗΛ, τη δε ΓΒ η ΒΛ, καί επεζεύχθω η ΓΛ, επεί ουν ορθή εστιν έκατέρα των υπό ΓΗΛ, ΓΒΛ, έν κύκλω άρα εστί τό ΓΗΒΛ τετράπλευροι αι άρα υπό ΓΗΒ, ΓΛΒ δυσίν όρθαΐς είσιν ΐσαι. είσίν δέ καί αι υπό ΓΗΒ, ΑΗΔ δυσίν ορθαίς ΐσαι διά τό δίχα τετμησθαι τάς προς τω H .γωνίας ταΐς ΑΗ, ΒΗ, ΓΗ καί ϊσας εΐναι τάς υπό των ΓΗΒ, ΑΗΔ ταΐς υπό των ΑΗΓ, ΔΗΒ καί τάς πάσας τέτρασιν ορθαΐς ΐσας εΐναι· ίση άρα εστιν η υπό ΑΗΔ τη υπό ΓΛΒ. έστι δε καί ορθή η υπό ΑΔΗ άρθη τη υπό ΓΒΛ ίση* δμοιον άρα εστί τό ΑΗΔ τρίγωνον τω ΓΒΛ τριγώνω. ως άρα ή Β Γ προς
1 τό δἔ . . . τριγώνου·, these words, along with several 474.
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circle ΔΕΖ be inscribed in the triangle with centre H [Eucl. iv. 4], and let AH, BH, ΓΗ, ΔΗ, EH, ZH be joined. Then
ΒΓ . EH = 2 . triangle ΒΗΓ, [Eucl. i. 41
ΓΑ . ZH = 2 . triangle ΑΗΓ,	[ibid.
AB . ΔΗ = 2 . triangle ABH.	[ibid.
Therefore the rectangle contained by the perimeter of the triangle ΑΒΓ and EH, that is the radius of the circle ΔΕΖ, is double of the triangle ΑΒΓ. Let ΓΕ be produced and let ΒΘ be placed equal to ΑΔ ; then ΓΒΘ is half of the perimeter of the triangle ΑΒΓ because ΑΔ = ΑΖ, ΔΒ = ΒΕ, ΖΓ = ΓΕ [by Eucl. iii. 17]. Therefore
ΓΘ . EH = triangle ΑΒΓ.	[ibid.
But	ΓΘ . EH=yT02. EH2;
therefore (triangle ΑΒΓ)2 = ΘΓ2. EH2.
Let ΗΛ be drawn perpendicular to ΓΗ and ΒΛ perpendicular to ΓΒ, and let ΓΛ be joined. Then since each of the angles ΓΗΛ, ΓΒΛ is right, a circle can be described about the quadrilateral ΓΗΒΛ [by Eucl.
iii.	31]; therefore the angles ΓΗΒ, ΓΛΒ are together equal to two right angles [Eucl. iii. 22]. But the angles ΓΗΒ, ΑΗΔ are together equal to two right angles because the angles at H are bisected by AH, BH, ΓΗ and the angles ΓΗΒ, ΑΗΔ together with ΑΗΓ, ΔΗΒ are equal to four right angles ; therefore the angle ΑΙΙΔ is equal to the angle ΓΛΒ. But the right angle ΑΔΗ is equal to the right angle ΓΒΛ; therefore the triangle ΑΗΔ is similar to the triangle ΓΒΛ.
other obvious corrections not specified in this edition, were rightly added to the text by a fifteenth-century scribe.
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BA, ή Α Α προς ΔΗ, τουτεστιν ή Β Θ προς ΕΗ, και εναλλάξ, ως ή ΓΒ προς ΒΘ, ἡ ΒΛ προς ΕΗ, τουτεστιν ή ΒΚ προς ΚΕ διά το παράλληλον είναι την ΒΛ τη ΕΗ, και συνθεντι, ως η ΓΘ προς ΒΘ, ούτως η BE προς ΕΚ· ώστε και ως το απο τής ΓΘ προς το υπό των ΓΘ, ΘΒ, όντως το υπό ΒΕΓ προς τό υπό ΓΕΚ, τουτεστ ι προς τό από ΕΗ* εν όρθογωνίω γαρ από τής ορθής επι την βάσιν κάθετος ήκται ή ΕΗ· ώστε τό από τής ΓΘ επι τό από τής ΕΗ, ου πλευρό, ήν τό εμβαδόν τοΰ ΑΒΓ τριγώνου, ϊσον εσται τω υπό ΓΘΒ επι τό υπό ΓΕΒ. και εστι δοθεΐσα εκάστη των ΓΘ, ΘΒ, BE, ΓΕ' ή μεν γαρ ΓΘ ήμίσειά εστι τής περίμετρον τοΰ ΑΒΓ τριγώνου, ή δε ΒΘ η ύπερ-οχή, ή ύπερεχει η ήμίσεια τής περίμετρον τής ΓΒ, ή δε BE ή υπεροχή, ή ύπερεχει ή ήμίσεια τής περίμετρον τής ΑΓ, ή δε ΕΓ ή υπεροχή], ή ύπερεχει ή ήμίσεια τής περίμετρον τής ΑΒ, επειδήητε ρ ΐση εστιν ή μεν E Γ τη ΓΖ, ή δε ΒΘ τη KL, επεϊ και τη ΑΑ εστιν ΐση. δοθεν άρα και τό εμβαδόν τοΰ ΑΒΓ τριγώνου.
(ii.) Volume of α Spire
Ibid. ii. 13, ed. H. Sch5ne (Heron iii.) 126. 10-130. 3
"Εστω γάρ τις εν επιπεδω ευθεία ή ΑΒ καί δυο τυχόντα επ' αυτής σημεία, είλήφθω 6 ΒΓΔΕ (κύκλος)1 ορθός ών προς τό ύποκείμενον επίπεδον, εν ω εστιν ή ΑΒ ευθεία, και μενοντος τοΰ Α
1 κύκλος add. H. SchOne.
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Therefore	ΒΓ : ΒΛ = ΑΔ : ΔΗ
= ΒΘ : EH,
and permutando, ΓΒ : Βθ = ΒΛ : EH = BK : ΚΕ,
because ΒΛ is parallel to EH, and componendo Γθ : ΒΘ = BE : EK ; therefore Γθ2: Γθ . ΘΒ = BE . ΕΓ : ΓΕ . EK, i.e.	=BE . ΕΓ : EH2,
for in a right-angled triangle EH has been drawn from the right angle perpendicular to the base; therefore ΓΘ2 . EH2, whose square root is the area of the triangle ΑΒΓ, is equal to (Γθ . ΘΒ)(ΓΕ . EB). And each of Γθ, ΘΒ, BE, ΓΕ is given ; for ΓΘ is half of the perimeter of the triangle ΑΒΓ, while ΒΘ is the excess of half the perimeter over ΓΒ, BE is the excess of half the perimeter over ΑΓ, and ΕΓ is the excess of half the perimeter over AB, inasmuch as ΕΓ = ΓΖ, ΒΘ = ΑΔ = ΑΖ. Therefore the area of the triangle ΑΒΓ is given.®
(ii.) Volume of a Spire
Ibid. ii. 13, ed. H. Sch6ne (Heron iii.) 126. 10-130. 3 Let AB be any straight line in a plane and Α, Β any two points taken on it. Let the circle ΒΓΔΕ be taken perpendicular to the plane of the horizontal, in which lies the straight line AB, and, while the point
“If the sides of the triangle are a, b, c, and s = £(a + b + c), Heron’s formula may be stated in the familiar terms,
4,77
Heron also proves the formula in his Dioptra 30, but it is now known from Arabian sources to have been discovered by Archimedes.
area of triangle =
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σημείου περιφερεσθω κατά τό επίπεδον ἡ ΑΒ, άχρι ου εις τό αυτό άποκατασταθη σνμπεριφερο-μενου καί τοΰ ΒΓΔΕ κύκλον όρθοΰ διαμενοντος προς τό υποκείμενον επίπεδον, άπογεννησει άρα τινα επιφάνειαν η ΒΓΔΕ περιφέρεια, ην δη σπειρικην καλοΰσιν καν μη ἡ δε όλος ό κύκλος, άλλα τμήμα αντοΰ, πάλιν άπογεννησει τό τοΰ κύκλον τμήμα σπειρικης επιφάνειας τμήμα, καθάπερ είσι και αι ταΐς κίοσιν ύποκείμεναι σπειραι' τριών γάρ ούσών επιφανειών εν τω καλούμενα) άναγραφεΐ, ον δη τινες καί εμβόλια καλοΰσιν, δύο μεν κοίλων τών άκρων, μιας δε μέσης καί κυρτής, άμα περιφερόμεναι αι τρεις άπογεννώσι τό είδος της τοΐς κίοσιν υποκείμενης σπείρας.
Αεον ονν έστω την άπογεννηθεΐσαν σπείραν υπό τοΰ ΒΓΔΕ κύκλου μετρησαι. δεδόσθω η μεν ΑΒ μονάδων κ, η δε Β Ρ διάμετρος μονάδων ιβ.
είληφθω τό κέντρον τοΰ κύκλον τό Ζ, καί άπό τών Α, Ζ τω νποκειμενω επιπεδω προς ορθάς ηχθωσαν αι ΔΖΕ, ΗΑΘ. καί διά τών Δ, E τη ΑΒ παράλ-478
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A remains stationary, let AB revolve in the plane until it concludes its motion at the place where it started, the circle ΒΓΔΕ remaining throughout perpendicular to the plane of the horizontal. Then the circumference ΒΓΔΕ will generate a certain surface, which is called spiric ; and if the whole circle do not revolve, but only a segment of it, the segment of the circle will again generate a segment of a spiric surface, such as are the spirae on which columns rest ; for as there are three surfaces in the so-called anagrapheus, which some call also emboleus, two concave (the extremes) and one (the middle) convex, when the three are moved round simultaneously they generate the form of the spira on which columns rest.®
Let it then be required to measure the spire generated by the circle ΒΓΔΕ. Let Α Β be given as 20, and the diameter ΒΓ as 12. Let Ζ be the centre of the circle, and through b Α, Ζ let ΗΑΘ, ΔΖΕ be drawn perpendicular to the plane of the horizontal. And through Δ, E let ΔΗ, EO be drawn parallel to
“ The αναγραφΐΰς or ξωδολεσ'? is the pattern or templet for applying to an architectural feature, in this case an Attic-Ionic column-base. The Attic-Ionic base consists essentially of two convex mouldings, separated by a concave one. In practice, there are always narrow vertical ribbons between the convex mouldings and the concave one, but Heron ignores them. In the templet, there are naturally two concave surfaces separated by a convex, and the kind of figure Heron had in mind appears to be that here illustrated. I am indebted to Mr. D. S. Robertson, Regius Professor of Greek in the University of Cambridge, for nelp in elucidating this passage.	* Lit. “ from.”
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ληλοι, ηχθωσαν al ΔΗ, ΕΘ. δέδεικται δέ Aiow-σοδωρω εν τω Περί τῆς σπείρας επιγραφομένω, οτι ον λόγον έχει 6 ΒΓΔΕ κύκλος προς το ημισυ του ΔΕ H Θ παραλληλογράμμου, τούτον έχει και ή γεννηθεΐσα σπ€Ϊρα υπό του ΒΓΔΕ κύκλου προς τον κύλινδρον, ου άξων μιν ἐστιν 6 ΗΘ, η δε εκ τοΰ κέντρου της βάσ€ως η ΕΘ. επεί οΰν η ΒΓ μονάδων ιβ έστίν, η άρα Ζ Γ εσται μονάδων Γ. έστι he καί ή ΑΓ μονάδων η- εσται άρα η AL μονάδων ιδ, τουτέστιν ή ΕΘ, ητις ἐστιν εκ του κέντρου της βάσεως τοΰ eψημένου κυλίνδρου' δοθείς άρα έστίν ό κύκλος· άλλα καί 6 άξων δοθείς' ἐστιν γαρ μονάδων ιβ, έπεί καί η ΔΕ. ώστε δοθείς και 6 είρημένος κύλινδρος' καί έστι τό ΔΘ παραλληλόγραμμον (δοθέν')1· ώστε καί τό ημισυ αύτοΰ. άλλα καί 6 ΒΓΔΕ κύκλος- δοθείσα γάρ η ΓΒ διάμ€τρος. λόγος άρα τοΰ ΒΓΔΕ κύκλου προς τό ΔΘ παραλληλόγραμμον δοθείς- ώστε καί της σπείρας προς τον κύλινδρον λόγος έστι δοθείς, καί έστι δοθείς ό κύλινδρος· δοθέν άρα καί τό στερεόν της σπείρας.
Σιυντεθησεται δη ακολούθως τη αναλύσει ούτως, άφελε από των κ τα ιβ- λοιπά η. καί πρόσθες τα κ- γίγνεται κη' καί μέτρησον κύλινδρον, οΰ η μεν διάμετρος της βάσεώς έστι μονάδων κη, τό δέ ύφος ΐβ· καί γίγνετα ι τό στερεόν αύτοΰ ,ζτ^β. καί μέτρησον κύκλον, οΰ διάμετρός έστι μονάδων ιβ- γίγνεται τό εμβαδόν αύτοΰ, καθώς έμάθομεν, ρϊγ ζ'· καί λαβέ των κη τό ημισυ· γίγνεται ιδ. επί τό ημισυ των ιβ- γίγνεται πδ- καί πολλα-1 δοθέν add. II. SchQne.
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AB. Now it is proved by Dionysodorus α in the book which he wrote On the Spire that the circle ΒΓΔΕ bears to half of the parallelogram ΔΕΗ θ the same ratio as the spire generated by the circle 13ΓΔΕ bears to the cylinder having lit) for its axis and ΕΘ for the radius of its base. Now, since ΒΓ is 12, ΖΓ will be G. But ΑΓ is 8 ; therefore AZ will be 14, and likewise ΕΘ, which is the radius of the base of the aforesaid cylinder. Therefore the circle is given ; but the axis is also given ; for it is 12, since this is the length of ΔΕ. Therefore the aforesaid cylinder is also given ; and the parallelogram ΔΘ is given, so that its half is also given. But the circle ΒΓΔΕ is also given ; for the diameter ΓΒ is given. Therefore the ratio of the circle ΒΓΔΕ to the parallelogram is given ; and so the ratio of the spire to the cylinder is given. And the cylinder is given ; therefore the volume of the spire is also givenv
Following the analysis, the synthesis may thus be done. Take 12 from 20 ; the remainder is 8. And add 20 ; the result is 28. Let the measure be taken of the cylinder having for the diameter of its base 28 and for height 12 ; the resulting volume is 7392. Now let the area be found of a circle having a diameter 12 ; the resulting area, as we learnt, is 1131. Take the half of 28 ; the result is 14. Multiply it by the half of 12 ; the result is 84. Now multiply
e For Dionysodorus υ. supra, p. 162 η. α and p. 364 n. a.
If ΔΕ=ΗΘ=2r and ΕΘ=α, then the volume of the spire bears to the volume of the cylinder the ratio 2na . nr2 : 2r . na2 or nr : a, which, as Dionysodorus points out, is identical with the ratio of the circle to half the parallelogram, that is, nr* : ra οτ nr \a.
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πλασιάσας τα ^ζτζβ επί τα ρϊγ ζ'· καί τα γενόμενα παράβαλε παρά τον πδ- γίγνεται ^Ttysr	τ ο σ-
δ
οντου εσται το στερεόν της σπείρας,
(iii.) Division of α Circle Ibid. iii. 18, ed. H. SchOne (Heron iii.) 172. 13-174. 2
Τον δοθεντα κύκλον διελεΐν εις τρία ίσα δυσίν εύθείαις. το μεν ουν πρόβλημα ότι ου ρητόν εστι, δηλον, της εύχρηστίας δε ενεκεν διελοΰμεν αυτόν ώς έγγιστα ούτω. έστω 6 δοθείς κύκλος, ου κέντρον τό Α, καί ενηρμόσθώ εις αυτόν τρίγωνον ίοόπλευρον, οΰ πλευρά ἡ Β Γ, καί παράλληλος αύτη ηχθω η ΔΑΕ καί επεζεύχθωσαν αι ΒΔ, ΔΓ. λέγω, ότι τό ΔΒΓ τμήμα τρίτον έγγιστά εστι μέρος του όλου κύκλου, επεζεύχθωσαν γάρ αι Β Α, Α Γ. ο άρα ΑΒΓΖΒ τομεύς τρίτον εστι μέρος του όλου κύκλου, καί εστιν ίσον τό ΑΒΓ τρίγωνον τω ΒΓΔ τ ριγώνω- τό άρα ΒΔΓΖ σχήμα τρίτον μέρος ἐστι του όλου κύκλου, <ρ δη μεΐζον εστιν αύτοϋ τό ΔΒΓ τμήμα ανεπαίσθητου οντος ως προς τον όλον κύκλον. ομοίως δε και ετεραν 482
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7392 by 113^ and divide the product by 84 ; the result is 9956|. This will be the volume of the spire.
(Hi .) Division of a Circle Ibid. iii. 18, ed. H. SchOne (Heron iii.) 172. 13-174. 2
To divide a given circle into three equal parts by two straight lines. It is clear that this problem is not rational, and for practical convenience we shall make the division as closely as possible in this way. Let the given circle have A for its centre, and let there be inserted in it an equilateral triangle with side ΒΓ, and let ΔΑΕ be drawn parallel to it, and let ΒΔ, ΔΓ
be joined. I say that the segment ΔΒΓ is approximately a third part of the whole circle. For let BA, ΑΓ be joined. Then the sector ΑΒΓΖΒ is a third part of the whole circle. And the triangle ΑΒΓ is equal to the triangle ΒΓΔ [Eucl. i. 37] ; therefore the figure ΒΔΓΖ is a third part of the whole circle, and the excess of the segment ΔΒΓ over it is negligible in comparison with the whole circle. Similarly, if we
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πλενραν ισόπλευρόν τρίγωνον εγγράφαντες άφε-λοϋμεν ετερον τρίτον μέρος· ώστε καί το κατα-λειπόμενον τρίτον μέρος εσται [μέρος]1 τοΰ δλου κύκλον.
(iv.) Measurement of an Irregular Area
Heron, Diopt. 23, ed. H. Schone (Heron· iii.)
260. 18-264. 15
Τό δοθεν χωρίον μετρήσαι διά διόπτρας, έστω τό δοθεν χωρίον περιεχόμενον νπό γραμμής
άτάκτον της ΑΒΓΔΕΖΗΘ. επει ονν εμάθομεν δια τής κατασκενασθείσης διόπτρας διάγειν πάση τή δοθείστ) ευθεία (ετεραν}2 προς όρθάς, ελαβόν τι σημείο ν επι τής περιεχονσης τό χωρίον γραμμής 484)
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inscribe another side of the equilateral triangle, we may take away another third part ; and therefore the remainder will also be a third part of the whole circle.®
(iv.) Measurement of an Irregular Area
Heron, Dioptra b 23, ed. H. SchOne (Heron iii.)
260. 18-264. 15
To measure a given area by means of the dioptra. Let the given area be bounded by the irregular line ΑΒΓΔΕΖΗΘ. Since we learnt to draw, by setting the dioptra, a straight line perpendicular to any other straight line, I took any point Β on the line en-
e Euclid, in his book On Divisions of Figures which has partly survived in Arabic, solved a similar problem—to draw in a given circle two parallel chords cutting off a certain fraction of the circle ; Euclid actually takes the fraction as one-third. The general character of the third book of Heron’s Metrics is very similar to Euclid’s treatise.
It is in the course of this book (iii. 20) that Heron extracts the cube root of 100 by a method already noted (vol. i. pp. 60-63).
4 The dioptra was an instrument fulfilling the same purposes as the modern theodolite. An elaborate description of the instrument prefaces Heron’s treatise on the subject, and it was obviously a fine piece of craftsmanship, much superior to the “ parallactic ” instrument with which Ptolemy had to work—another piece of evidence against an early date for Heron.
gepos om. H. Schone. έτέραν add. H. Schone.
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τό Β, καί ήγαγον εύθεΐαν τυχοΰσαν διά τῆς διόπτρα? την ΒΗ, καί ταύτη προς όρθάς την ΒΓ, (/cat ταυτηΥ έτερον προς όρθάς την ΓΖ, καί ομοίως τη ΓΖ προς όρθάς την ΖΘ. καί έλαβον επί των άχθεισών ευθειών συνεχή σημεία, επί μεν της ΒΗ τα ν, Λ, Μ, Ν, Ξ, Ο επί δέ της ΒΓ τα Π, Ρ- έπί δέ τής ΓΖ τά Σ, Τ, Τ, Φ, Χ, Ψ, Ω· επί δέ της Ζ Θ τα Γ, ζ. καί από των ληφθέντων σημείων ταΐς ευθείαις, έφ’ ών εστϊ τά σημεία, προς όρθάς ηγαγον τάς ΙΟν, ΛΑ, Μ,Α, Ν,Β,
Ξ,Γ, ΟΑ Π,Ε, Σ, Ζ, Τ,H, Τ#Θ, ΦΔ,
ΧΜ, ΨΜ, ΩΕ, θ’Μ, ζΜ ούτως ώστε [τάς e’m]2 τα πέρατα των άχθεισών προς όρθάς [έπιζευγνυμένας]3 άπολαμβάνειν γραμμάς από της περιεχουσης το χωρίον γραμμής σύνεγγυς ευθείας· καί τούτων γενηθέντων έσται δυνατόν τό χωρίον μετρειν. τό
μεν γάρ ΒΓΖΜ παραλληλόγραμμον ορθογώνιόν εστιν έπειτα τάς πλευράς άλυσει η σχοινίω βέ~ βασανισμένα), τ ουτέστιν μητ εκτείνεσθα ι μήτε συστέλλεσθαι δυναμένω, μετρήσαντες έζομεν τό εμβαδόν του παραλληλογράμμου. τα δ’ εκτός τούτου τρίγωνα ορθογώνια καί τραπέζια ομοίως μετρησομεν, έχοντες τάς πλευράς αυτών· έσται γάρ τρίγωνα μεν ορθογώνια τα ΒΚ*·^, ΒΠ,Ε,
ΓΡν, ΓΣ,Ζ, ΖΩΕ, ΖγΜ, ΘΗΜ· τά δε λοιπά
τραπέζια ορθογώνια. τά μεν οΰν τρίγωνα μετ ρεΐται τών περί την ορθήν γωνίαν πολλαπλασια-ζομένων επ' άλληλα· καί του γενομένου τό ημισυ. τά δέ τραπέζια· συναμφοτέρων τών παραλλήλων τό ημισυ επί την επ* αύτάς κάθετον οΰσαν, οΐον 486
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closing the area, and by means of the dioptra drew any straight line BH, and drew ΒΓ perpendicular to it, and drew another straight line ΓΖ perpendicular to this last, and similarly drew ΖΘ perpendicular to ΓΖ. And on the straight lines so drawn I took a series of points—on BH taking Κ, Λ, Μ, N, &, 0, on ΒΓ taking Π, P, on ΓΖ taking Σ, Τ, Υ, Φ, X, ψ, Ω, and on ΖΘ taking r, ς. And from the ooints so taken on the straight lines designated tfy the letters, I drew the perpendiculars K^, ΛΑ, M,A, NyB, Β,Γ, 0 Δ, Π E, Ρ<Γ) Σ Z, TH,
Υβ, ΦΔ, XM, ΨΜ, ΩΕ, π’Ι, ζΛΙ in such a manner that the extremities of the perpendiculars cut off from the line enclosing the area approximately straight lines. When this is done it will be possible
to measure the area. For the parallelogram ΒΓΖΜ is right-angled ; so that if we measure the sides by a chain or measuring-rod, Avhich has been carefully tested so that it can neither expand nor contract, we shall obtain the area of the parallelogram. We may similarly measure the right-angled triangles and trapezia outside this by taking their sides ; tor BK"^,
ΒΠΕ, ΓΡγ, ΓΣΖ, ΖΩΕ, Ζτίΐ, ΘΗΜ are right-angled triangles, and the remaining figures are right-angled trapezia. The triangles are measured by multiplying together the sides about the right angle and taking half the product. As for the trapezia—take half of the sum of the two parallel sides and multiply it by the perpendicular upon 1 2 3
1 καί ταΰτΎ] add. H. SchSne.
2 ras em om. H. Schone.
3 emζ(υγνυμ4νας om. H. SchOne.
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τών K"·^, ΑΛ τό ημισν επι την ΚΛ* και των λοιπών δε ομοίως, εσται άρα με μετρημένου ολον τό χωρίον διά τε του μέσον παραλληλογράμμου και των έκτος αυτόν τριγώνων και τραπεζίων, εάν δε τύχη ποτε μεταξύ αυτών τών άχθεισών προς ορθάς ταΐς τον παραλληλογράμμου πλευραΐς καμπύλη γραμμή μη συνεγγίζουσα ευθεία [οΐον μεταξύ τών Ξ,!1, Ο,Δ γραμμή ή ,Γ,Δ), άλλα περιφερεΐ, μετρησομεν ούτως■ άγαγόϋτες (τῆ)1 Γ
0/Δ προς ορθάς την /ΔΜ, και επ' αυτής λαβόντες
σημεία συνεχή τα Μ, Μ, καί απ' αυτών προς
θ 1 ν ζ
ορθάς άγαγόντες τη Μ, Δ τάς ΜΜ, ΜΜ, ώστε τάς μεταξύ τών άχθεισών σύνεγγυς ευθείας είναι,
πάλιν μετρησομεν τό τε Μ Ξ O, Δ παραλληλόγραμ~ η ζ	ς- θ χ
μον και τό ΜΜ,Δ τρίγωνον, καί το ,ΓΜΜΜ τραπέζιου, καί ετι τό έτερον τραπέζιου, καί έξομεν
τό περιεχόμενον χωρίον υπό τε της /ΓΜΜ/Δ γραμμής καί τών ,ΓΞ, (ΞΟ,)* Ο,Δ ευθειών μεμετρημένον.
(c)	Mechanics
Heron, Diopt. S7, ed. H. SchOne (Heron iii.) S06. 22-312. 22 Τῆ δοθείση δυνάμει τό δοθέν βάρος κινησαι 1 ττ} add. II. SchOne.	1 ΞΟ add. H. SchOne.
β Heron’s Mechanics in three books has survived in Arabic, but has obviously undergone changes in form. It begins with the problem of arranging toothed wheels so as to move
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them, as, for example, half of K^, ΑΛ by ΚΛ ; and similarly for the remainder. Then the whole area will have been measured by means of the parallelogram in thfe middle and the triangles and trapezia outside it. If perchance the curved line between the perpendiculars drawn to the sides of the parallelogram should not approximate to a straight line (as, for example, the curve ,Γ,Δ between ^Γ, Ο,Δ), but
Γ
to an arc, we may measure it thus : Draw ,ΔΜ perpendicular to Ο,Δ, and on it take a series of points
θ η	θ ι η ζ
Μ, M, and from them draw MM, MM perpendicular to s~
ΜνΔ, so that the portions between the straight lines so drawn approximate to straight lines, and again we Γ
can measure the parallelogram Μί^Ο,Δ and the tri-n ζ	θ’* ι
angle ΜΜ,Δ, and the trapezium TMMM, and also the other trapezium, and so we shall obtain the area
bounded by the line ΓΜΜ Δ and the straight lines fS, SO, Ο,Δ.
(c)	Mechanics0
Heron, Dioptra 37, ed. H. Sch5ne (Heron iii.) 306. 22-312. 22 With a given force to move a given weight hy the
a given weight by a given force. This account is the same as that given in the passage here reproduced from the Dioptra, and it is obviously the same as the account found by Pappus (viii. 19, ed. Hultsch 1060. 1-1068. 23) in a work of Heron’s (now lost) entitled Βαρουλκός (“ weight-lifter ”)—though Pappus himself took the ratio of force to weight as 4: 160 and the ratio of successive diameters as 2 : 1. It is suggested by Heath {H.Q.M. ii. 316-347) that the chapter from the
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δια, τυμπάνων οδοντωτών παραθεσεως. κατε-σκευάσθω πήγμα καθάπερ γλωσσόκομον els τους μάκρους καί παραλλήλους τοίχους διακείσθωσαν άξονες παράλληλοι εαυτοΐς, εν διαστήμασι κείμενοι
ώστε τα συμφυή αυτοΐς οδοντωτά τύμπανα παρα-κεΐσθαι και συμπεπλεχθαι άλληλοις, καθά μελλομεν δηλοΰν. έστω το ειρημενον γλωσσόκομον το ΑΒΓΔ, εν ω άξων έστω διακείμενος, ως εΐρηται, και δυνάμενος εύλυτως στρεφεσθαι, 6 ΕΖ. τουτω δε συμφυές έστω τυμπανον ώδοντωμόνον τό H Θ εχον την διάμετρον, ει τυχοι, πενταπλασίονα (της)1 του ΕΖ άξονος διαμέτρου, και ϊνα επί παραδείγματος την κατασκευήν ποιησώμεθα, έστω τό μεν άγόμενον βάρος ταλάντων χιλίων, ή δε κινούσα δυναμις έστω ταλάντων ε, τουτεστιν 6 κινών άνθρωπος η παιδάριον, ώστε δυνασθαι καθ' εαυτόν άνευ μηχανής ελκειν τάλαντα έ. ούκοΰν εάν τα εκ του φορτίου εκδεδεμενα όπλα διά τινος (οπής 490
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juxtaposition of toothed wheels.0· Let a framework be prepared like a chest; and in the long, parallel walls let there lie axles parallel one to another, resting at such intervals that the toothed wheels fitting on to them will be adjacent and will engage one with the other, as we shall explain. Let ΑΒΓΔ be the aforesaid chest, and let EZ be an axle lying in it, as stated above, and able to revolve freely. Fitting on to this axle let there be a toothed wheel ΗΘ whose diameter, say, is five times the diameter of the axle EZ. In order that the construction may serve as an illustration, let the weight to be raised be 1000 talents, and let the moving force be 5 talents, that is, let the man or slave who moves it be able by himself, without mechanical aid, to lift 5 talents. Then if the rope holding the load passes through some aperture in
Βαρουλκός was substituted for the original opening of the Mechanics, which had become lost.
Other problems dealt with in the Mechanics are the paradox of motion known as Aristotle’s wheel, the parallelogram of velocities, motion on an inclined plane, centres of gravity, the five mechanical powers, and the construction of engines. Edited with a German translation by L. Nix and W. Schmidt, it is published as vol. ii. in the Teubner Heron.
° Perhaps “ rollers.” 1
1 της add. Vincentius.
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οΰσηςΥ έν τω AB τοίχω επειληθη περί τον EZ
άξονα (........)1 2 κατειλούμενα τα εκ τ ον φορτίου
όπλα κίνησα τό βάρος3 4' ίνα δε κινηθη το ΗΘ τύμπανον, (δει δυνά^μει* ύπάρχειν πλέον ταλάντων διακοσίων, διά το την διάμετρον του τυμπάνου της διαμέτρου τοΰ άξονος, ως ύπεθέμεθα, πενταπλήν (είναι)5 *· ταϋτα γάρ άπεδείχθη εν ταϊς των
e δυνάμεων άποδείξεσιν. α ΛΑ’ (..........)β εχομεν τί
την δύναμιν ταλάντων διακοσίων, αλλά πέντε, γεγονέτω οΰν έτερος άξων (παράλληλοςΎ διακεί-μενος τω ΕΖ, 6 ΚΑ, έχων συμφυές τύμπανον ώδοντωμένον τό ΜΝ. ὅδοντωδες 8e και τδ H Θ τύμπανον, ώστε εναρμόζειν ταις όδοντώσεσι τοΰ ΜΝ τυμπάνου, τω δε αύτω άξονι τω ΚΛ συμφυές τύμπανον τό ΞΟ, έχον ομοίως την διάμετρον πενταπλασίονα της τοΰ ΜΝ τυμπάνου διαμέτρου, διά δη τοΰτο δεησει τον βουλόμενον κινειν διά τοΰ ΞΟ τυμπάνου τό βάρος εχειν δύναμιν ταλάντων μ, έπειδηπερ των σ ταλάντων τό πέμπτον ἐστι τάλαντα μ. πάλιν οΰν παρακείσθω (τω ΞΟ τυμπάνω ώδοντωμένιρΥ τύμπανον όδοντωθέν έτερον (τό Π Ρ, και έστω τω)' τυμπάνω ώδοντωμένω τω Π Ρ συμφυές έτερον τύμπανον τό ΣΤ10 έχον ομοίως πενταπλήν την διάμετρον της Π Ρ τυμπάνου διαμέτρου· η 8έ ά(νάλογος έσται δύναμις' >η τοΰ ΣΤ τυμπάνου ή έχουσα τό βάρος ταλάντων ἡ*
1 οπής οϋσης add. Hultsch et H. Schfine.
*	After άξονα there is a lacuna of five letters.
*	τὰ €κ τοΰ φορτίου όπλα κινήσει τό βάρος H. Schfine, τὰ έ* τοΰ φορτίου επλακων εν τισι το βάρος cod.
4	δὲι δυνάμει—“ septem litteris madore absumptis, supplevi dubitanter,” H. SchSne.
5	είναι add. H. SchOne.
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the wall AB and is coiled round the axle EZ, the rope holding the load will move the weight as it winds up. In order that the wheel ΗΘ may be moved, a force of more than 200 talents is necessary, owing to the diameter of the wheel being, as postulated, five times the diameter of the axle ; for this was shown in the proofs of the five mechanical powers.® We have [not, however . . .] a force of 200 talents, but only of 5. Therefore let there be another axle ΚΛ, lying parallel to EZ, and having the toothed wheel MN fitting on to it. Now let the teeth of the wheel ΗΘ be such as to engage with the teeth of the wheel MN. On the same axle ΚΛ let there be fitted the wheel £70, whose diameter is likewise five times the diameter of the wheel MN. Now, in consequence, anyone wishing to move the weight by means of the “wheel EO will need a force of 40 talents, since the fifth part of 200 talents is 40 talents. Again, then, let another toothed wheel HP lie alongside the toothed wheel EO, and let there be fitted to the toothed wheel ΠΡ another toothed wheel ΣΤ whose diameter is likewise five times the diameter of the wheel IIP ; then the force needing to be applied to the wheel ΣΤ will be 8 talents ; but the force actually available
• The wheel and axle, the lever, the pulley, the wedge and the screw, which are dealt with in Book ii. of Heron’s Mechanics. 7 * * 10 11
•	After άλλ’ is a special sign and a lacuna of 22 letters.
7 παράλληλος add. H. SchOne.
*	τω ΞΟ τνμπάνω ὥδοντωμένω add. II. Schone.
® το ΠΡ, καί ἔστω τω add. Τί. Schone.
10	τύμπανον τὰ ΣΤ, so I read in place of the συμφυίς in SchOne’s text.
11	ανάλογος ἔστα* Βνναμις—so H. Schftne completes the lacuna.
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ἀλλ’ ή ύπάρχουσα ή μιν δύναμις δεδοται ταλάντων ξ. ομοίως ετερον παρακείσθω τύμπανον ώδοντω-μβνον τό ΤΦ τω ΣΤ όδοντωθεντι· τοΰδε τον ΤΦ τυμπάνου τω άξονι συμφυές έστω τύμπανον το ΧΨ ώδοντωμενον, ον ή διάμετρος προς την του ΤΦ τυμπάνου διάμετρον λόγον εχετω, ον τα οκτώ τάλαντα προς τα της δοθείσης δυνάμεως τάλαντα ε.
Και τούτων παρασκευασθεντων, εάν επινοησωμεν τό ΑΒΓΔ (γλωσσόκομον}1 μετέωρον κείμενον, και εκ μεν του ΕΖ άζονος τό βάρος εξάφωμεν, εκ δε τοΰ ΧΨ τυμπάνου την ελκουσαν δύναμιν, ούδοπότερον αυτών κατενεχθήσεται, εύλντως στρεφόμενων των άζόνων, και της των τυμπάνων παραθεσεως καλώς άρμοζούσης, ἀλλ’ ώσπερ ζυγού τινος ισορροπήσει η δύναμις τω βάρει. εάν δε^ ενι αυτών προσθώμεν ολίγον ετερον βάρος, καταρ-ρεφει και ενεχθησεται εφ' 6 προσετεθη βάρος,
ώστε εάν εν τών έ ταλάντων δυνάμει ζ........)*
ει τύχοι μναϊαΐον προστεθή βάρος, κατακρατήσει και επισπάσεται τό βάρος, αντί δε3 τής προσθε-σεως τούτω παρακείσθω κοχλίας εχων την έλικα αρμοστήν τοΐς όδοΰσι τοΰ τυμπάνου, στρεφόμενος εύλύτως περί τόρμους ενόντας εν τρήμασι στρογ-γνλοις, ών 6 μεν ετερος ύπερεχετω εις τό εκτός μέρος τοΰ γλωσσοκόμου κατά τον ΓΔ (τοίχον τον παρακείμενον}* τω κοχλία’ ή άρα υπεροχή τετραγωνισθεΐσα λαβετω χειρολάβην την	δι’
ής επιλαμβανόμένος τις καί επιστρεφων επιστρέφει τον κοχλίαν καί τό ΧΨ τύμπανον, ώστε καί τό ΤΦ συμφυές αύτώ. διά δε τοΰτο καί τό παρακείμενον τό ΣΤ επιστραφήσεται, καί τό συμφυές αντφ τό Π Ρ, καί τό τούτω παρακείμενον τό ΞΟ, 491
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to us is 5 talents. Let there be placed another toothed wheel ΥΦ engaging with the toothed wheel ΣΤ ; and fitting on to the axle of the wheel ΎΦ let there be a toothed wheel ΧΨ, whose diameter bears to the diameter of the wheel ΥΦ the same ratio as 8 talents bears to the given force 5 talents.
When this construction is done, if we imagine the chest ΑΒΓΔ as lying above the ground, with the * weight hanging from the axle EZ and the force raising it applied to the wheel ΧΨ, neither of them will descend, provided the axles revolve freely and the juxtaposition of the wheels is accurate, but as in a beam the force will balance the weight. But if to one of them we add another small weight, the one to which the weight was added will tend to sink down and will descend, so that if, say, a mina is added to one of the 5 talents in the force it will overcome and draw the weight. But instead of this addition to the force, let there be a screw having a spiral which engages the teeth of the wheel, and let it revolve freely about pins in round holes, of which one projects beyond the chest through the wall ΓΔ adjacent to the screw; and then let the projecting piece be made square and be given a handle <ΪΓ. Anyone who takes this handle and turns, will turn the screw and the wheel ΧΨ, and therefore the wheel ΥΦ joined to it. Similarly the adjacent wheel ΣΤ will revolve, and Π Ρ joined to it, and then the adjacent wheel SO, and then MN fitting * *
1 γλωσσόκομον add. H. Sch5ne.
*	After δυνάμει is a lacuna of seven letters.
*	In Schone’s text 8c is printed after τοΰτφ.
* τοίχον τον παρακείμενον add. H. SchOne.
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καί το τοντω συμφυές το MN, και το το vt ω παρακείμενον το H Θ, ώστε καί 6 τούτω συμφυής άξων ό ΕΖ, περί ον έπειλούμενα τα εκ τοΰ φορτίου όπλα κινήσει το βάρος, ότι γάρ κινήσει, πρόδηλον εκ τοΰ προστεθήναι ετερα δυνάμει (τἡν)1 της χειρολάβης, ήτις περιγράφει κύκλον της τοΰ κοχλίον περίμετρον μείζονα· άπεδείχθη γάρ ότι οι μείζονες κύκλοι των ελασσονών κατακρατοΰσιν, όταν περί τό αυτό κέντρον κνλίωνται.
(ἀ) Optics : Equality of Angles of Incidence and Reflection
Damian. Opt. 14, ed. R. Schone 20. 12-18
* Απέδειξε γάρ 6 μηχανικός "Η ρων εν τοΐς α ύτοΰ Κατοπτρικοΐς, ότι αι προς ΐσας γωνίας κλώμεναι ενθεΐαι ελάχισταί είσι πασών2 των από της αυτής καί ομοιομερούς γραμμής προς τα αυτά κλωμένων [προς άνίσονς γωνίας].3 τούτο δε άποδείξας φησίν ότι ει μη μέλλοι ή φύσις μάτην περιάγειν την ήμετέραν όφιν, προς ΐσας αυτήν ανακλάσει γωνίας.
Olympiod. In Meteor, iii. 2 (Aristot. 371 b 18), ed. Stiive 212. 5-213. 21
Επειδἡ γάρ τοΰτο ώ μολογη μόνον εστί παρά πάσιν, ότι ούδεν μάτην εργάζεται ή φύσις ουδέ ματαιοπονεί, εάν μη δώσωμεν προς ΐσας γωνίας γίνεσθαι την άνάκλασιν, προς άνίσονς ματαιοπονεί
1 τήν add. H. SchOne.
*	πασών G. Schmidt, των μέσων codd.
*	προς άνίσονς γωνίας om. R. SchiJne.
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on to this last, and then the adjacent wheel ΗΘ, and so finally the axle EZ fitting on to it; and the rope, winding round the axle, will move the weight. That it will move the weight is obvious because there has been added to the one force that moving the handle which describes a circle greater than that of the screw; for it has been proved that greater circles prevail over lesser when they revolve about the same centre.
(ἀ) Optics : Equality of Angles of Incidence and Reflection
Damianus,® On the Hypotheses in Optics 14, ed. R. Schone 20. 12-18
For the mechanician Heron showed in his Catoplrica that of all [mutually] inclined straight lines drawn from the same homogenous straight line [surface] to the same [points], those are the least which are so inclined as to make equal angles. In his proof he says that if Nature did not wish to lead our sight in vain, she would incline it so as to make equal angles.
Olympiodorus, Commentary on Aristotle's Meteora iii. 2 (371 b 18), ed. Sttive 212. 5-213. 21
For this would be agreed by all, that Nature does nothing in vain nor labours in vain ; but if we do not grant that the angles of incidence and reflection are equal, Nature would be labouring in vain by following
e Damianus, or Heliodorus, of Larissa (date unknown) is the author of a small work on optics, which seems to be an abridgement of a large work based on Euclid’s treatise. The full title given in some mss.—Δαμιανού φιλοσόφου του 'Ηλιοδώρου Ααρισσαίου Ilfpi όιηικων υποθέσεων βιβλία β leaves uncertain which was his real name.
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ή φύσις, καί αντί του Βία βραχείας 7τςριόΒου φθασαι το όρώμζνον την οφιν, διά μακράς περιόΒου τούτο φανησ€ται καταλαμβάνουσα.1 ςύρζθήσονται γάρ αι τάς άνίσους γωνίας πςριέχουσαι evdtiai, αΐτιν€ς αιτο τής οφζως [πζριέχουσαι]* φέρονται' προς το κάτοπτρου κάκέίθζν προς το όρώμζνον, μείζονςς οΰσαι των τάς ισας γωνίας 7τ€ρΐ€χουσών €υθ€ΐων. και ότι τούτο αληθές, Βήλον ivTtOOev.
*Ύποκβίσθω γάρ το κάτοπτρου evOeia τις ή ΑΒ, και έστω τό μέν όρων Γ, τό δ’ όρώμζνον τό Δ, τό δέ E σημ€ΐον τού κατόπτρου, έν ω προσπί-τττουσα ή όφις ανακλάται προς τό όρώμζνον, έστω,
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και έπεζενχθω ή ΓΕ, ΕΔ. λέγω οτι ή υπό ΑΕΓ γωνία ίση έστί τή υπό ΔΕΒ.
MENSURATION: HERON OF ALEXANDRIA unequal angles, and instead of the eye apprehending the visible object by the shortest route it would do so by a longer. For straight lines so drawn from the eye to the mirror and thence to the visible object as to make unequal angles will be found to be greater than straight lines so drawn as to make equal angles. That this is true, is here made clear.
For let the straight line AB be supposed to be the mirror, and let Γ be the observer, Δ the visible object, and let E be a point on the mirror, falling on which the sight is bent towards the visible object, and let ΓΕ, ΕΔ be joined. I say that the angle ΑΕΓ is equal to the angle ΔΕΒ.°
• Different figures are given in different mss., with corresponding small variants in the text. With G. Schmidt, I have reproduced the figure in the Aldine edition. * *
1 καταλαμβάνουσα om. Ideler.
* ιτΐριέχουσαι om. R. Schfine, τηριέχουσι Ideler, Stiive.
* φέρονται R. Schiine, φ^ρομένας codd.
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V
Ει γάρ μη εστιν Ιση, έστω ετερον σημεΐον του κατόπτρου, iv ω προσπίπτουσα η όφις προς άνίσους γωνίας ανακλάται, το Ζ, καί επεζευχθω η ΓΖ, ΖΑ. δήλον ότι η υπό ΓΖΑ γωνία μείζων εστί της υπό ΔΖΕ γωνίας, λέγω ότι αι ΓΖ, ΖΑ εύθεΐαι, αίτινες τα? άνίσους γωνίας περιεχουσιν υποκείμενης της ΑΒ ευθείας, μείζονες είσι των ΓΕ, ΕΔ ευθειών, αίτινες τας ίσας γωνίας περι-εχουσι μετά, τής ΑΒ. ήχθω γαρ κάθετος από του Α επί την ΑΒ κατά τό H σημεΐον καί εκβεβλήσθώ επ' ευθείας ως επί τό Θ. φανερόν δη ότι αι προς τω H γωνίαι ΐσαι είσίν· όρθαί γάρ είσι. καί έστω ή ΔΗ τή ΗΘ ΐση, καί επεζευχθω ή ΘΖ καί ή ΘΕ. αυτή μεν ή κατασκευή, επεί οΰν ΐση εστίν ἡ ΔΗ τή ΗΘ, αλλά καί ή υπό ΔΗΕ γωνία τή υπό ΘΗΕ γωνία ΐση εστί, κοινή δε πλευρά των δυο τριγώνων ή HE, [καί βάσις ή ΘΕ βάσει τή ΕΔ ΐση εστί, καί]1 τό H ΘΕ τρίγωνον τω ΔΗΕ τ ριγώνω ίσον εστί, καί (αι)2 λοιπαί γωνίαι ταΐς λοιπαΐς γωνίαις. είσίν ΐσαι, ύφ' ας αι ΐσαι πλευραί υποτείνουσιν. ΐση άρα ή ΘΕ τή ΕΔ. πάλιν επειδή τῆ H Θ ΐση εστίν ή H Δ καί γωνία ή υπό ΔΗΖ γωνία τή υπό ΘΙΙΖ ΐση εστί, κοινή δε ή ΗΖ των δυο τριγώνων των ΔΗΖ καί Θ H Ζ, [/cat βάσις άρα ή ΘΖ βάσει τή ΖΑ ΐση εστί, /cat]3 τό ΖΗΔ τρίγωνον τω ΘΗΖ τριγώνω Ισον εστίν. ΐση άρα εστίν ή ΘΖ τή ΖΑ. καί επεί ΐση εστίν ή ΘΕ τή ΕΔ, κοινή προσκείσθώ ή ΕΓ. δυο άρα αι ΓΕ, ΕΔ δυσί ταΐς ΓΕ, ΕΘ Ϊσαι είσίν. όλη άρα ή ΓΘ δυσί ταΐς ΓΕ, ΕΔ ΐση εστί. καί επεί παντός τριγώνου αι δυο πλευραί
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For if it be not equal, let there be another point Z, on the mirror, falling on which the sight makes unequal angles, and let ΓΖ, ΖΔ be joined. It is clear that the angle ΓΖΑ is greater than the angle ΔΖΕ. I say that the sum of the straight lines ΓΖ, ΖΔ which make unequal angles with the base line AB, is greater than the sum of the straight lines ΓΕ, ΕΔ, which make equal angles with AB. For let a perpendicular be drawn from Δ to AB at the point H and let it be produced in a straight line to θ. Then it is obvious that the angles at H are equal; for they are right angles. And let ΔΗ = ΗΘ, and let ΘΖ and ΘΕ be joined. This is the construction. Then since ΔΗ = ΗΘ, and the angle ΔΗΕ is equal to the angle ΘΗΕ, while HE is a common side of the two triangles, the triangle ΗΘΕ is equal to the triangle ΔΗΕ, and the remaining angles, subtended by the equal sides are severally equal one to the other [Eucl. i. 4]. Therefore ΘΕ = ΕΔ. Again, since ΗΔ = ΗΘ and angle ΔΗΖ = angle ΘΗΖ, while HZ is common to the two triangles ΔΗΖ and ΘΗΖ, the triangle ΖΗΔ is equal to the triangle ΘΗΖ \ibid.\ Therefore ΘΖ = ΖΔ. And since ΘΕ = ΕΔ, let ΕΓ be added to both. Then the sum of the two straight lines ΓΕ, ΕΔ is equal to the sum of the two straight lines ΓΕ, ΕΘ. Therefore the whole ΓΘ is equal to the sum of the two straight lines ΓΕ, ΕΔ. And since in any triangle the sum of two sides is always greater than 1 2
1	καί . . . και. These words are out of place here and superfluous.
2	αἱ add. Schmidt. But possibly και . . . υποτζίνουαιν, being superfluous, should be omitted.
a καί .. . και. These words are out of place here and superfluous.
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της λοιπής μείζονες είσι πάντη μεταλαμβανόμεναι, τρίγωνον άρα τον ΘΖΓ αι δυο πλενραι αι ΘΖ, ΖΓ μιας της ΓΘ μείζονες εισιν. άλΧ η ΓΘ ΐση εστι ταΐς ΓΕ, ΕΔ· α ϊ Θ Ζ, Ζ Γ άρα μείζονες είσι των ΓΕ, ΕΔ. ἀλλ’ η Θ Ζ τη ΖΔ εστιν Ιση· αι ΖΓ, ΖΔ άρα των ΓΕ, ΕΔ μείζονες είσι. καί εισιν αι ΓΖ, ΖΔ αί τάς άνίσονς γωνίας περιεχονσαι· αι άρα τάς άνίσονς γωνίας περιεχονσαι μείζονες είσι των τάς ϊσας γωνίας περιεχονσών οπερ εδει δεΐξαι.
(e) Quadratic Equations Heron, Geom. 21. 9-10, ed. Heiberg (Heron iv.) 380. 15-31
Αοθεντων σνναμφοτερων των αριθμών ηγονν της διάμετρον, τής περίμετρον και τον εμβαδόν τον κύκλον εν αριθμώ ενί διαστεΐλαι καί ενρεΐν έκαστον αριθμόν, ποιεί όντως- έστω 6 δοθείς αριθμός μονάδες σιβ. ταΰτα αει επί τα ρνδ' γίνονται μυριάδες γ καί ,βχμη ■ τούτοις προστίθει καθ-ολικώς ω μα- γίνονται μυριάδες τρεις καί ,γυπθ' ών πλευρά τετράγωνος γίνεται ρπγ· άπο τούτων κού-φισον κθ· λοιπά ρνδ· ών μέρος ια' γίνεται ιδ· τοσ-ούτον ή διάμετρος τον κύκλου. εάν δε θελης καί την περιφέρειαν ενρεΐν, ύφειλον τα κθ άπο τών ρπγ· λοιπά ρνδ· ταΰτα ποίησον δίς· γίνονται τη· τούτων λαβε μέρος ζ'· γίνονται μδ· τοσούτου ή
α The proof here given appears to have been taken by Olympiodorus from Heron’s Catoptrica, and it is substantially identical with the proof in De Speculis 4. This work was formerly attributed to Ptolemy, but the discovery of Ptolemy's Optic» in Arabic has encouraged the belief, now 502
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the remaining side, in whatever way these may be taken [Eucl. i. 20], therefore in the triangle ΘΖΓ the sum of the two sides ΘΖ, ΖΓ is greater than the one side ΓΘ. But
ΓΘ = ΓΕ + ΕΔ;
ΘΖ + ΖΓ> ΓΕ + ΕΔ.
But	ΘΖ ΖΔ ;
.·.	ΖΓ + ΖΔ> ΓΕ + ΕΔ.
And ΓΖ, ΖΔ make unequal angles ; therefore the sum of straight lines making unequal angles is greater than the sum of straight lines making equal angles ; which was to be proved.®
(e) Quadratic Equations
Heron, Oeometrica 21. 9-10, ed. Heiberg (Heron iv.) 380. 15-31
Given the sum of the diameter, perimeter and area of a circle, to find each of them separately. It is done thus : Let the given sum be 212. Multiply this by 154*; the result is 32648. To this add 841, making 83489, whose square root is 183. From this take away 29, leaving 154, whose eleventh part is 14 ; this will be the diameter of the circle. If you wish to find the circumference, take 29 from 183, leaving 154 ; double this, making 308, and take the seventh part, which is 44 ; this will be the perimeter. To
usually held, that it is a translation of Heron’s Catoptrica. The translation, made by William of Moerbeke in 1269, can be shown by internal evidence to have been made from the Greek original and not from an Arabic translation. It is published in the Teubner edition of Heron’s works, vol. ii. part L
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περίμετρος. to ὅε εμβαδόν ενρεΐν. ποιεί ούτως4 τα ιδ της διάμετρον επί τα. μδ τής περίμετρον* γίνονται χιξ~· τούτων λαβε μέρος τέταρτον· γίνονται ρνδ· τοσοΰτον τό εμβαδόν του κύκλον, όμοΰ των τριών αριθμών μονάδες σιβ.
(f)	Indeterminate Analysis
Heron, Oeom. 24. 1, ed. Heiberg (Heron iv.) 414. 28-415. 10
Eνρεΐν δύο χωρία τετράγωνα, όπως τό τον πρώτον εμβαδόν τοΰ τοΰ δεντερον εμβαδοΰ εσται τριπλάσιον, ποιώ όντως· τα. γ κύβισον γίνονται
° If d is the diameter of the circle, then the given relation is that
d+~d +J|d*=212,
i.e.	J|d2+yd = 212.
To solve this quadratic equation, we should divide by f J so as to make the first term a square ; Heron makes the first term a square by multiplying by the lowest requisite factor, in this case 154, obtaining the equation
112d2 + 2 . 29 . 11</ = 154. . 212.
By adding 841 he completes the square on the left-hand side (11c/ +29)2 = 154.212+841 = 32648 + 841 = 33489.
lid +29	=183.
lid	=154,
and	d	=14.
The same equation Is again solved in Oeom. 24. 46 and a similar one in Geom. 24. 47. Another quadratic equation is solved in Geom. 24. 3 and the result of yet another is given in Metr. iii. 4.
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find the area. It is done thus : Multiply the diameter, 14, by the perimeter, 44, making 616 ; take the fourth part of this, which is 154 ; this will be the area of the circle. The sum of the three numbers is 212.“
(f) Indeterminate Analysis 6
Heron, Geometrica 24. 1, ed. Heiberg (Heron iv.) 414. 28-415. 10
To find two rectangles such that the area of the first is three times the area of the second.c I proceed thus :
b The Constantinople ms. in which Heron’s Metrica was found in 1896 contains also a number of interesting problems in indeterminate analysis; and two were already extant in Heron’s Geeponicus. The problems, thirteen in all, are now published by Heiberg in Heron iv. 414. 28-426. 29.
c It appears also to be a condition that the perimeter of the second should be three times the perimeter of the first. If we substitute any factor n for 3 the general problem becomes : To solve the equations
u + v = n(x + y)	.	.	.	(1)
xy = n. uv	.	.	.	(2)
The solution given is equivalent to
*=2n3-l,	y=2ns
tt = n(4n3-2),	v=n.
Zeuthen (Bibliotheca mathematica, viii.( 1907-1908), pp. 118-13.4) solves the problem thus: Let us start with the hypothesis that ν = n. It follows from (1) that u is a multiple of n, say nz. We have then
x + y = \ +z,
while by (2)	xy=n*z,
whence	xy = n3(x +y)~ na
or	(x-n3)(y-n3)=n3(n3- 1).
An obvious solution of this equation is
χ - η* = η3 - 1, y - n3 =n3,
which gives z = 4?i3-2, whence u = n(4»3-2). The other values follow.
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κζ· ταντα δίς4 γίνονται νδ. νϋν άρον μονάδα α· λοιπόν γίνονται νγ. ear ω οΰν η μεν jxia πλευρά ποδών νγ, ή Se ετερα πλευρά ποδών vS. καί του άλλον χωρίου ούτως■ θες όμοΰ τα νγ καί τα νδ· γίνονται πόδες ρζ" ταΰτα ποιεί επί τα γ . . . λοιπόν γίνονται πόδες τΐτ}. έστω οΰν η τοΰ πρότερον πλευρά ποδών τΐτ/, ἡ δε ετερα πλευρά ποδών γ· τά δε εμβαδά τοΰ ενός γίνεται ποδών ~^\νδ καί τοΰ άλλου ποδών ,βωξβ.
Ibid. 24. 10, ed. Heiberg (Heron iv.) 422. 15-424. 5 Τρίγωνον ορθογωνίου τό εμβαδόν μετά της περίμετρον ποδών σπ· άποδιαστεΐλαι τάς πλευράς καί εύρεΐν τό εμβαδόν, ποιώ ούτως· αει ζητεί τούς απαρτίζοντας αριθμούς· απαρτίζει δε τον σπ 6 δίς τον ρμ, 6 δ’ τον ο, 6 ε' τον ν£ , ό ζ' τον μ, 6 η' τον λε, ό ι τον κη, ό ιδ' τον κ. εσκεφάμην, ότι ο η καί λε ποιησουσι τό δοθεν επίταγμα. τών σπ τό η'· γίνονται πόδες λε. διά παντός λάμβανε δυάδα τών η· λοιπόν μενουσιν Γ πόδες. τά οΰν λε καί τά Γ όμοΰ γίνονται πόδες μα. ταΰτα ποιεί εφ εαυτά4 γίνονται πόδες ,αχπα. τα λε επί τά Γ* γίνονται πόδες σί· ταΰτα ποιεί αει επί τά η· γίνονται πόδες ,αχπ. ταΰτα άρον από τών ,αχπά4 λοιπόν μενει α* ών πλευρά τετραγωνική γίνεται α. άρτι θες τά μα καί άρον μονάδα <χ· λοιπόν μ· ών χ_' γίνεται κ4 τοΰτό εστιν η κάθετος, ποδών κ. καί θες πάλιν τά μα καί πρόσθες α· γίνονται πόδες μβ’ ών Δ.' γίνεται πόδες κα4 έστω η βάσις ποδών κα. καί θες τά λε καί άρον τά Γ* λοιπόν μενουσι 506
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Take the cube of 3, making 27 ; double this, making 54. Now take away 1, leaving 53. Then let one side be 53 feet and the other 54 feet. As for the other rectangle, [I proceed] thus : Add together 53 and 54, making 107 feet : multiply this by 3, [making 321 ; take away 3], leaving 318. Then let one side be 318 feet and the other 3 feet. The area of the one will be 954- feet and of the other 2862 feet.®
Ibid. 24. 10, ed. Heiberg (Heron iv.) 422. 15-424. 5
In a right-angled triangle the sum of the area and the perimeter is 280 feet; to separate the sides and find the area. I proceed thus : Always look for the factors; now 280 can be factorized into 2.140, 4.70, 5.56, 7.40, 8.35, 10.28, 14.20. By inspection, we find 8 and 35 fulfil the requirements. For take one-eighth of 280, getting 35 feet. Take 2 from 8, leaving 6 feet. Then 35 and 6 together make 41 feet. Multiply this by itself, making 1681 feet. Now multiply 35 by 6, getting 210 feet. Multiply this by 8, getting 1680 feet. Take this away from the 1681, leaving 1, whose square root is 1. Now take the 41 and subtract 1, leaving 40, of which the half is 20 ; this is the perpendicular, 20 feet. And again take 41 and add 1, getting 42 feet, of which the half is 21 ; and let this be the base, 21 feet. And take 35 and subtract 6, leaving 29 feet. Now multiply
• The term “ feet,” ττόδὲ?, is used by Heron indiscriminately of lineal feet, square feet and the sum of numbers of lineal and square feet.
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πόδες κθ. άρτι θες την κάθετον επί την βάσιν ών L·' γίνεται πόδες σΐ· καί αι τρεις πλενραί 7τεριμετρονμεναι εχονσι πόδας ο· όμοΰ σύνθες μετά του εμβαδόν· γίνονται πόδες σπ.
α Heath {Ή.O.Μ. π. 446-447) shows how this solution can be generalized. Let σ, b be the sides of the triangle containing the right angle, c the hypotenuse, S the area of the triangle, r the radius of the inscribed circle ; and let s-i(a +6 +c).
Then
S=rs = $ab, r+s=a+b, c=s-r.
Solving the first two equations, we have
~}=i[r+sT \/{(r + »)2 - 8r«}], and this formula is actually used in the problem. The
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the perpendicular and the base together, [getting 420], of which the half is 210 feet ; and the three sides comprising the perimeter amount to 70 feet ; add them to the area, getting 280 feet.0
method is to take the sum of the area and the perimeter jS +2s, separated into its two obvious factors s(r+2), to put s(r + 2)=A (the given number), and then to separate Λ into suitable factors to which s and r + 2 may be equated. They must obviously be such that sr, the area, is divisible by 6.
In the given problem A =280, and the suitable factors are r + 2 = 8, β=35, because r is then equal to 6 and rs is a multiple of 6. Then
a —1(6 + 35 - -y/{(6 + 35)* - 8.6.35}] = £(4·1 - 1)=20,
6 = }(41 +1) =21,
This problem is followed by three more of the same type.
509
• XXIII. ALGEBRA : DIOPHANTUS
XXIII. ALGEBRA: DIOPHANTUS
(α) General
Anthol. Palat. xiv. 126, The Greek Anthology, ed.
Paton (L.C.L.) v. 92-98
Οντος τοι Διόφαντον εχει τάφος· α μέγα Θαύμα· και τάφος ἐκ τέχνης μέτρα βίοιο λεγει. εκτην κουρίζειν βίοτον θεός ώπασε μοίρην δωδεκάτην δ’ επιθείς, μήλα ττόρεν χνοάειν τή δ’ άφ' εφ' εβδομάτη το γαμήλιον ήφατο φέγγος, εκ δε γάμων πεμπτιρ παιδ’ επενενσεν ετει. αιαΐ, τηλνγετον δειλόν τεκος, ήμισν πατρός τονδε και ή κρνερός μέτρον ελών βίοτον, πένθος δ’ αν πισνρεσσι παρηγορεων ενιαντοΐς τήδε πόσον σοφίη τερμ' επερησε βίον.
° There are in the Anthology 46 epigrams which are algebraical problems. Most of them (xiv. 116-146) were collected by Metrodorus, a grammarian who lived about a.d. 500, but their origin is obviously much earlier and many belong to a type described by Plato and the scholiast to the Charmides (ν. vol. i. pp. 16, 20).
Problems in indeterminate analysis solved before the time of Diophantus include the Pythagorean and Platonic methods of finding numbers representing the sides of right-angled triangles (ν. vol. i. pp. 90-95), the methods (also Pythagorean) of finding “ side- and diameter-numbers ” (vol. i. pp. 132-139), Archimedes’ Cattle Problem (ν. supra, pp. 202-205) and Heron’s problems (v. supra, pp. 501-509).
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(α) General
Palatine Anthology a xiv. 126, The Greek Anthology, ed.
Paton (L.C.L.) v. 92-93
This tomb holds Diophantus. Ah, what a marvel! And the tomb tells scientifically the measure of his life. God vouchsafed that he should be a boy for the sixth part of his life ; when a twelfth was added, his cheeks acquired a beard ; He kindled for him the light of marriage after a seventh, and in the fifth year after his marriage He granted him a son. Alas ! late-begotten and miserable child, when he had reached the measure of half his father’s life, the chill grave took him. After consoling his grief by this science of numbers for four years, he reached the end of his life.6
Diophantus’s surviving works and ancillary material are admirably edited by Tannery in two volumes of the Teubner series (Leipzig, 1895). There is a French translation by Paul Ver Eecke, Diophante d'Alexandre (Bruges, 1926). The history of Greek algebra as a whole is well treated by G. F. Nesselmann, Die Algebra der Griechen, and by T. L. Heath, Diophantus of Alexandria·. A Study in the History of Greek Algebra, 2nd ed. 1910.
b If χ was his age at death, then
£* + 1*3®+ 7® + 5 +ix+i=x, whence	* = 84.
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Theon Alex, in Ptol. Math. Syn. Comm. ϊ. 10, ed.
Rome, Studi e Testi, lxxii. (1936), 453. 4-6
ΚαΡ’ α καί Διόφαντός φησι· “ της γάρ μονάδος άμετ αθετου οΰσης και εστώσης πάντοτε, το πολλαπλασιαζόμενον είδος επ' αυτήν αυτό τό e!So? εσται.”
Dioph. De polyp. num. [5], Dioph. ed. Tannery i.
470. 27-472. 4
Και άπεδείχθη το παρά 'Υφικλεΐ εν ορω λεγόμενον, ότι, “ εάν ώσιν αριθμοί από μονάδος εν "ση υπεροχή όποσοιοΰν, μονάδος μενουσης της υπεροχής, ό συμπας ἐστιν (τρίγωνος, δυάδος δε},1 τετράγωνος, τριάδος δε, πεντάγωνος· λέγεται δε τό πλήθος των γωνιών κατά τον δυάδι μείζονα τής υπεροχής, πλευραϊ δε αυτών το πλήθος τών εκτεθεντων συν τη μονάδι.”
Mich. Psell. EpistDioph. ed. Tannery ii. 38. 22-39. 1
Ilept 8ε τής Αιγυπτιακής μεθόδου ταυτης Διό-φαντος μεν διελαβεν άκριβεστερον, ό δε λογιωτατος *Α νατόλιος τα συνεκτικώτατα μόρη τής κατ 1 τρίγωνος, 8υά8ος δέ add. Bachet.
• Cf. Dioph. ed. Tannery i. 8. 13-15. The word t!8os, ω will be seen in due course, is regularly used by Diophantua for a term of an equation.
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Theon of Alexandria, Commentary on Ptolemy's Syntaxes i. 10, ed. Rome, Studi e Test), lxxii. (1936), 453. 4-6
As Diophantus says: “ The unit being without dimensions and everywhere the same, a term that is multiplied by it will remain the same term.” ®
Diophantus, On Polygonal Numbers [5], Dioph. ed.
Tannery i. 470. 27-472. 4
There has also been proved what was stated by Hypsicles in a definition, namely, that “ if there be as many numbers as we please beginning from 1 and increasing by the same common difference, then, when the common difference is 1, the sum of all the numbers is a triangular number ; when 2, a square number ; when 3, a pentagonal number [; and so on]. The number of angles is called after the number which exceeds the common difference by 2, and the sides after the number of terms including 1.” 6
Michael Psellus/ A Letter, Dioph. ed. Tannery ii.
38. 22-39. 1
Diophantus dealt more accurately with this Egyptian method, but the most learned Anatolius collected the most essential parts of the theory as stated by *
* i.e., the nth α-gonal number (1 being the first) is in |2 + (η - l)(a - 2)} ; v. vol. i. p. 98 n. a.
c Michael Psellus, “first of philosophers” in a barren age, flourished in the latter part of the eleventh century a.d. There has survived a book purporting to be by Psellus on arithmetic, music, geometry and astronomy, but it is clearly not all his own work. In the geometrical section it is observed that the most favoured method of finding the area of a circle is to take the mean between the inscribed and circumscribed squares, which would give π = \/8 =2-8284271.
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εκείνον επιστήμης άπολεξάμενος ετερως1 Διοφάντω ουνοπτικώτατα προσεφώνησε.
Dioph. Arith. i., Praef\, Dioph. ed. Tannery i. 14. 25-16. 7 Νυν δ’ επί τἀς προτάσεις χωρήσωμεν οδόν, πλείστην εχοντες την επ* αύτοΐς τοΐς εΐΒεσι συν-ηθροισμενην ύλην, πλείστων S’ οιτων τω αριθμώ και μεγίστων τω ογκω, καί Βία τούτο βραΒεως βεβαι ουμενων υπ ο των παραλαμβανόντων αυτά καί οντων εν αύτοΐς Βυσμνημονευτων, εΒοκίμασα τα εν αύτοΐς επιΒεχόμενα Βιαιρεΐν, καί μάλιστα τα εν αρχή εχοντα στοιχειώΒως από άπλουστερων επί σκολιώτερα Βιελεΐν ως προσήκεν. ούτως γάρ εύόΒευτα γενήσεται τοΐς άρχομενοις, καί ή αγωγή αύτών μνημονευθήσεται, τής πραγματείας αύτών εν τρισκαίΒεκα βιβλίοις γεγενημενης.
Ibid. ν. 3, Dioph. ed. Tannery i. 316. 6 “Εχομεν εν τοΐς Πορίσμασιν.
1 έτέρως Tannery, έτέρω codd.
β The two passages cited before this one allow us to infer that Diophantus must have lived between Hypsicles and Thcon, say 150 b.c. to a.d. 350. Before Tannery edited Michael Psellus’s letter, there was no further evidence, but it is reasonable to infer from this letter that Diophantus was a contemporary of Anatolius, bishop of Laodicea about a.d. 280 (υ. vol. i. pp. 2-3). For references by Plato and a scholiast to the Egyptian methods of reckoning, υ. vol. i.
pp. 16, 20.
* Of these thirteen books in the Arithmetical only six 516
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him in a different way and in the most concise form, and dedicated his work to Diophantus.a
Diophantus, Arithmetica i., Preface, Dioph. ed. Tannery i.
14. 25-16. 7
Now let us tread the path to the propositions themselves, which contain a great mass of material compressed into the several species. As they are both numerous and very complex to express, they are only slowly grasped by those into whose hands they are put, and include things hard to remember; for this reason I have tried to divide them up according to their subject-matter, and especially to place, as is fitting, the elementary propositions at the beginning in order that passage may be made from the simpler to the more complex. For thus the way will be made easy for beginners and what they learn will be fixed in their memory ; the treatise is divided into thirteen books.6
Ibid. v. 3, Dioph. ed. Tannery ϊ. 316. 6
We have it in the Porisms.®
have survived. Tannery suggests that the commentary on it written by Hypatia, daughter of Theon of Alexandria, extended only to these first six books, and that consequently little notice was taken of the remaining seven. There would be a parallel in Eutocius’s commentaries on Apollonius’s Conics. Nesselmann argues that the lost books came in the middle, but Tannery (Dioph. ii. xix-xxi) gives strong reasons for thinking it is the last and most difficult books which have been lost.
e Whether this collection of propositions in the Theory of Numbers, several times referred to in the Arithmetica, formed a separate treatise from, or was included in, that work is disputed ; Hultsch and Heath take the former view, In my opinion judiciously, but Tannery takes the latter.
517
GREEK MATHEMATICS
(b) Notation
Ibid. 1., Praef., Dioph. ed. Tannery 1. 2. S-6. 21
Την εύρεσιν των εν τοΐς άριθμοΐς προβλημάτων, τιμιώτατε μοι Διονύσιε, γινώσκων σ€ σπουδαίως εχοντα μαθεΐν, [όργανώσαι την μέθοδον]1 επει-ράθην, άρξάμενος άφ' ών συνάστηκε τα πράγματα θεμελίων, ύποστησαι την ev τοΐς άριθμχ>ΐς φύσιν τε και δύναμιν.
“Ισως μεν οΰν δοκεΐ τδ πράγμα δυσχερεστερον, επειδή μηπω γνώριμόν ἐστιν, δυσελπιστοι γάρ εις κατόρθωσίν είσιν αι των αρχομενων φυχαί, όμως δ’ εύκατάληπτόν σοι γενησεται, διά τε την σην προθυμίαν και την εμην άπόδειξιν ταχεία γάρ εις μάθησιν επιθυμία προσλαβοϋσα διδαχήν.
Άλλα και προς τοΐσδε γινώσκοντί σοι πάντας τους αριθμούς συγκείμενους εκ μονάδων πλήθους τινός, φανερόν καθεστηκεν είς άπειρον εχειν την ϋπαρξιν. τυγχανόντων δη ούν εν τουτοις
ών μεν τετραγώνων, οι είσιν εξ αριθμού τινος εφ* εαυτόν πολυπλασιασθεντός· οντος δε 6 αριθμός καλείται πλευρά του τετραγώνου·
ών δε κύβων, οι είσιν εκ τετραγώνων επί τάς αυτών πλευράς πολυπλασιασθεντων,
ών δε δυναμοδυνάμεων, οι είσιν εκ τετραγώνων εφ' εαυτούς πολυπλασιασθεντων,
ών δε δυναμοκύβων, οι είσιν εκ τετραγώνων επί
1 οργανώσαι την μέθοδον om. Tannery, following the most ancient us.
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(6) Notation0
Ibid, i., Preface, Dioph. ed. Tannery i. 2. 3-6. 21
Knowing that you are anxious, my most esteemed Dionysius, to learn how to solve problems in numbers, I have tried, beginning from the foundations on which the subject is built, to set forth the nature and power in numbers.
Perhaps the subject will appear to you rather difficult, as it is not yet common knowledge, and the minds of beginners are apt to be discouraged by mistakes; but it will be easy for you to grasp, with your enthusiasm and my teaching ; for keenness backed by teaching is a swift road to knowledge.
As you know, in addition to these things, that all numbers are made up of some multitude of units, it is clear that their formation has no limit. Among them are—
squares, which are formed when any number is multiplied by itself; the number itself is called the side of the square b ;
cubes, which are formed when squares are multiplied by their sides,
square-squares, which are formed when squares are multiplied by themselves ;
square-cubes, which are formed when squares are
•	This subject is admirably treated, with two original contributions, by Heath, Diophantus of Alexandria, 2nd ed., pp. 34-53. Diophantus’s method of representing large numbers and fractions has already been discussed (vol. i. pp. 44-45). Among other abbreviations used by Diophantus are Π05, declined throughout its cases, for τετράγωνος ·, and ίσ. (apparently ι* in the archetype) for the sign =, connecting two sides of an equation.
*	Or “ square root.”
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τους από της αυτής αυτοί? πλευράς κύβους πολυ-πλασια σθεντων,
ών δε κυβοκύβων, οι είσιν εκ κύβων εφ' εαυτούς πολυπλασιασθεντων,
εκ τε της τούτων ήτοι συνθεσεως η υπέροχης η πολυπλασιασμοϋ η λόγου του προς άλληλους η και έκαστων προς τάς ίδιας πλευράς συμβαίνει πλέκεσθαι πλεΐστα προβλήματα αριθμητικά· λύεται δε βαδίζοντός σου την ύποδειχθησομενην οδόν.
*Έ,δοκιμάσθη οΰν έκαστος τούτων των αριθμών συντομωτεραν επωνυμίαν κτησάμενος στοιχείον της αριθμητικής θεωρίας είναι· καλείται οΰν 6 μεν τετράγωνος δύναμις και εστιν αυτής σημειον το Δ επίσημον εχον Τ, Δν δύναμις·
6 δε κύβος καί εστιν αύτοΰ σημειον Κ επίσημον εχον Τ, Κγ κύβος·
6 δε εκ τετραγώνου εφ' εαυτόν πολυπλασια-σθεντος δυναμοδύναμις καί εστιν αύτοΰ σημειον δέλτα δύο επίσημον εχοντα Ύ, ΔνΔ δυναμοδύναμις·
6 δε εκ τετραγώνου επί τον από της αυτής αύτω πλευράς κύβου πολυπλασιασθεντος δυναμόκυβος καί εστιν αύτοΰ σημειον τα ΔΚ επίσημον εχοντα Τ, ΔΚΥ δυναμόκυβος·
6 δε εκ κύβου εαυτόν πολυπλασιάσαντος κυβό-κυβος καί εστιν αύτοΰ σημειον δύο κάππα επίσημον εχοντα Ύ, ΚΥΚ κυβόκυβος.
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multiplied by the cubes formed from the same side ;
cube-cubes, which are formed when cubes are multiplied by themselves ;
and it is from the addition, subtraction, or multiplication of these numbers or from the ratio which they bear one to another or to their own sides that most arithmetical problems are formed ; you will be able to solve them if you follow the method shown below.
Now each of these numbers, which have been given abbreviated names, is recognized as an element in arithmetical science ; the square [of the unknown quantity] ® is called dynamis and its sign is Δ with the index Y, that is Δγ ;
the cube is called cubus and has for its sign Κ with the index Y, that is KY ;
the square multiplied by itself is called dynamo-dynamis and its sign is two deltas with the index Y, that is ΔΥΔ ;
the square multiplied by the cube formed from the same root is called dynamocubus and its sign is ΔΚ with the index Y, that is ΔΚΥ ;
the cube multiplied by itself is called cubocubus and its sign is two kappas with the index Y, KYK.
“ It is not here stated in so many words, but becomes obvious as the argument proceeds that Βάναμις and its abbreviation are restricted to the square of the unknown quantity; the square of a determinate number is τετράγωνος. There is only one term, κάβος, for the cube both of a determinate and of the unknown quantity. The higher terms, when written in full as Βυναμοδάναμις, Βυναμόκυβος and κυβό-κνβος, are used respectively for the fourth, fifth and sixth powers both of determinate quantities and of the unknown, but their abbreviations, and that for κάβος, are used to denote powers of the unknown only.
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*0 δε μηδέν τούτων των ιδιωμάτων κτησάμενος, εχων δἐ iv εαυτώ πλήθος μονάδων αόριστον, αριθμός καλείται και εστιν αύτοΰ σημεΐον τό ζ.
Έστι δε καί, ετερον σημεΐον τό άμετάθετον των ώρισμενών, η μονάς, καί εστιν αυτής σημεΐον τό Μ επίσημον 0χον τό 0, Μ.
"Ωσπερ δἐ των αριθμών τα ομώνυμα μόρια παρομοίως καλείται τοΐς άριθμοΐς, του μεν τρία τό τρίτον, του δε τεσσαρα τό τέταρτον, ούτως καί των νυν επονομασθεντων αριθμών τα ομώνυμα μόρια κληθησεται παρομοίως τοΐς άριθμοΐς·
του μεν αριθμού	τό άριθμοστόν,
της	δἐ	δυνάμεως	τό	δυναμοστόν,
του	δἐ	κύβου	τό	κυβοστόν,
της δε δυναμοδυνάμεως τό δυναμοδυναμοστόν, του	δε	δυναμοκύβου	τό	δυναμό κυβοστόν,
του	δἐ	κυβοκύβου	τό	κυβοκυβοστόν'
εξει δε έκαστον αυτών επί τό του ομωνύμου αριθμού σημεΐον γραμμήν Χ διαστελλουσαν τό είδος.
“Iam entirely convinced by Heath’s argument, based on the Bodleian ms. of Diophantus and general considerations, that this symbol is really the first two letters of αριθμός; this suggestion brings the symbol into line with Diophantus’s abbreviations for δύναμις, κύβος, and so on. It may be declined throughout its cases, e.g., 5"" for the genitive plural, in fra p. 552, line 5.
Diophantus has only one symbol for an unknown quantity, but his problems often lead to subsidiary equations involving other unknowns. He shows great ingenuity in isolating these subsidiary unknowns. In the translation I shall use 522
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The number which has none of these characteristics, but merely has in it an undetermined multitude of units, is called arithmos, and its sign is 5 [x].° There is also another sign denoting the invariable element in determinate numbers, the unit, and its sign is M with the index O, that is M.
As in the case of numbers the corresponding fractions are called after the numbers, a third being called after 3 and a fourth after 4, so the functions named above will have reciprocals called after them :
arithmos [x]	arithmoston j^-J,
dynamis [λ2]	dynamoston jjij,
cubus [>*]	cuboston jjLJ,
dynamodynamis [*«] dynamodynamoston j^J,
dynamocubus [λ5]	dynamocuboston jj-gJ,
cubocubus 0«]	cubocuboston [JJ.
And each of these will have the same sign as the corresponding process, but with the mark "X to distinguish its nature.6
different letters for the different unknowns as they occur, for example, χ, ζ, τη.
Diophantus does not admit negative or zero values of the unknown, but positive fractional values are admitted.
” So the symbol is printed by Tannery, but there are many variants in the mss.
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Ibid, i., Praef., Dioph. ed. Tannery i. 12.,19-21 Αεΐφις iiτί Χεΐφιν πολΧαπΧασιασθεΐσα ποιεί υπαρξιν, Χειφις δε επί υπαρξιν ποιεί Χεΐφιν, και της Χείφεως σημεΐον Ψ εΧΧιπες κάτω νεΰον, Λ.
(c)	Determinate Equations (i.) Pure Determinate Equations Ibid, ϊ., Praef., Dioph. ed. Tannery i. 14. 11-20 Mera δἐ ταΰτα εάν από προβΧηματος τινος γενηται είδη τινα ϊσα εΐδεσι τοΐς αντοΐς, μη όμο-πΧηθη δε, από εκατερων των μερών δεησει άφαι-ρειν τα όμοια από των όμοιων, εως αν εν είδος ενϊ εΐδει ίσον γενηται. εάν δε πως εν όποτερω ενυπάρχη η εν άμφοτεροις εν εΧλείφεσί τινα είδη, δεησει προσθεΐναι τά Χείποντα είδη εν άμφοτεροις τοΐς μερεσιν, εως αν εκατερων των μερών τα εΐόη ενυπάρχοντα γενηται, καί πάλιν άφεΧεΐν τά όμοια από τών όμοιων, εως αν εκατερω τών μερών εν είδος καταΧειφθη.
• Lit. “ a deficiency multiplied by a deficiency makes a forthcoming.”
6 The sign has nothing to do with Ῥ, but I see no reason why Diophantus should not have described it by means of Ῥ, 524
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Ibid, i., Preface, Dioph. ed. Tannery i. 12. 19-21 A minus multiplied by a minus makes a plus," a minus multiplied by a plus makes a minus, and the sign of a minus is a truncated Ψ turned upside down, that is Λ.6
(c)	Determinate Equations (i.) Pure c Determinate Equations Ibid, i., Preface, Dioph. ed. Tannery i. 14. 11-20
Next, if there result from a problem an equation in which certain terms are equal to terms of the same species, but with different coefficients, it will be necessary to subtract like from like on both sides until one term is found equal to one term. If perchance there be on either side or on both sides any negative terms, it will be necessary to add the negative terms on both sides, until the terms on both sides become positive, and again to subtract like from like until on each side one term only is left.4
and cannot agree with Heath (II.G.M. ii. 459) that “ the description is evidently interpolated.” But Heath seems right in his conjecture, first made in 1885, that the sign Λ is a compendium for the root of the verb Xetneiv, and is, in fact, a Λ with an I placed in the middle. When the sign is resolved in the manuscripts into a word, the dative Xehfiet is generally used, but there is no conclusive proof that Diophantus himself used this non-classical form.
c A pure equation is one containing only one power of the unknown, whatever its degree ; a mixed equation contains more than one power of the unknown.
d In modern notation, Diophantus manipulates the equation until it is of the form Aa;n = B; as he recognizes only one value of χ satisfying this equation, it is then considered solved.
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(ii.) Quadratic Equations Ibid. iv. 39, Dioph. ed. Tannery i. 298. 7-306. 8
Εύρεΐν τρεῖς αριθμούς ὅπως ἡ υπεροχή του μείζονος και τοΰ μέσου προς την ύπεροχην του μέσου και του έλάσσονος λόγον έχη δεδο μόνον, έτι δε και συν δύο λαμβανόμενοι, ποιώσι τετράγωνον.
Έπιτετάχθω δη την υπεροχήν τοΰ μείζονος και του μέσου της υπέροχης τοΰ μέσου και τοΰ ελάχιστου είναι γηλ\
Έπει συναμφότερος 6 μέσος και ο ἐλάσσων ποιεί Ο0", ποιείτω Μ δ. 6 άρα μέσος μείζων ἐστι δυάδος' έστω 5αΜβ. 6 άρα ελάχιστος έσται
Μβ/λΒά.	^	, Λ ζ	, '
Και επειδή	η	υπεροχή	τοΰ	μείζονος	και τοΰ
μέσου της υπέροχης τοΰ μέσου καί τοΰ ελάχιστου γπ\. (JarCyf καί η υπεροχή τοΰ μέσου καί τοΰ ελάχιστου S β, ή άρα υπεροχή τοΰ μείζονος καί τοΰ μέσου εσται £ Γ, καί 6 μείζων άρα έσται
5ζΜβ.
Αοιπόν εστι δύο έπιτάγματα, τό τε συναμφότερον (τον μείζονα καί τον ελάχιστον ποιεΐν □°*', καί το τον μείζονα}' καί τον μέσον ποιεΐν □°*', καί γίνεται μοι διπλή η ίσότης·
5ῆΜδ?σ. □φ, καί Sr Μδισ. □ *.
καί διά τό τάς Μ είναι τετραγωνικάς, ευχερής εστιν η ΐσωσις.
1 έστἱ add. Bachet.
* τόν μ€ΐζονα . . . τον μίίζονα add. Tannery.
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(ii.) Quadratic Equations a Ibid. iv. 39, Dioph. ed. Tannery i. 298. 7-306. 8
To find three numbers such that the difference of the greatest and the middle has to the difference of the middle and the least a given ratio, and further such that the sum of any two is a square.
Let it be laid down that the difference of the greatest and the middle has to the difference of the middle and the least the ratio 8:1.
Since the sum of the middle term and the least makes a square, let it be 4. Then the middle term > 2. Let it be χ +2. Then the least term = 2-x.
And since the difference of the greatest and the middle has to the difference of the middle and the least the ratio 3:1, and the difference of the middle and the least is 2x, therefore the difference of the greatest and the middle is 6x, and therefore the greatest will be 7χ + 2.
There remain two conditions, that the sum of the greatest and the least make a square and the sum of the greatest and the middle make a square. And I am left with the double equation b 8x + 4 = a square,
6λ + 4 = a square.
And as the units are squares, the equation is convenient to solve.
0 The auadratic equation takes up only a small part of this problem, but the whole problem will give an excellent illustration of Diophantus’s methods, and especially of his ingenuity in passing from one unknown to another. The geometrical solution of quadratic equations by the application of areas is treated in vol. i. pp. 192-215, and Heron’s algebraical formula for solving quadratics, supra, pp. 502-505.
• For double equations, r. infra p. 543 n. b.
627
GREEK MATHEMATICS
Πλάσσω αριθμούς δυο ΐνα 6 ύπ αυτών ἡ S β, καθώς ΐσμεν διπλήν ισότητα· έστω ούν 5 άί και Μδ· και γίνεται 6 5 Μ ριβ. ελθών επί τάς υποστάσεις, ου δύναμαι άφελεΐν από Μ β τον 5 α τουτεστι τάς Μ ρϊβ' θέλω ούν τον 5 εύρεθήναι ἐλάττονα Μ β, ώστε καί 5 Γ Μ § ελασσόνες εσονται Μ ιτ. εάν γάρ ή δυάς επί ζ Γ γενηται καί προσ-λάβη Μ Β, ποιεί Μ ιτ.
Έπεί ούν ζητώ 5ἡΜ§ ΐσ. Qv καί Sr Μ δ ισ.	αλλά καί 6 από τής δυάδος, τουτεστι
Μ Π05 ἐστι, γεγόνασι τρεις Ο01, S ή Μ δ, καί 5θ’Μδ, καί Μ δ, καί ή υπεροχή τοϋ μείζονος καί τοϋ μέσου τής υπεροχής τοϋ μέσου καί του ελάχιστου γον μέρος ἐστίν, άπήκται ούν μοι εις το εύρεΐν {τρεις}1 τετραγώνους, δπως ή υπεροχή του μείζονος καί του μέσου τής υπεροχής τοϋ μέσου καί του ελάχιστου γ°ν μέρος ή, ετι δε 6 μεν ελάχιστος ή Μ Β, 6 δε μέσος ελάσσων Μ ϊ?.
1 τ pels add. Bachet.
• If we put
8-C + 4 ={p + q)2,
6x + 4> = (p-q)\
on subtracting,	c2x~ipq.
Substituting 2p = \x, 2? =4 {i.e., p = \x, q-2) in the first equation we get
8χ + 4 = (ξω+2)*, or	H2x—x3,
whence	a: = 112.
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I form two numbers whose product is 2x, according to what we know about a double equation ; let them be %x and 4 ; and therefore x= 112.a But, returning to the conditions, I cannot subtract x, that is 112, from 2 ; I desire, then, that χ be found <2, so that 6x+4<16. For 2.6+4 = 16.
Then since I seek to make 8x+4 = a square, and 6a; +4 = a square, while 2.2 = 4 is a square, there are three squares, 8x + 4, 6x +4, and 4, and the difference of the greatest and the middle is one-third 6 of the difference of the middle and least. My problem therefore resolves itself into finding three squares such that the difference of the greatest and the middle is one-third of the difference of the middle and least, and further such that the least = 4* and the middle <16.
This method of solving such equations is explicitly given by Diophantus in ii. 11, Dioph. ed. Tannery i. 96. 8-14: ἔσται άρα ό μέν S α M β, 6 δέ $ ά M 7, “σ. □ · και τούτο το eιδος καλείται διπλοϊσότης' ίσοΰται δέ τόν τρόπον τούτον, ιδών την υπεροχήν, ζήτα δυο αριθμούς “να τὰ υπ' αυτών ποιή την υπεροχήν· €ΐσι δέ Μ δ καί Μ°* δ*. τούτων ήτοι της υπεροχής το Lf ίφ' (αυτό ίσον earl τω έλόσσονι, ή της συνθόσ^ως τό Lf έψ’ έαντὰ ίσον τω μαίζονι—“ The equations will then be χ + 2 = a square, α+ 3 = a square ; and this species is called a double equation. It is solved in this manner: observe the difference, and seek two [suitable] numbers whose product is equal to the difference ; they are 4 and Then, either the square of half the difference of these numbers is equated to the lesser, or the square of half the sum to the greater.”
b The ratio of the differences in this subordinate problem has, of course, nothing to do with the ratio of the differences in the main problem; the fact that they are reciprocals may lead the casual reader to suspect an error.
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Τετάχθω 6 μεν ελάχιστος Μ δ, ἡ δε του μέσον ττλ· ΒάΜβ' αυτός άρα εσται 6 Δτά3§Μδ.
Έπει ούν η υπεροχή του μείζονος και του μέσον της υπέροχης τοΰ μέσον καί του ελάχιστου γον μέρος εστιν, καί εστιν η υπεροχή τοΰ μέσον και τον ελάχιστου Δγ α S 8, ώστε ή υπεροχή τοΰ μεγίστου και τοΰ μέσον εσται AYyxSayx* και εστιν	6 μέσος Δτ	α S 8	Μ S·	ό άρα μέγιστος
εσται	Δγ α γ* ζ ε y*	Μ δ	ίσ. □*· πάντα θ**’ Δτ
άρα φ Β μη Μ Ας- ίσ. Π* και το δον αυτών· ΑΎγ5φΜθ ΐσ. □*.
Έτι δε θέλω τον μέσον τετράγωνον ελάσσονα εΐναι Μ Hr, και την πκ· δηλαδη ελάσσονος Μ δ. η δε πλευρά τοΰ μέσον εστιν 5 α Μ β· ελάττονες εισι Μ δ. και κοινών άφαιρεθεισών τών β Μ,6
5	εσται ελάσσονος Μ β.
Τεγονεν ούν μοι Δν γ 5 ιβ Μ θ ΐσ. ποίησαι □ ?.	πλάσσω Π®"	τινα	άπδ	My λειπουσών S
τινας'	καί γίνεται ό	Β εκ	τινος	αριθμοΰ θ’*1* γενο-
μενου καί προσλαβόντος τον ιβ, τουτεστι της Ισώσεως της Β ιβ, και μερισθεντος εις την ύπεροχην fj ύπερεχει 6 άπδ τοΰ αριθμοΰ □ τών ΔΥ τών εν τη ισώσει γ. άπηκται ονν μοι εις το ευρειν τινα αριθμόν, ος	γενόμενος καί προσλαβών
Μ φ καί μεριζόμενος εις την ύπεροχην ἡ ύπερεχει
6	άπδ τοΰ αύτοΰ □ τριάδος, ποιεΐ την παραβολήν ελάσσονος Μ β.
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Let the least be taken as 4, and the side of the middle as ζ + 2 ; then the square is ζa +4? +4.
Then since the difference of the greatest and the middle is one-third of the difference of the middle and the least, and the difference of the middle and the least is ζ2 +4>z, so that the difference of the greatest and the least is %z2+l^z, while the middle term is ζ2 +4-z +4, therefore the greatest term = 1 %z2 + 5\z + 4 = a square. Multiply throughout by 9 :
12z2 +48* +S6 = a square ; and take the fourth part:
3z2 +12z + 9 =» a square.
Further, I desire that the middle square <16, whence clearly its side <4. But the side of the middle square is ζ + 2, and so ζ +2 <4. Take away 2 from each side, and ζ<2.
My equation is now
3z2 + 12z +9 = a square.
“ (mz - 3)2, say.®
^ _ 6^+12 Then	-—a—π»
m6 — 3
and the equation to which my problem is now resolved is
Qm +12
2 g <2»
mr — 3
2
*·*■■ <\
• As a literal translation of the Greek at this point would be intolerably prolix. I have made free use of modern notation.
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*Εστω 6 ζητούμενος Sa* ούτως ΓΚί* γενόμενος καί προσλαβών Μ ιβ, ποιεί S Γ Μ φ· ο δε άπ* αύτοΰ Π09, /1\Μγ’, ποιεί Δγ α Α Μ γ. θέλω οΰν Sr Μ ιβ μερίζεσθαι εις Δγ α Λ Μ γ’ καί ποιείν την παραβολήν ελάσσονος Μ β. άλλα και 6 β μεριζόμενος εις Μ α, ποιεί την παραβολήν β· ώστε Sir Μ ιβ προς Δγ α Λ Μ γ ελασσόνα λόγον εχουσιν ηπερ β προς α.
Καί χωρίον χωρίω άνισον ό άρα υπό SS"Mij8 καί Μ α ἐλάσσων εστίν του υπό δυάδος καί ΔΥ α /1\ Μ γ, τουτεστιν £ θ’ Μ ιβ ελασσόνες είσιν Δγ β Α Μ Γ. και κοιναί προσκείσθωσαν αι Mr.
5	γ Μ ϊη ελασσόνες Δγ β.
"Οταν δε τοι αυτήν ισωσιν Ισώσωμεν, ποιοΰμεν των S τό Ζ/ εφ' εαυτό, γίνεται θ, καί τα? Δγ β επί τας Μ «ἡ, γίνονται λτ· πρόσθες τοΐς 9, γίνονται με, ών 7Γλ* ούκ ελαττον εστι Μ ζ’ πρόσθες τό ήμίσευμα των S· (γίνεται ούκ ελαττον Μ Γ* καί μερισον εις τας Δγ·)1 γίνεται ούκ ελαττον Μ έ.
Γεγονεν οΰν μοι ΔΥγζιβλΐθ ισ. τω από
χ ιἑν „ .	\ t f „ τ»°τ κβ / ta
7τλ· Μ γ Α 5 €, και yiverai ο 5 Μ rovrearcv ^
Ύεταχα δ<£ την του μέσου □°*' πκ SaMjS· 1 γίνΐται . . . τὰ? Δγ add. Tannery.
0 This is not strictly true. But since \/45 lies between
6	and 7, πο smaller integral value than 7 will satisfy the conditions of the problem.
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The inequality will be preserved when the terra are cross-multiplied,
i.e.,	(6m +12) . 1 <2 . (m2 - 3) ;
i.e.,	6m +12 <2m2 - 6.
By adding 6 to both sides,
6m +18 <2m2.
When we solve such an equation, we multiply half the coefficient of χ [or rri\ into itself—getting 9 ! then multiply the coefficient of χ2 into the units —2 . 18 = 36 ; add this last number to the 9—getting 45 ; take the square root—which is <7 a ; add half the coefficient of χ—making a number -tlO; and divide the result by the coefficient of x2—getting a number <5.b
My equation is therefore
3s2 + 12s + 9 = a square on side (3 - 5z),
and
42	21
I have made the side of the middle square to be
* This shows that Diophantus had a perfectly general formula for solving the equation ax2=bx +c,
,	\b +λ/£>*+^
namely	x= -- v*
From vi. 6 it becomes clear that he had a similar general formula for solving
ax2 + bx = c,
and from v. 10 and vi. 22 it may be inferred that he had a general solution for
ΊΧ2 + C = bx.
VOL. II
533
GREEK MATHEMATICS
εσται ἡ του Qou π*· Μ ία. αντος δε 6 Π01
'	μγ
Μ Ρα\.
,αωμσ
"Ερχομαι οΰν επί το εξ αρχής καί τάσσω
Μ ΡΚαη, οντα Π0", ισ. τοῖς 5σΜδ* καλ πάντα ,αωμσ
els pKd‘ και γίνεται 6 S ^*ξ€> KaL ^στιν ἐλάσσων δυάδος.
’Em τα? υποστάσεις του προβλήματος του εξ αρχής- ύπεστημεν δη τον μεν μέσον £ α Μ β, τον δε ελάχιστου Μ β Δ S α, τον δε μεγίστου 5 ζ Μ β. εσται 6 μεν μέγιστος α . ,αζ, <> δε β°* ,βωιζ, ό δε ελάχιστος 6 γος πζ. και επεί το μόριον, εστι το ψκζ~ον, ούκ εστιν Qoi, θ’0" δε εστιν αύτοϋ, εάν λάβωμεν ρκα, δ εστι O05, πάντων οΰν τό θ’0*’, και ομοίως εσται 6 μεν α0* ρκα"1' ,αωλδ ZJ t ὅ δε β0* νξθ ZJ, ό 8e yos ιδ ZJ.
Και εάν εν δλοκληροις θελης ινα μη τδ ZJ επι-τρεχη, εις δα εμβαλε. και εσται ό α0* ζ^\η· ° δε βο, υΊΤ^ } ο γ0! νζ^· καί ἡ άπόδειξις φανερά.
ALGEBRA: DIOPHANTUS
43
ζ +2 ; therefore the side will be — and the square
I return now to the original problem and make I84.9
which is a square, = 6x + 4, Multiplying by
121 throughout, I get x — which is <2.
In the conditions of the original problem we made the middle term = χ +2, the least = 2-x, and the greatest 7 χ +2.
Therefore
.	11007
the greatest = —^-Q,
Λ	2817
the middle —
,	,	87
the least -
Since the denominator, 726, is not a square, but its sixth part is, if we take 121, which is a square, and divide throughout by 6, then similarly the numbers are
1834|	469)	14f.
121 ’ 121 ’ 121*
And if you prefer to use integers only, avoiding the multiply throughout by 4. Then the numbers will be
7338	1878	58_#
'484 ’	484 ’ 484*
And the proof is obvious.
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(iii.) Simultaneous Equations Leading to a Quadratic Ibid. i. 28, Dioph. ed. Tannery i. 62. 20-64. 10
Έύρεΐν δάο αριθμούς όπως και ή σύνθεσις αυτών και ή σύνθεσις των απ' αυτών τετραγώνων ποιη δοθόντας αριθμούς.
Αει δη τούς δίς απ' αυτών τετραγώνους του άπο συναμφοτερου αυτών τετραγώνου ύπερεχειν τετραγώνου. εστι δε και τούτο πλασματικόν.
Έπιτετάχθω δη την μεν σύνθεσιν αυτών ποιεΐν Μ κ, την δε σύνθεσιν τών απ' αυτών τετραγώνων ποιεΐν Μ ση.
Τετάχθω δη η υπεροχή αυτών 5 β. και έστω 6 μείζων 2 α και Μ ϊ, τών ημίσεων πάλιν του συνθέματος, ό δε ἐλάσσων Μ ϊ Α S α. και μενει πάλιν το μεν σύνθεμα αυτών Μ κ, η δε υπεροχή
Ζβ·..................... ...................
Αοιπόν εστι και το σύνθεμα τών απ αυτών τετραγώνων ποιεΐν Μ ση· άλλα τό σύνθεμα τών απ' αυτών τετραγώνων ποιεί Δγ β Μ. σ.	ταΰτα
ίσα Μ ση, και γίνεται ό S Μ β.
’Em τάς υποστάσεις, εσται 6 μεν μείζων Μ ιβ, ό δε ελάσσων Μ η. και ποιοΰσι τα της προτάσεως.
° In general terms, Diophantus’s problem is to solve the simultaneous equations
ξ+η =2(1 t° + y* = A.
He says, in effect, let ξ - η =2x; then	ξ = α+χ, y=a-x,
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(iii.) Simultaneous Equations Leading to a Quadratic Ibid. i. 28, Dioph. ed. Tannery i. 62. 20-64. 10
To find t?vo numbers such that their sum and the sum of their squares are given numhers.a
It is a necessary condition that double the sum of their squares exceed the square of their sum by a square. This is of the nature of a formula.6
Let it be required to make their sum 20 and the sum of their squares 208.
Let their difference be 2x, and let the greater = x +10 (again adding half the sum) and the lesser = 10 —x.
Then again their sum is 20 and their difference 2x.
It remains to make the sum of their squares 208. But the sum of their squares is 2a:2 +200.
Therefore	2x2 + 200 = 208,
and	χ = 2.
To return to the hypotheses—the greater = 12 and the lesser = 8. And these satisfy the conditions of the problem.
and	(α+3τ)*+(α-*)2 = Α,
i.e.,	2(a2 + a:2) = A.
A procedure equivalent to the solution of the pair of simultaneous equations ξ + η=2α, ξη = Α, is given in i. 27, and a procedure equivalent to the solution of ξ -η =2a, ξη = Α, in i. 30.
b In other words, 2(£2 + tj2) - (£ + η)2 = a square; it is, in fact, (ξ - η)*. I have followed Heath in translating ἔστι δὲ καί τοΰτο πλασματικόν as “ this is of the nature of a formula.” Tannery evades the difficulty by translating “ est et hoc formativum,” but Bachet came nearer the mark with his “ effictum aliunde.” The meaning of πλασματικόν should be “ easy to form a mould,” i.e. the formula is easy to discover.
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(iv.) Cubic Equation
Ibid. vi. 17, Dioph. ed. Tannery i. 432. 19-431. 22
Έιύρεΐν τρίγωνον ορθογώνιον όπως· 6 iv τω εμβαΰω αύτοΰ, προσλαβών τον iv τη νποτεινούση, ποιη τετράγωνον, 6 hi iv τη περιμετρω αύτοΰ fj κύβος.
Τετάχθω ό iv τω εμβαδω αύτοΰ 5 α, ο hi iv τη υποτεινούση αύτοΰ Μ τινών τετραγωνικών /λ 5 α, έστω Μ W /ft = α.
*ΑλΛ* επει ύπεθεμεθα τον εν τω εμβahώ αύτοΰ είναι 5 α, 6 άρα υπό των περί την ορθήν αύτοΰ γίνεται S β. άλλα 5 β περιεχονται υπό 5 α και Μ β- εάν οΰν τάζω μεν μίαν των ορθών Μ β, εσται ή ετερα Ξ α.
Και γίνεται η περίμετρος Μ Γη και ούκ εστι κύβος* 6 hi Γη γεγονεν εκ τινος □ον και Μ β' όεησει άρα εύρεΐν □°*' τινα, ος, προσλαβών Μ β, ποιεΐ κύβον, ώστε κύβον ύπερεχειν Μ β.
Ύετάχθω οΰν ή μεν τοΰ Π0” πΧ· £ α Μ α, η Si του κύβου S α /λ Μ α. γίνεται 6 μεν Ο0*, Δτ α £ β Μ α, ό hi κύβος, Κγ α ζ γ /λ Δγ γ Μ ά. θέλω οΰν τον κύβον τον Q0" ύπερεχειν hυάSι^ 6 άρα Π05 μετά hυάhoς, τουτεστιν Δγ άΖιβΜγ, εστιν ΐσος Κγ α 3 γ’AAvy Μά, οθεν 6 5 εύρίσκεται
MS.
Έσται οΰν ἡ μεν τοΰ □<>" πλ Μ έ, η hi τοΰ 538
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(iv.) Cubic Equation *
Ibid. vi. 17, Dioph. ed. Tannery i. 432. 19-434. 22
To find a right-angled triangle such that its area, added to one of the perpendiculars, makes a square, while its perimeter is a cube.
Let its area = λ, and let its hypotenuse be some • square number minus x, say 16 — λ.
But since we supposed the area = χ, therefore the product of the sides about the right angle = 2.x. But 2x can be factorized into χ and 2 ; if, then, we make one of the sides about the right angle = 2, the other = x.
The perimeter then becomes 18, which is not a cube ; but 18 is made up of a square [16] +2. It shall be required, therefore, to find a square number which, when 2 is added, shall make a cube, so that the cube shall exceed the square by 2.
Let the side of the square = m +1 and that of the cube τη-Ι. Then the square = m2 + 2m +1 and the cube = m5 +3m- 3m2 - 1. Now I want the cube to exceed the square by 2. Therefore, by adding 2 to the square,
m2 +2 m +3 — mz + 3m-3m2-1, whence	m=> 4.
Therefore the side of the square = 5 and that of
• This is the only example of a cubic equation solved by Diophantus. For Archimedes’ geometrical solution of a cubic equation, v. supra, pp. 126-163.
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κύβου Μ γ. αυτοί άρα 6 μεν □"Μ κε, ό δε κύβος
Μ^ζ.
Μεθνφίσταμαι οΰν το ορθογώνιον, και τάξας αυτόν το εμβαδόν S α, τάσσω την υποτείνουσαν Μ κε. !λ 3 α- μενει δἐ καί η βάσις Μ β, η δε κάθετος 5α.
Αοιπόν ἐστιν τον από της ύποτεινούσης ίσον είναι τοΐς από των περί την ορθήν γίνεται δε . Δγ α Μ χκε /λ S ν' εσται ίση Δγ α Μ δ. δθεν δ SM *
χΚα\ , , ,
’Em τἀ? υποστάσεις και μενει.
(d)	Indeterminate Equations
(i.) Indeterminate Equations of the Second Degree (a) Single Equations
Ibid. ii. 20, Dioph. ed. Tannery i. 114. 11-22
Eύρεΐν δύο αριθμούς όπως 6 από του εκατερου αυτών τετράγωνος, προσλαβών τον λοιπόν, ποιη τετράγωνον.
Τετάχθω ό αος 5 α, 6 δε β°* Μ α Ξ β, ΐνα 6 από του αου □«, προσλαβών τον βον, ποιη □°*', λοιπόν εστι και τον από τοΰ βου	προσλαβόντα χον
αον, ποιειν □°*'· άλλ’ ό από τοΰ β°υ 0°% προσλαβών τον αον, ποιεί Δγ δ 5 ε Μά· ταΰτα ίσα □*.
β Diophantus makes no mention of indeterminate equations of the first degree, presumably because he admits 540
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the cube = 3 ; and hence the square is 25 and the cube 27.
I now transform the right-angled [triangle], and, assuming its area to be χ, I make the hypotenuse = 25 - χ; the base remains = 2 and the perpendicular = x.
The condition is still left that the square on the hypotenuse is equal to the sum of the squares on the sides about the right angle ;
i.e.f	x2 + 625 - 50x = x2 + 4,
This satisfies the conditions.
(d)	Indeterminate Equations *
(i.) Indeterminate Equations of the Second Degree
(a) Single Equations
Ibid. ii. 20, Dioph. ed. Tannery i. 114. 11-22
To find two numbers such that the square of either, added to the other, shall make a square.
Let the first be x, and the second 2x +1, in order that the square on the first, added to the second, may make a square. There remains to be satisfied the condition that the square on the second, added to the first, shall make a square. But the square on the second, added to the first, is 4·χ2+5χ+1 ; and therefore this must be a square.
rational fractional solutions, and the whole point of solving an indeterminate equation of the first degree is to get a solution in integers.
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Πλάσσω τον □°" από ζ β fa Μβ· αυτός αρα εσται ΔγΒΜδ/1\£ἡ· και γίνεται 6 5
*Εσται 6 μεν α09 *ό δε βος και ποιοΰσι τό πρόβλημα.
(β) Double Equations
Ibid. iv. 32, Dioph. ed. Tannery 268. 18-272. IS
Αοθεντα αριθμόν διελεΐν εις τ pels αριθμούς όπως 6 υπό του πρώτου και του δευτέρου, εάν τε προσ-λάβη τον τρίτον, εάν τε λείφη, πο ιτ} τετράγωνον.
Έστω 6 δοθείς ό Γ.
Τετάχθω ό γ°* S α, και ό βοί Μ ελασσονών του Γ* έστω Μ β· 6 αρα α0ί εσται Μ δ /Ι\ 5 <χ· και λοιπά έστι δύο επιτάγματα, τον υπό αου και β™, εάν τε προσλάβη τον γον, εάν τε λείφη, ποιεΐν □ °1'.	καί γίνεται διπλή ή ίσότης· ΜῆΛ~ά
ΐσ. □»· καί Μ η fa 5 γ ϊσ. □*· καί ου ρητόν
α The problem, in its most general terms, is to solve the equation
Ax3 + Bx + C =y*.
Diophantus does not give a general solution, but takes a number of special cases. In this case A is a square number ( = a*, say), and in the equation
a3x3 + Bx + C=y3
he apparently puts where m is some integer, whence
y3 =(ax - m)\
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I form the square from 2.x —2; it will be 3
4>x2 +4-8x ; and x = —.
3	19
The first number will be y^, the second and they satisfy the conditions of the problem.®
(β) Double Equations *
Ibid. Iv. 82, Dioph. cd. Tannery 268. I&-272. 15
To divide a given number into three parts such that the product of the first and second ± the third shall make a square.
Let the given number be 6.
Let the third part be x, and the second part any number <6, say 2; then the first part = 4 — χand the two remaining conditions are that the product of the first and second ± the third = a square. There results the double equation
8-χ = a square,
8 -3x = a square.
And this does not give a rational result since the ratio
* Diophantus’s term for a double equation is διπλόϊσότης, διπλή Ισότης or διπλή ΐσωσις. It always means with him that two different functions of the unknown have to be made simultaneously equal to two squares. The general equations are therefore
Αχ*1 + Bxx + Cj=«!*,
AjX* ++ Ca .
Diophantus solves several examples in which the terms in x* ate missing, and also several forms of the general equation.
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ἐστι διά τό μη είναι τους 5 ττ ρος αλλήλους λόγον έχοντας ον Π0* αριθμός ττ ρος □°1' αριθμόν.
Άλλα ό S ό α μονάΒι έλάσσων του β, οι Βέ 5 γ ομοίως μείζονες Μ1 τοΰ β. άπήκται οΰν μοι εις τό εύρεΐν αριθμόν τινα, ως τον β, ινα ό Μ* αύτοΰ μείζων, προς τον Μ1 (αύτοΰ ελασσόνα, λόγον εχη ον Π0' αριθμός προς)ι D0" αριθμόν.
"Έστω ἡ ζητούμενος 5 α, και ό Μ1 α αύτοΰ μείζων εσται 5 α Μ α, ό Se Μ1 αύτοΰ ἐλάσσων 5 α /!\Μ α. θέλομεν ούν αύτούς προς αλλήλους λόγον εχειν ον Qos αριθμός προς □°1' αριθμόν, έστω ον δ προς α' ώστεδάΛΜα επί Μ§ γίνονται 5 Β ΑΜδ· καί 5 α Μ α επί την Μ α (γίνονται 5 α Μ α).3 καί είσιν ούτοι οι εκκείμενοι αριθμοί λόγον έχοντες προς αλλήλους ον έχει □ °* αριθμός προς □°*' αριθμόν νυν 5 δ Α Μ S ΐσ. S α Μ α, καί γίνεται 6 sM^.
Τάσσω ούν τον βον Μ^· 6 γαρ γ0* εστίν
5ά· 6 αρα α0* έσται Μ
Αοιπόν Βει είναι τό επίταγμα, έστω τον υπό αου καί βου, προσλαβόντα τον γον, ποιεΐν Q01', καί λείφαντα τον γ°ν, ποιεΐν □°1'· άλλ’ ό υπό α0υ καί
° θ
βου, προσλαβών τον γον, ποιεί Μ	ΐσ. □*·
/1\ του γου, ποιεί Alf /Λ5β Uf' ΐσ. Π'*’, και
ξε
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of the coefficients of χ is not the ratio of a square to a square.
But the coefficient 1 of χ is 2-1 and the coefficient 3 of χ likewise is 2 +1 ; therefore my problem resolves itself into finding a number to take the place of 2 such that (the number +1) bears to (the number -1) the same ratio as a square to a square.
Let the number sought be y ; then (the number+1)=^+1, and (the number - l) =y - 1. We require these to have the ratio of a square to a square, say 4 :1. Now (y - l) . 4 = 4<y - 4 and (y +1) . 1 =y +1. And these are the numbers having the ratio of a square to a square. Now I put
fy-4>=y +1,
5
giving	y =
5
Therefore I make the second part g, for the 13
third = χ ; and therefore the first = — - τ.
There remains the condition, that the product of the first and second ±th§ third = a square. But the product of the first and second +the third =
65	2
— —~x = a square,
and the product of the first and second - the third = 65 02
- 2$x = a square. 1 2
1 αντοΰ . . . προs add. Bachet.
2	γίνονται 3άΜά add. Tannery.
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πάντα επί τον θ, και γίνονται	ίο. Ο1*»
και M£e/\S κδ ίο. □ ‘■’· και εξισω, τους S τῆ? μείζονος ισότητας ποιησας δ*1*, καί εστι
Μσ^Αδκδ ΐσ. Ον και M£ed\S/<8 ΐσ. □ *.
Νυν τούτων λαμβάνω την υπεροχήν καί εστι Μ pie- καί εκτίθεμαι δυο αριθμούς ών το υπό ἐστι Μ ρ$ε, καί εισι ΐε καί ϊγ· καί της τούτων υπεροχής το Α.' εφ' εαυτό ίσον ἐστι τω ελάσσονι □*, και γίνεται 6 5 γων ή.
Έπι τάς υποστάσεις, εσται ό μεν α0* ε, ό δε β05 έ, 6 δε γος η. καί η άπόδειξις φανερά.
• These are a pair of equations of the form am2'x + a=u2, an2x + b=v*.
Multiply by »*, m2 respectively, getting, say am2n2x + an2=u'%, am2n2x + brn2=v't.
,·,	an1 - bm2 = u'2 - ν'*.
Let	cm2 - bm2 —pq,
and put	«' + t>'=p,
u'-v'=q ;
u'2 = {(p + q)2, v'2 = i{p- q)\ and so	αm2n2x + an2 = \{p + q)\
am2n2x + bm2 = Κρ ~ ?)* I
whence, from either,
r __ 1(P8 + 9a) - i(an2 + bm2) am*»*
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Multiply throughout by 9> getting 65-6x = a square
and
65 - 24r = a square.®
Equating the coefficients of χ by multiplying the first equation by 4,1 get
260 - 24χ = a square
and
65 - 24r = a square
Now I take their difference, which is 195, and split it into the two factors 15 and 13. Squaring the half of their difference, and equating the result to the
g
lesser square, I get #=£·
Returning to the conditions—the first part will be the second and the third And the proof is obvious.
This is the procedure indicated by Diophantus. In his example,
ρ = 15, g = 13,
and	{£(15- 13}2 = 65-24a%
whence	24* = 64, and χ =
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(ii.) Indeterminate Equations of Higher Degree Ibid. iv. 18, Dioph. ed. Tannery i. 226. 2-228. δ
Eύρεΐν 8vo αριθμούς, όπως 6 από τοΰ πρώτου κάβος προσλαβών τον 8εντερον ποιί} κύβον, ό Se από τον 8ευτερον τετράγωνος προσλαβών τον πρώτον π ο if) τετράγωνον.
Τετάχθω ό α0* S α* ό άρα β0* εσται Μ κυβικοί η Α\ Κγ α. και γίνεται ό από τοΰ αου κύβος, προσλαβών τον βον, κύβος.
Λοιπόν ἐστι και τον από	τοΰ	βου	□°’’,
προσλαβόντα τον	αον, ποιεΐν	□°’'.	ἀλλ* ό
από τοΰ βου Π09,	προσλαβών	τον	αον,	ποιεί
ΚΥΚ α 5 α Μ £δ/1\ Ky ZF * (ταΰτα ισα □ * τω από πλ· Κγ α Μ η, τοντεστι Κγ Κ α Κγ ιτ Μ |δ·)* και κοινών προστιθέμενων τών λειπομενων και άφαιρουμενων τών	όμοιων από	όμοιων,	λοιποί
Κγ λβ ΐσοι S <χ· καί πάντα παρά. S· Δγ λβ ΐσαι Μ α.
Και εστιν ἡ Μ Π05, καί ΔΎλβ ει ησαν Π0*, λελυ-μένη αν μοι ην η ΐσωσις- άΛλ’ αι Δγ λβ είσίν εκ τών 8ίς Κγ οι 8ε Κγ ϊτ εισιν υπό τών δι? Μ η 1 ταΰτα . . . Μ£δ add. Bachet.
• As with equations of the second degree, these may be single or double. Single equations always take the form that an expression in x, of a degree not exceeding the sixth, is to be made equal to a square or cube. The general form is therefore
Ao*· +	+ . . . +Ae=y2ory*.
Diophantus solves a number of special cases of different degrees.
In double equations, one expression is made equal to a 548
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(ii.) Indeterminate Equations of Higher Degree a Ibid. iv. 18, Dioph. ed. Tannery i. 226. 2-228. 5
To find two numbers such that the cube of the first added to the second shall make a cube, and the square of the second added to the first shall make a square.
Let the first number be x. Then the second will be a cube number less x3, say 8 - x3. And the cube of the first, added to the second, makes a cube.
There remains the condition that the square on the second, added to the first, shall make a square. But the square on the second, added to the first, is χ6 + χ + 64 - 16-r3. Let this be equal to (χ3 + 8)2, that is to χ6 + 16a:3 +64.b Then, by adding or subtracting like terms,
32x3 = χ ;
and, after dividing by x,
32x2 = l.
Now 1 is a square, and if 32x2 were a square, my equation would be soluble. But S2x2 is formed from 2.16a^, and 16x3 is (2.8)(a:3), that is, it is formed
cube and the other to a square, but only a few simple cases are solved by Diophantus.
* The general type of the equation is
x9 - Ax3 + Bx +c* = y*.
Put y = Xs+ c, then
x2
Β
“A +2 c
and if the right-hand expression is a square, there is a rational solution.
In the case of the equation χ® - 16x3 +x + 64=y2 it is not a square, and Diophantus replaces the equation by another, χ9 - 128x3 + a; + 4096 = y2, in which it is a square.
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και του Κγ α, τουτεστι δίς των Μ ῆ· ώστε αι λβ Δτ εκ δκις των η Μ. γεγονεν οΰν μοι εύρεΐν κύβον ος δκις γενόμενος ποιεί Π0".
“Εστω 6 ζητούμενος Κτά· οντος δ"** γενόμενος ποιεί Κτ Β ΐσ. □*. έστω Δγϊτ· καί γίνεται 6 S Μ δ. επί τάς υποστάσεις· εσται 6 Κγ Μ £δ.
Τάσσω άρα τον βον Μ £δΛΚγ α. και λοιπόν εστι τον από του βου D01' προσλαβόντα τον α0*' ποιεΐν Π0". άΛΛα 6 από του βου προσλαβών τον α0*' ποιεί Κτ Κ α Μ,δ^Γ S α Α Κτ ρκη ΐσ.	τω από ιτ*·
ΚγάΜ£δ· και γίνεται ό Ο0ϊ ΚτΚαΜ/δζθ’Κτ/3«η. και γίνονται λοιποί Κτ σν^ ΐσ. S α. καί γίνεται ό S ενός ι£~ου.
’Em τάς υποστάσεις· εσται 6 α°* ενός ιΓου, 6 δε
o0t ,δςθ’ ρ ^ * βρ^
(e)	Theory op Numbers : Sums of Squares Ibid. ii. 8, Dioph. ed. Tannery i. 90. 9-21
Τόν επιταχθεντα τετράγωνον διελεΐν εις δύο τετραγώνους.
β It was on this proposition that Fermat wrote a famous note: “ On the other hand, it is impossible to separate a cube into two cubes, or a biquadrate into two biquadrates, or generally any power except a square into two powers with the same exponent. I have discovered a truly marvellous proof of this, which, however, the margin is not large enough 530
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from 2.8. Therefore 32x2 is formed from 4.8. My problem therefore becomes to find a cube which, when multiplied by 4, makes a square.
Let the number sought be yz. Then 4yz = a square = 16y2 say; whence y = 4>. Returning to the conditions—the cube will be 64.
I therefore take the second number as 64 — x3. There remains the condition that the square on the second added to the first shall make a square. But the square on the second added to the first = afi +4096 + x- 128;r3 = a square
= (λ:3 + 64)2, say,
= x6 +4096 +128X3.
On taking away the common terms,
256x3 = x,
and	x
Returning to the conditions—
1	262143
first number = —, second number =	·
16	4096
(e)	Theory of Numbers : Sums of Squares Ibid. ii. 8, Dioph. ed. Tannery i. 90. 9-21 To divide α given square number into two squares,a
to contain.” Fermat claimed, in other words, to have proved that xm +ym =zm cannot be solved in rational numbers if m>2. Despite the efforts of many great mathematicians, a proof of this general theorem is still lacking.
Fermat’s notes, which established the modern Theory of Numbers, were published in 1670 in Bachet’s second edition of the works of Diophantus.
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Έπιτετάχθω δη τον t? διελεΐν els δυο τετραγώνους.
Και τετάγθω o aot Av α, 6 dpa ετερος εσται Μ ιτ /1\ Δτ α* δεήσει dpa Μ ιτ ΑΔτα ίσα? είναι. Q*.
Πλάσσω τον Q0" από όσων δήποτε Α\ τοσούτων Μ όσων ἐστιν ή των Ιτ Μ πλευρά· έστω $β Λ\Μδ.	αύτδς αρα 6 □ εσται
Δγ δ Μ ϊ? /ί\ 5 ΐτ· ταΰτα ίσα Μ is /1\ Δγ α. κοινή προσκείσθω η λεΐφις και από όμοιων όμοια.
ΔΥ αρα ε ισαι 5 ΪΓ, και γίνεται ό 5 ΪΓ πέμπτων.
"Εσται ο μεν κ€. ό δε	και οι δύο συντε-
Γ σν^	ρμό
θεντες ποιοΰσι Κ*, ήτοι Μ ϊ5% καί εστιν εκάτερος τετράγωνος.
Ibid. ν. 11, Dioph. ed. Tannery 1. 842. 13-346. 12
Μονάδα διελεΐν εις τρεις αριθμούς και προσθεΐναι εκάστω αυτών πρότερον τον αυτόν δοθεντα και ποιεΐν έκαστον τετράγωνον.
Αει δη τον διδόμενον αριθμόν μήτε δυάδα είναι μήτε τινα. των από δυάδος όκτάδι παραυζανομενων.
Έπιτετάχθω δη την Μ διελεΐν εις τρεις αριθμούς και προσθεΐναι εκάστω Μ γ και ποιεΐν έκαστον
Πον·
° Lit. “ Ι take the square from any number of αριθμοί minus as many units as there are in the side of 16.”
1 i.e., a number of the form 3(8n +2) +1 or 24» +7 cannot be the sum of three squares. In fact, a number of the form 8n + 7 cannot be the sum of three squares, but there are other 552
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Let it be required to divide 16 into two squares. And let the first square = λ2 ; then the other will be 16 -x2 ; it shall be required therefore to make 16 — x2 = a square.
I take a square of the form® (mx - 4)2, νη being any integer and 4 the root of 16 ; for example, let the side be 2x -4, and the square itself 4>x2 +16- 16λ. Then
4*2+16-16* = 16-λ2.
Add to both sides the negative terms and take like from like. Then
5x2 = lGx,
A	16
and	x=—·
5
256	144
One number will therefore be the other and their sum is or 16, and each is a square.
Ibid. v. 11, Dioph. ed. Tannery i. 342. 13-346. 12
To divide unity into three parts such that, if we add the same number to each of the parts, the results shall all be squares.
It is necessary that the given number be neither 2 nor any multiple of 8 increased by 2.6
Let it be required to divide unity into three parts such that, when 3 is added to each, the results shall all be squares.
numbers not of this form which also are not the sum of three squares. Fermat showed that, if 3α +1 is the sura of three squares, then it cannot be of the form 4n (241 + 7) or 4" (81 + 7), where k = 0 or any integer.
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Πάλιν Set τόν ϊ διελεΐν els τρεις Π0”* όπως έκαστος αυτών μείζων ἡ Μ γ. ἐάν οΰν πάλιν τον ϊ διελωμεν εις τρεις □ουϊ, τῆ της παρισότητος^ αγωγή, εσται έκαστος αυτών μείζων τριάδος ^καί δυνησδμεθα, άφ* έκαστου αυτών άφελοντες Μ γ, εχειν είς οΰς η Μ διαιρείται.
Ααμβάνομεν άρτι του ϊ τδ γον, γί. yyX, και ζητοΰμεν τί ττροστιθεντες μόριον τετραγωνικόν ταΐς Μ γ γ*, ττοιησομεν □°1’· πάντα θΚί*. δει και τω Χ προσθεΐναί τι μόριον τετραγωνικόν καί ποιεΐν τον ολον □°1'.
Έστω το προστιθέμενον μόριον ΔΥΧ α* και πάντα επί Δτ· γίνονται ΑΥ Χ Μ α ίσ. □"· τω από πλευράς ScMcE* γίνεται 6 Π0* Δγκ?5ϊΜα ΐσ. ΔγλΜἀ· δθεν ό δΜβ, ή ΑΥ MS, τό Δγχ Μδ*
Ει οΰν ταΐς Μ Χ προστίθεται Μ δ *, ταίς Μ γ γ χ προστεθησεται Αγ* και γίνεται	δει οΰν τον ϊ
διελεΐν είς τρεις □ουί όπως εκάστου Οου η πλευρά
πάρισος ἡ Μ
Γ
ια'
’Αλλά και 6 ϊ σύγκειται εκ δυο Ον, του τε θ κ της Μ. διαιροΰμεν την Μ εις δυο Π0"5 τά τε 1
και τα ώστε τον ϊ συγκεΐσθαι εκ τριών □ων,
• The method has been explained in v. 19, where it is proposed to divide 13 into two squares each>6. It will be sufficiently obvious from this example. The method is also used in v. 10, 12, 13, 14.
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Then it is required to divide 10 into three squares such that each of them> 3. If then we divide 10 into three squares, according to the method of approximation γ’ each of them will be> 3 and, by taking 3 from each, we shall be able to obtain the parts into which unity is to be divided.
We take, therefore, the third part of 10, which is 3\, and try by adding some square part to 3^- to make a square. On multiplying throughout by 9» it is required to add to 30 some square part which will make the whole a square.
Let the added part be —2; multiply throughout by χ* ; then
30x2 +1 = a square.
Let the root be 5x +1 ; then, squaring,
25a:2+10* +l=30*a+l ;
whence
χ = 2 λ2 = 4, λ 1.
x2 4-
If, then, to 30 there be added to 3^ there is added 4	3
^, and the result is —· Jt is therefore required to divide 10 into three squares such that the side of each shall approximate to
But 10 is composed of two squares, 9 and 1. We 9	16
divide 1 into two squares, — and —, so that 10 is composed of three squares, 9, ^ and itis ^βΓ6"
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V	„ Λ %	„ Ke ,	„	/C€	* ~	r	t r
etc re του σ και του _ και τοι;	Ω .	oeι	ουν	e/ca-
tT	a
λ '	/	/	r
a-nyi' των π · τούτων παρασκ€υασαι τταρισον
ΆΛΛά και αι 7τλ· αότω^ εισιν	Μ γ’	και	καί
Μ * · και πάντα λ*1*· και yivovrai	Μ ζ	/cal	Μ κδ /cat
Μ Γη. τα he ϊα Γα γίνονται Μ Ρ?· δβι ουν έκάστην 7Γλ· κατασκευάσαι ve.
Πλάσσομεν eVo? nXevpav My/NSAe, Ετέρου δἡ 5 λα Μ § e"", του Se έτόρου 5 λζ Μ y ε"*'. γίνονται οι άτι ο των βίρημόνων Π01, Δγ ,γφν€ Μ ι Λ\ S jotr· ταυτα ίσα Μ ϊ. odev €υρίσκ€ται 6 S
’Em τάς ύποστάσεις* /cat γίνονται αι rrXevpai των τ€τραγώνων hodeiaai, ώστε /cat αυτοί, τα Χοιττά δηΧα.
Ibid. iv. 29, Dioph. ed. Tannery ϊ. 258. 19-260. 16
E vpeiv τόσσαρας αριθμούς (τετραγώνους), οι συντβθάντες καί προσΧαβόντες τάς ιδίας πλευράς συντεθζίσας τιοιοϋσι δοθόντα αριθμόν.
• The sides are, in fact, IlL2* l288, 1285, and the squares 711 ’ 711	711
flr„ 1745041 1658944 1651225 505521 ’ 505521 ’ 505521 '
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ALGEBRA : DIOPHANTUS fore required to make each of the sides approximate to
6
4	3
But their sides are 3, ~ and -· Multiply throughout by 30, getting 90, 24 and 18 ; and ^ [when
multiplied by 30] becomes 55. It is therefore required to make each side approximate to 55.
Γχτ e 55 . 35 4 55 . SI , 3 55 . 37 [Now S> jo by m, 5 <30 by jg, and - <_ by -.
35
If, then, we took the sides of the squares as 3 - —,
4	31 3	87	11
5	+3θ’ 5 +30’ SUm s^uares wou^ be 3. (—)2
363
or , which> 10.
36
Therefore] we take the side of the first square as
4
S-35x, of the second as - + 31x, and of the third as
5
g
- +37x. The sum of the aforesaid squares
3555x* +10-116x=10 ;
. 116 whence	*-3555-
Returning to the conditions—as the sides of the squares are given, the squares themselves are also given. The rest is obvious.®
1lid. iv. 29, Dioph. ed. Tannery i. 258. 19-260. 16
To find four square numbers such that their sum added to the sum of their sides shall make a given number.
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Έστω δἡ τον ιβ.
Έπεέ ττ ας Π05 προσλαβών την ιδίαν πλ· καί
Μδχ, ποιεί Π0", ου η πλ·/λΜ Δ' ποιεί αριθμόν τινα, ος ἐστι του εξ αρχής πλευρά, οι τ εσ σάρες αριθμοί αρα, προσλαβόντες μεν τας ιδίας ττ*· ποιοΰσι Μ ιβ, προσλαβόντες δε και δ δα, ποιοΰσι τεσσαρας □ουί· είσι και αι Μ ιβ μετά δ δω”, ο
ἐστι Μ α, Μ ιγ. τας ιγ άρα Μ διαιρεΐν δεΐ εις τεσσαρας D0"*, και από των πλευρών, αφελών από εκάστης πκ· Μ Δ', εξω των Β τἀς π*· Διακειται δε 6 ιγ εις δυο Π0**, τον τε δ καί θ. και πάλιν εκάτερος τούτων διαιρείται εις δυο Π0"*,
. λαβών τοίνυν εκά-
• ξδ '
και και
ρμδ
στον την πλευράν, ^>5» tp> ρ> και αίρω άπό έκά-
”)	)	β>
V * ψ
) τούτων πλευράς Μ Δ', και εσονται
αι πΛ· των
ζητούμενων Ον, ^ ζ> ^q> ίγ αυτοί αρα οι Π0* Ss μίν	ρκα* 5sδ' μθ· °* δ* τία’ 5s 8έ ρξθ'
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Let it be 12.
Since any square added to its own side and £ makes a square, whose side minus £ is the number which is the side of the original square,α and the four numbers added to their own sides make 12, then if we add 4 . £ they will make four squares. But
12+4 . J (or 1) = 13.
Therefore it is required to divide 18 into four squares, and then, if I subtract £ from each of their sides, I shall have the sides of the four squares.
Now 13 may be divided into two squares, 4 and 9· And again, each of these may be divided into two
squares, and and ^ and I take the side M 25	25	25	25
of each	and subtract half from each side,
5 5 5 5
and the sides of the required squares will be Π J7 19 13 10’ 10’ 10’ 10*
The squares themselves are therefore respectively
121 49 361 169b 100’ 100’ 100’100*
•	i.e., χ2 + χ + $ = (x + £)*.
*	In iv. 30 and v. 14 it is also required to divide a number into four squares. As every number is either a square or the sum of two, three or four squares (a theorem slated by Fermat and proved by Lagrange), and a square can always be divided into two squares, it follows that any number can be divided into four squares. It is not known whether Dio-phantus was aware of this.
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(f)	Polygonal Numbers
Dioph. De polyg. num., Praef., Dioph. ed. Tannery i. 450. 3-19
’'Έκαστος των από της τριάδος αριθμών αύξο-μενων μονάδι, πολύγωνος ἐστι πρώτος1 από της μονάδος, και εχει γωνίας τοσαύτας οσον εστίν τό πλήθος των iv αύτώ μονάδων πλευρά τε αύτοΰ εστιν 6 εξής της μονάδος αριθμός, 6 β. εσται δε ό μεν γ τρίγωνος, ό δἐ ο τετράγωνος, 6 δε € πεντάγωνος, και τούτο εξής.
Ύών δη τετραγώνων προδήλων οντων ὅτι καθ-εστήκασι τετράγωνοι δια τό γεγονέναι αυτούς εξ αριθμού τινος εφ' εαυτόν πολλαπλασιασθ εντός, εδοκιμάσθη έκαστον των πολυγώνων, πολυπλασια-ζόμενον επί τινα αριθμόν κατά την αναλογίαν του πλήθους των γωνιών αύτοΰ, και προσλαβόντα τετράγωνόν τινα πάλιν κατά την αναλογίαν του πλήθους τών γωνιών αύτών, φαίνεσθαι τετράγωνον' ο δη παραστήσομεν ύποδείξαντες πώς από δοθείσης πλευράς ό επιταχθεις πολύγωνος εύρί-σκεται, και πώς δοθεντι πολυγώνω ή πλευρά λαμβάνεται.
1 πρώτος Bachet, πρώτον codd.
° Λ fragment of the tract On Polygonal Numbers is the only work by Diophantus to have survived with the Arith-metica. The main fact established in it is that stated in Ilypsicles’ definition, that the α-gonal number of side n is
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(f)	Polygonal Numbers®
Diophantus, On Polygonal Numbers, Preface, Dioph. ed. Tannery i. 450. 3-19
From 3 onwards, every member of the series of natural numbers increasing by unity is the first (after unity) of a particular species of polygon, and it has as many angles as there are units in it; its side is the number next in order after the unit, that is, 2. Thus 3 will be a triangle, 4 a square, 5 a pentagon, and so on in order.b
In the case of squares, it is clear that they are squares because they are formed by the multiplication of a number into itself. Similarly it was thought that any polygon, when multiplied by a certain number depending on the number of its angles, with the addition of a certain square also depending on the number of its angles, would also be a square. This we shall establish, showing how any assigned polygonal number may be found from a given side, and how the side may be calculated from a given polygonal number.
£«{2 + (n - l)(a -2)} (®. supra, p. 396 n. a, and vol. i. p. 98 η. a). The method of proof contrasts with that of the Arith-metica in being geometrical. For polygonal numbers, v. vol. i. pp. 86-99.
6	The meaning is explained in vol. i. p. 86 n. a, especially in the diagram on p. 89. In the example there given, 5 is the first (after unity) of the series of pentagonal numbers 1, 5, 12, 22 . . . It has 5 angles, and each side joins 2 units.
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XXIV. REVIVAL OF GEOMETRY:
PAPPUS OF ALEXANDRIA
(a) General Suidas, s.v. ΪΙάππος
Πάττττος, Άλεξανάρευς, φιλόσοφος, γέγονας κατά τον ττρεσβντερον Θεοδόσιον τον βασιλέα, δτ€ και Θεών 6 φιλόσοφος ηκμαζεν, 6 γράφας εις τον Πτολεμαίον Κανόνα, βιβλία 8e αυτόν Χωρογραφία οικουμενική, Εις τα δ βιβλία της Πτολεμαίου
β Theodosius Ι reigned from a.d. 379 to 395, but Suidas may have made a mistake over the date. A marginal note opposite the entry Diocletian in a Leyden ms. of chronological tables by Theon of Alexandria says, “ In his time Pappus wrote”; Diocletian reigned from a.d. 284 to 305. In Rome’s edition of Pappus’s commentary on Ptolemy’s Syntaxis (Studi e Testi, liv. pp. x-xiii), a cogent argument is given for believing that Pappus actually wrote his Collection about a.d. 320.
Suidas obviously had a most imperfect knowledge of Pappus, as he does not mention his greatest work, the Syn-agoge or Collection. It is a handbook to the whole of Greek geometry, and is now our sole source for much of the history of that science. The first book and half of the second are missing. The remainder of the second book gives an account of Apollonius’s method of working with large numbers (ν. supra, pp. 352-357). The nature of the remaining books to the eighth will be indicated by the passages here cited. There is some evidence (ν. infra, p. 607 n. a) that the work was originally in twelve books.
The edition of the Collection with ancillary material published in three volumes by Friedrich Hultsch (Berlin, 1876-564.
XXIV. REVIVAL OF GEOMETRY:
PAPPUS OF ALEXANDRIA
(a)	General Suidas, s.v. Pappus
Pappus, an Alexandrian, a philosopher, born in the time of the Emperor Theodosius I, when Theon the philosopher also flourished,® who commented on Ptolemy’s Table. His works include a Universal Geography, a Commentary on the Four Books of
1878) was a notable event in the revival of Greek mathematical studies. The editor’s only major fault is one which he shares with his generation, a tendency to condemn on slender grounds passages as interpolated.
Pappus also wrote a commentary on Euclid’s Elements ; fragments on Book x. are believed to survive in Arabic (υ. vol. i. p. 456 η. α). A commentary by Pappus on Euclid’s Data is referred to in Marinus’s commentary on that work. Pappus (ν. vol. i. p. 301) himself refers to his commentary on the Analemma of Diodorus. The Arabic Fihrist says that he commented on Ptolemy’s Planisphaerium.
The separate books of the Collection were divided by Pappus himself into numbered sections, generally preceded by a preface, and the editors have also divided the books into chapters. References to the Collection in the selections here given (e.g., Coll. iii. 11. 28, ed. Hjultsch 68. 17-70. 8) are first to the book, then to the number or preface in Pappus’s division, then to the chapter in the editors’ division, and finally to the page and line of Hultsch’s edition. In the selections from Book vii. Pappus’s own divisions are omitted as they are too complicated, but in the collection of lemmas the numbers of the propositions in Hultsch’s edition are added as these are often cited.
VOL. II	α
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Me γάλης συντάξεως υπόμνημα, Ποταμούς τούς εν Λιβύη, ’Ονειροκριτικά.
(δ) Problems and Theorems Papp. Coll, ill., Praef. 1, ed. Hultsch 30. 3-82. 3 Οι τα ἐν γεωμετρία ζητούμενα βουλόμενοι τεγνικώτερον διακρίνειν, ώ κράτιστε ΧΙανδροσιον, πρόβλημα μεν άξιοΰσι καλεΐν ἐφ’ ου προβάλλεται τι ποίησαι, καί κατασκευάσαι, θεώρημα δε εν ω τινα)ν υποκείμενων τό επόμενον αύτοΐς και πάντως επισνμβαΐνον θεωρείται, των παλαιών των μεν προβλήματα πάντα, των δε θεωρήματα είναι φασκόντων. ό μεν οΰν το θεώρημα προτείνων, συνιδών όντινοΰν τρόπον, τό ακόλουθον τούτω άξιοι ζητεΐν και ούκ αν άλλως ύγιώς προτείνοι, 6 δε τό πρόβλημα προτείνων [<χν μεν αμαθής ἡ καί παντάπασιν ιδιώτης]/ καν αδύνατόν πως κατασκευασθήναι προστάξη, σύγγνωστός ἐστιν και άνυπεύθυνος. του γάρ ζητοΰντος εργον καί τούτο διορίσαι, τό τε δυνατόν και τό αδύνατον, καν ἡ δυνατόν, πότε και πώς και ποσαχώς δυνατόν, εάν δε προσποιούμενος η τα μαθηματά πως άπείρως προβάλλων, ούκ εστιν αιτίας εξω. πρώην γοϋν τινες τών τα μαθήματα προσποιούμενων είδεναι διά σου τάς τών προβλημάτων προτάσεις άμαθώς ημΐν ώρισαν. περί ών εδει και τών 1 αν . . . ιδιώτης om. Hultsch. •
• Suidas seems to be confusing Ptolemy’s Μαθηματική τίτράβφλοί σύνταξις (Tetrabiblos or Quadripartitum) which was in four books but on which Pappus did not comment, with the Μαθηματική σύνταξις (Syntaxis or Almagest), which teas the subject of a commentary by Pappus but extended to 566
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Ptolemy's Great Collection,0 The Rivers of Libya, On the Interpretation of Dreams.
(b)	Problems and Theorems Pappus, Collection iii., Preface 1, ed. Hultsch 30. S-32. 3 Those who favour a more exact terminology in the subjects studied in geometry, most excellent Pan-drosion, use the term problem to mean an inquiry in which it is proposed to do or to construct something, and the term theorem an inquiry in which the consequences and necessary implications of certain hypotheses are investigated, but among the ancients some described them all as problems, some as theorems. Therefore he who propounds a theorem, no matter how he has become aware of it, must set for investigation the conclusion inherent in the premises, and in no other way would he correctly propound the theorem ; but he who propounds a problem, even though he may require us to construct something which is in some way impossible, is free from blame and criticism. For it is part of the investigator’s task to determine the conditions under which a problem is possible and impossible,· and, if possible, when, how and in how many ways it is possible. But when a man professing to know mathematics sets an investigation wrongly he is not free from censure. For example, some persons professing to have learnt mathematics from you lately gave me a wrong enunciation of problems. It is desirable that I should state some of the proofs of
thirteen books. Pappus’s commentary now survives only for Books v. and vi., which have been edited by A. Rome, Studi e Testi, liv., but it certainly covered the first six books and possibly all thirteen.
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παραπλήσιων αύτοις αποδείξεις τινας ημάς ειπεΐν εις ωφέλειαν ση ν τε καί των φΐλομαθούντων εν τω τρίτω τουτω της Συναγωγής βιβλίω. το μεν ουν πρώτον των προβλημάτων μεγας τις γεωμετης είναι δοκών ώρισεν άμαθώς. το γάρ δύο δοθεισών ευθειών δύο μεσας άνάλογον εν συνεχεΐ αναλογία λαβεΐν εφασκεν είδεναι δι επίπεδου θεωρίας, ήξίου δε καί ημάς 6 άνήρ επισκεφαμενους άποκρίνασθαι περί τής υπ* αύτοΰ γενηθείσης κατασκευής, ήτις εχει τον τρόπον τούτον.
(c)	The Theory of Means Ibid. iii. 11. 28, ed. Hultsch 68. 17-70. 8 Τό δε δεύτερον τών προβλημάτων ήν τάδε·
Έν ήμικυκλίω τάς τρεις μεσότητας λαβεΐν άλλος τις εφασκεν, καί ημικύκλιον τό ΛΒΓ εκθεμενος, ου κέντρον τό E, καί τυχόν σημείο ν επί τής Α Γ λαβών τό Α, καί απ' αύτοΰ προς όρθάς άγαγών τή ΕΓ την ΔΒ, καί επιζεύξας την ΕΒ, καί αυτή κάθετον άγαγών από του Α την ΑΣ, τάς τρεις μεσότητας ελεγεν απλώς εν τω ήμικυκλίω εκτε-θεΐσθαι, την μεν ΕΓ μεσην αριθμητικήν, την δε ΔΒ μεσην γεωμετρικήν, την δε ΒΖ αρμονικήν.
*Οτι μεν ουν ή ΒΔ μέση εστί τών ΑΑ, Δ Γ ἐμ
α The method, as described by Pappus, but not reproduced here, does not actually solve the problem, but it does furnish a series of successive approximations to the solution, and deserves more kindly treatment than it receives from him.
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these and of matters akin to them, for the benefit both of yourself and of other lovers of this science, in this third book of the Collection. Now the first of these problems was set wrongly by a person who was thought to be a great geometer. For, given two straight lines, he claimed to know how to find by plane methods two means in continuous proportion, and he even asked that I should look into the matter and comment on his construction, which is after this manner.®
(c) The Theory of Means Ibid. iii. 11. 28, ed. Hultsch 68. 17-70. 8 The second of the problems was this :
A certain other [geometer] set the problem of exhibiting the three means in a semicircle. Describing a semicircle ΑΒΓ, with centre E, and taking any point Δ on ΑΓ, and from it drawing ΔΒ perpendicular to ΕΓ, and joining EB, and from Δ drawing ΔΖ perpendicular to it, he claimed simply that the three means had been set out in the semicircle, ΕΓ being the arithmetic mean, ΔΒ the geometric mean and BZ the harmonic mean.
That ΒΔ is a mean between ΑΔ, ΔΓ in geometrical
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τῆ γεωμετρική αναλογία, ή δε ΕΓ των ΑΔ, ΔΓ iv ττ} αριθμητική μεσότητι, φανερόν, εστι γάρ ως μιν ή ΑΔ προς ΔΒ, ή ΔΒ προς Δ Γ, ως δε ή ΑΔ προς εαυτήν, ούτως ή των ΑΔ, ΑΕ υπεροχή, τουτεστιν ή των ΑΔ, ΕΓ, προς την των ΕΓ, ΓΔ. πώς δε και ή ΖΒ μέση εστιν τής αρμονικής μεσό-τητος, ή ποιων ευθειών, ούκ εΐπεν, μόνον δε ότι τρίτη άνάλογόν εστιν των ΕΒ, ΒΔ, αγνοώ ν ότι από των ΕΒ, ΒΔ, ΒΖ εν τή γεωμετρική αναλογία ούσών πλάσσεται ή αρμονική μεσάτης, δειχθή-σεται γαρ υ φ' ημών ύστερον ότι δυο αι ΕΒ και τρεις αί ΔΒ και μία ή ΒΖ ως μία συντεθεΐσαι ποιοϋσι την μείζονα άκραν τής αρμονικής μεσό-τητος, δυο δε αι ΒΔ και μία ή ΒΖ την μεσην, μία δε ή ΒΔ καί μία ή ΒΖ την ελαχίστην.
(d)	The Paradoxes of Erycinus Ibid. iii. 24. 58, ed. Hultsch 104. 14-106. 9 To Se τρίτον τών προβλημάτων ήν τάδε. uΕστω τρίγωνον ορθογώνιον το ΑΒΓ ορθήν
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proportion, and ΕΓ between ΑΔ, ΔΓ in arithmetical proportion, is clear. For
ΑΔ : ΔΒ = ΔΒ : ΔΓ, [Eucl. iii. 31, vi. 8 Por. and ΑΔ : ΑΔ = (ΑΔ - AE) : (ΕΓ - ΓΔ)
= (ΑΔ - ΕΓ) : (ΕΓ - ΓΔ).
But how ZB is a harmonic mean, or between what kind of lines, he did not say, but only that it is a third proportional to KB, ΒΔ, not knowing that from EB, 13Δ, BZ, which are in geometrical proportion, the harmonic mean is formed. For it will be proved by me later that a harmonic proportion can thus be formed—
greater extreme = 2EB +3ΔΒ +BZ, mean term =2ΒΔ +BZ, lesser extreme = ΒΔ+ΒΖ.®
(d)	The Paradoxes of Erycinus Ibid. iii. 24. 58, ed. Hultsch 104. 14-106. 9
The third of the problems was this :
Let ΑΒΓ be a right-angled triangle having the
e It is Pappus, in fact, who seems to have erred, for BZ is a harmonic mean between ΑΔ, ΔΓ, as can thus be proved : Since ΒΔΕ is a right-angled triangle in which ΔΖ is perpendicular to BE,
BZ : ΒΔ = ΒΔ s BE,
i.e.,	BZ . BE = ΒΔ* = ΑΔ . ΔΓ.
But	BE = |(ΑΔ +ΔΓ) ;
.·.	ΒΖ(ΑΔ + ΔΓ) = 2ΑΔ . ΔΓ.
ι’.	ΑΔ(ΒΖ - ΔΓ) = ΔΓ( ΑΔ - ΒΖ),
i.e.,	ΑΔ : ΔΓ = (ΑΔ - ΒΖ): (ΒΖ - ΔΓ),
and .·. ΒΖ is a harmonic mean between ΑΔ, ΔΓ.
The three means and the several extremes have thus been
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εχον την Β γωνίαν, καί διήχθω τις η ΑΔ, καί κείσθω τη ΑΒ ίση η ΔΕ, καί δίχα τμηθείσης τής ΕΑ κατά το Ζ, καί επιζευχθείσης της ΖΓ δεΐξαι συναμφοτέρας τάς ΔΖΓ δυο πλευράς εντός του τριγώνου μείζονας των εκτός συναμφοτέρων των ΒΑΓ πλευρών.
Και έστι δήλον. επεί γάρ αι ΓΖΑ, τουτεστιν αι ΓΖΕ, τής ΓΑ μείζονες είσιν, ίση δε ή ΔΕ τη ΑΒ, αι ΓΖΔ α ρα δυο τω ν ΓΑΒ μείζονες είσιν. . . .
ΆΛΑ’ οτι τούτο μεν, όπως αν τις εθελοι προ-τείνειν, άπειραχώς δείκνυτ αι Ζήλον, ούκ ακαιρον δε καθολικώτερον περί των το ιόντων προβλημάτων διαλαβεΐν από των φερομένων παραδόξων ΊΖρυκίνου προτείνοντας ούτως.
(e)	The Regular Solids Ibid. iii. 40. 75, ed. Hultseh 132. 1-11
Εις την δοθεΐσαν σφαίραν εγγράφαι τα πέντε πολύεδρα, προγράφεται δε τάδε.
"Εστω εν σφαίρα κύκλος 6 ΑΒΓ, ου διάμετρος ή ΛΓ καί κέντρον τό Δ, καί προκείσθω εις τον
represented by five straight lines (EB, BZ, ΑΔ, Δι. ΒΔ). Pappus takes six lines to solve the problem. He proceeds to define the seven other means and to form all ten means as linear functions of three terms in geometrical progression (r. vol. i. pp. 124-129).
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angle Β right, and let ΑΔ be drawn, and let ΔΕ be placed equal to AB, then if EA be bisected at Z, and ΖΓ be joined, to show that the sum of the two sides ΔΖ, ΖΓ within the triangle, is greater than the sum of the two sides BA, ΑΓ without the triangle.
And it is obvious. For
since	ΓΖ +ΖΑ>ΓΑ,	[Eucl.	i.	20
i.e.,	ΓΖ+ΖΚ>ΓΑ,
while	Δ Κ = Α Β,
[ΓΖ + ΖΕ + ΚΔ-ΓΑ + Α i.e.,]	ΓΖ +ΖΔ>ΓΑ +AB. . . .
But it is clear that this type of proposition, according to the different ways in which one might wish to propound it, can take an infinite number of forms, and it is not out of place to discuss such problems more generally and [first] to propound this from the so-called paradoxes of Erycinus.“
(e) The Regular Solids 6 Ibid. iii. 40. 75, ed. Hultsch 132. 1-11
In order to inscribe the five polyhedra in a sphere, these things are premised.
Let Α13Γ be a circle in a sphere, with diameter ΑΓ and centre Δ, and let it be proposed to insert in the •
• Nothing further is known of Erycinus. The propositions next investigated are more elaborate than the one just solved.
6	This is the fourth subject dealt with in Coll. iii. For the treatment of the subject by earlier geometers, v. vol. i. pp. 216-225, 466-479.
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κύκλον εμβαλεΐν ευθείαν παράλληλον μεν τη ΑΓ διαμετρω, ΐσην δε τη Βοθείση μη μείζονι oven7 τῆς ΑΓ Βιαμετρου.
Κείσθω τη ημισεία της Βοθείσης ίση η ΕΔ, και τη ΑΓ Βιαμετρω ηχθω προς όρθάς ή ΕΒ, τη δέ ΑΓ παράλληλος ή ΒΖ, ητις ίση εσται τη Βοθείση' διπλη γάρ εστιν της ΕΔ, επεί καί ίση τη ΕΗ, παράλληλου άχθείσης της ΖΗ τη BE.
(/) Extension of Pythagoras’s Theorem Ibid. iv. 1. 1, ed. Hultsch 176. 9-178. 13 Έ<ζν ἡ τρίγωνον το ΑΒΓ, καί από των ΑΒ, Β Γ αναγραφή τυχόντα παραλληλόγραμμα τα
ΑΒΔΕ, ΒΓΖΗ, καί αι ΔΕ, ΖΗ εκβληθώσιν επί τό Θ, καί επιζευχθη η ΘΒ, γίνεται τα ΑΒΔΕ, 574
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Let ΕΔ be placed equal to half of the given straight line, and let EB be drawn perpendicular to the diameter ΑΓ, and let BZ be drawn parallel to ΑΓ ; then shall this line be equal to the given straight line. For it is double of ΕΔ, inasmuch as ZH, when drawn, is parallel to BE, and it is therefore equal to EH.®
(f) Extension of Pythagoras’s Theorem
Ibid. iv. 1. 1, ed. Hultsch 176. 9-178. 13
If ΑΒΓ be a triangle, and on AB, ΒΓ there be
described any parallelograms ΑΒΔΕ, ΒΓΖΗ, and
ΔΕ, ZH be produced to θ, and ΘΒ be joined, then the
• This lemma gives the key to Pappus’s method of inscribing the regular solids, which is to find in the case of each solid certain parallel circular sections of the sphere. In the case of the cuDe, for example, he finds two equal and parallel circular sections, the square on whose diameter is two-thirds of the square on the diameter of the sphere. The squares inscribed in these circles are then opposite faces of the cube. In each case the method of analysis and synthesis is followed. The treatment is quite different from Euclid’s.
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ΒΓΖΗ παραλληλόγραμμα ΐσα τω υπό των Α Γ, ΘΒ πβριβχομόνω παραλληλογράμμω ἐν γωνία η όστιν ΐση συναμφοτόρω τη υπό ΒΑΓ, ΔΘΒ.
Έκβφλήσθω γαρ ή ΘΒ όπι τό Κ, και διά των Α, Γ τῆ ΘΚ παράλληλοι ηχθωσαν αι ΑΛ, ΓΜ, και όπεζβύχθω ή ΛΜ. όπεί παραλληλόγραμμόν ἐστιν τό ΑΛΘΒ, αι ΑΛ, ΘΒ ΐσαι τό €ΐσιν και παράλληλοι. ομοίως και αι ΜΓ, ΘΒ ΐσαι τό €ΐσιν και παράλληλοι, ωστ€ και αι ΛΑ, ΜΓ ΐσαι τό €ισιν και παράλληλοι, και αι ΛΜ, ΑΓ άρα ΐσαι τ€ και παράλληλοί είσιν παραλληλόγραμμον άρα όστιν τό ΑΛΜΓ όν γωνία τη υπό ΛΑ Γ, τουτ-όστιν συναμφοτόρω τη τε υπό ΒΑΓ και υπό ΔΘΒ· ΐση γάρ όστιν ή υπό ΔΘΒ τη υπό ΛΑΒ. και όπει τό ΔΑΒΕ παραλληλόγραμμον τω ΛΑΒΘ ΐσον όστιν (όπί τε γα,ρ της αυτής βάσζ,ώς όστιν 576
REVIVAL OF GEOMETRY : PAPPUS parallelograms ΑΒΔΕ, ΒΓΖΗ are together equal to the parallelogram contained by ΑΓ, θ Β in an angle which is equal to the sum of the angles ΒΑΓ, ΔΘΒ.
For let ΘΒ be produced to K, and through Α, Γ let ΑΛ, ΓΜ be drawn parallel to ΘΚ, and let ΛΛΙ be joined. Since ΑΛΘΒ is a parallelogram, ΑΛ, ΘΒ are equal and parallel. Similarly ΜΓ, ΘΒ are equal and parallel, so that ΛΑ, ΜΓ are equal and parallel. And therefore AM, ΑΓ are equal and parallel; therefore ΑΛΜΓ is a parallelogram in the angle ΛΑΓ, that is an angle equal to the sum of the angles ΒΑΓ and ΔΘΒ ; for the angle ΔΘΒ = angle ΛΑΒ. And since the parallelogram ΔΑΒΕ is equal to the parallelogram
ΛΑΒ θ (for they are upon the same base AB and in the
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της AB και εν ταΐς αύταΐς παραλλήλοις ταῖς AB, ΔΘ), ἀλλά το ΛΑΒΘ τω ΛΑΚΝ ίσον ἐστίν (επί τε γάρ της αυτής βάσεώς ἐστιν της ΛΑ και εν ταΐς ανταΐς παραλλήλοις ταΐς ΛΑ, ΘΚ), και το ΑΔΕΒ άρα τω ΛΑΚΝ Ισον εστίν. διά τα αυτά και το ΒΗΖΓ τω ΝΚΓΜ ίσον £στίν τα αρα ΔΑΒΕ, ΒΗΖΓ παραλληλόγραμμα τω ΑΑΓΜ ίσα ἐστίν, τουτεστιν τω υπό ΑΓ, ΘΒ ἐν γωνία τη υπό ΛΑ Γ, η εστιν ΐση συναμφοτεραις ταΐς υπό ΒΑΓ, ΒΘΔ, και εστι τούτο καθολικώτερον πολλω του £ν τοῖς όρθογωνίοις £πί των τετραγώνων εν τοῖς Στοίχε ίο ις όεόειγμόνον.
(g)	Circles Inscribed in the άρβηλος Ibid. iv. 14. 19, ed. Hultsch 208. 9-21 Φ ερεται εν τισιν αρχαία πρότασις τοιαυτη· ύποκείσθω τρία ημικύκλια εφαπτόμενα άλλήλων
τἀ ΑΒΓ, ΑΔΕ, ΕΖΓ, καί εις τό μεταξύ των ττεριφερειών αυτών χωρίον, ο δἡ καλοΰσιν άρβηλον, 578
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same parallels AB, ΔΘ), while ΛΑΒΘ = ΛΑΚΝ (for they are upon the same base ΛΑ and in the same parallels ΛΑ, ΘΚ), therefore ΑΔΕΒ=ΛΑΚΝ. By the same reasoning ΒΗΖΓ = ΝΚΓΜ; therefore the parallelograms ΔΑΒΕ, ΒΗΖΓ are together equal to ΛΑΓΜ, that is, to the parallelogram contained by ΑΓ, ΘΒ in the angle ΛΑΓ, which is equal to the sum of the angles ΒΑΓ, ΒΘΔ. And this is much more general than the theorem proved in the Elements about the squares on right-angled triangles.®
(β) Circles Inscribed in the αρβηλος Ibid. iv. 14. 19, ed. Hultsch 208. 9-21 There is found in certain [books] an an Sent proposition to this effect: Let ΑΒΓ, ΑΔΕ, ifZV be supposed to be three semicircles touching each other, and in the space between their circumferences, which
e Eucl. i. 47, υ. vol. i. pp. 178-185. In the case taken by Pappus, the first two parallelograms are drawn outwards and the third, equal to their sum, is drawn inwards. If the areas of parallelograms drawn outwards be regarded as of opposite sign to the areas of those drawn inwards, the theorem may be still further generalized, for the algebraic sum of the three parallelograms is equal to zero.
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εγγεγράφθωσάν κύκλοι εφαπτόμενοι των τε ἡμι-κύκλιων και άλληλων όσοιδηποτοΰν, ως οι 7TC.pl κέντρα τα H, Θ, Κ, Α* δεΐξαι την μεν από του H κέντρου κάθετον επί την ΑΓ ΐσην τῆ διαμέτρω του περί το H κύκλου, την δ’ άτι ο του Θ κάθετον διπλάσιάν της διαμέτρου του περί τδ Θ κύκλου, την δ’ α770 του Κ κάθετον τριπλασίαν, και τάς εξής καθέτους των οικείων διαμέτρων πολλά-, πλασίας κατά τούς έξης μονάδι άλληλων υπερέχοντας αριθμούς επ' άπειρον γινομένης τής των κύκλων εγγραφής.
(Α) Spiral ον α Sphere Ibid. iv. 35. 53-56, ed. Hultsch 264. 3-268. 21
*Ωσπερ εν επιπέδω νοείται γινομένη τις έλιξ φερομένου σημείου κατ' ευθείας κύκλον περιγρα-φούσης, και επί στερεών φερομένου σημείου κατά μιας πλευράς τιν' επιφάνειαν περιγραφούσης, ούτως δη και επί σφαίρας έλικα νοεΐν ακόλουθόν εστι γραφόμενη ν τον τρόπον τούτον.
’Έστω εν σφαίρα μέγιστος κύκλος ό ΚΛΜ περί πόλον το Θ σημεΐον, καί από του Θ μεγίστου -
β Three propositions (Nos. 4, 5 and 6) about the figure known as the άρβηλος from its resemblance to a leather-worker’s knife are contained in Archimedes* Liber Assump-torum, which has survived in Arabic. They are included as particular cases in Pappus’s exposition, which is unfortunately too long for reproduction here. Professor D’Arcy W. Thompson {The Classical Review, lvi. (1942), pp. 75-76) gives reasons for thinking that the άρβηλος was a saddler’s knife rather than a shoemaker’s knife, as usually translated.
580
REVIVAL OF GEOMETRY : PAPPUS
is called the “ leather-worker’s knife,” let there be inscribed any number whatever of circles touching both the semicircles and one another, as those about the centres Η, θ, K, Λ ; to prove that the perpendicular from the centre H to ΑΓ is equal to the diameter of the circle about H, the perpendicular from θ is double of the diameter of the circle about θ, the perpendicular from Κ is triple, and the [remaining] perpendiculars in order are so many times the diameters of the proper circles according to the numbers in a series increasing by unity, the inscription of the circles proceeding without limit.0
(A) Spiral on a Sphere 6 Ibid. iv. 35. 53-56, ed. Hultsch 264. 3-268. 21
Just as in a plane a spiral is conceived to be generated by the motion of a point along a straight line revolving in a circle, and in solids [, such as the cylinder or cone,]0 by the motion of a point along one straight line describing a certain surface, so also a corresponding spiral can be conceived as described on the sphere after this manner.
Let ΚΛΜ be a great circle in a sphere with pole θ, and from θ let the quadrant of a great circle ΘΝΚ be
b After leaving the άρβηλος, Pappus devotes the remainder of Book iv. to solutions of the problems of doubling the'oube, squaring the circle and trisecting an angle. This part has been frequently cited already (v. vol. i. pp. 298-309,336-363). His treatment of the spiral is noteworthy because his method of proof is often markedly different from that of Archimedes; and in the course of it he makes this interesting digression.
" Some such addition is necessary, as Commandinus, Chasles and Hultsch realized.
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κύκλον τεταρτημόριον γεγράφθω το ΘΝΚ, και η μεν ΘΝΚ περιφέρεια, περί τό Θ μόνον φερομένη κατά της επιφάνειας ως επί τα Α, Μ μέρη,
άποκαθιστάσθω πάλιν επί τό αυτό, σημεΐον δέ τι φερόμενον έπ* αυτής από τον Θ επί τό Κ παρα-γινέσθω · γράφει δη τινα επί της επιφάνειας έλικα, οΐα έστίν η ΘΟΙΚ, καί ητις αν από του Θ γραφή μεγίστου κύκλον περιφέρεια, προς την ΚΛ περιφέρειαν λόγον έχει ον ή ΛΘ προς την ΘΟ· λέγω δη ότι, αν εκτεθη τεταρτημόριον τοϋ μεγίστου εν τη σφαίρα κύκλου τό ΑΒΓ περί κέντρον τό Α, καί έπιζενχθη ή ΓΑ, γίνεται ως η τοϋ ημισφαιρίου επιφάνεια προς την μεταξύ της ΘΟΙΚ έλικος καί της ΚΝΘ περιφερείας άπολαμβανομένην επιφάνειαν.. ούτως ο ΑΒΓΔ τομεύς προς τό ΑΒΓ τμἡμα.
"\{χθω γάρ εφαπτομένη της περιφέρειας η ΓΖ, καί περί κέντρον τό Γ διά του Α γεγράφθω περιφέρεια ή ΑΕΖ· ίσος άρα 6 ΑΒΓΔ τομεύς τα} 582
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described, and, Θ remaining stationary, let the arc ΘΝΚ revolve about the surface in the direction Λ, M
and again return to the same place, and [in the same time] let a point on it move from θ to Κ ; then it will describe on the surface a certain spiral, such as Θ01Κ, and if any arc of a great circle be drawn from θ [cutting the circle ΚΛΜ first in Λ and the spiral first in 0], its circumference ° will bear to the arc ΚΛ the same ratio as ΛΘ bears to ΘΟ. I say then that if a quadrant ΑΒΓ of a great circle in the sphere be set out about centre Δ, and ΓΑ be joined, the surface of the hemisphere will bear to the portion of the surface intercepted between the spiral Θ0ΙΚ and the arc ΚΝΘ the same ratio as the sector ΑΒΓΔ bears to the segment ΑΒΓ.
For let ΓΖ be drawn to touch the circumference, and with centre Γ let there be described through A the arc AEZ ; then the sector ΑΒΓΔ is equal to the
e Or, of course, the circumference of the circle ΚΛΜ to which it is equal
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ΑΕΖΓ (διπλάσιά μεν γαρ ἡ προς τω Δ γωνία της υπό ΑΓΖ, ημισυ δε τό από ΔΑ του από ΑΓ)· ότι α ρα και ως αι είρημέναι επιφάνειαι προς άλλήλας, ούτως ό ΑΕΖΓ τομεύς προς τό ABF τμήμα.
"Εστω, ο μέρος η ΚΛ περιφέρεια της όλης του κύκλου περίφερείας, και τό αυτό μέρος περιφέρεια η ΖΕ της ΖΑ, και έπεζεύχθω η ΕΓ· έσται 8η καί ή ΒΓ της ΑΒΓ τό αυτό μέρος, ο 8έ μέρος ή ΚΛ της όλης περιφέρειας, τό αυτό και η ΘΟ της ΘΟΛ. καί έστιν ίση η ΘΟΛ τη ΑΒΓ· ίση αρα και ή Θ O τη ΒΓ. γεγράφθω περί πόλον τον Θ διά του O περιφέρεια η ΟΝ, καί διά του Β περί τό Γ κέντρον ή ΒΗ. έπεί οΰν ώς η ΛΚΘ σφαιρική επιφάνεια προς την ΟΘΝ, η όλη του ημισφαιρίου επιφάνεια προς την τοΰ τμήματος επιφάνειαν ου ή εκ τοΰ πόλου έστίν η ΘΟ, ως 8’ ή τοΰ ημισφαιρίου επιφάνεια προς την τοΰ τμήματος επιφάνειαν, ούτως έστίν τό από τής τα Θ, Α έπιζευγνυούσης ευθείας τετράγωνον προς τό από της επί τα Θ> O, ἡ τό από της E Γ τετράγωνον προς τό απο της Β Γ, έσται άρα καί ως ό ΚΛ.Θ τομεύς εν τη επιφάνεια προς τον ΟΘΝ, ούτως 6 ΕΖΓ τομεύς προς τον ΒΗΓ. ομοίως 8είζομεν ότι καί ως πάντες οι εν τω ήμισφαιρίω τομείς οι ίσοι τω ΚΑΘ, οι
α Pappus’s method of proof is, in the Archimedean manner, to circumscribe about the surface to be measured a figure consisting of sectors on the sphere, and to circumscribe about the segment ΑΒΓ a figure consisting of sectors of circles ; in the same way figures can be inscribed. The divisions need, therefore, to be as numerous as possible. The conclusion can then be reached by the method of exhaustion.
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sector ΑΕΖΓ (for angle ΑΔΓ = 2 . angle ΑΓΖ, and ΔΑ2 = £ΑΓ2) ; I say, then, that the ratio of the aforesaid surfaces one towards the other is the same as the ratio of the sector ΑΕΖΓ to the segment ΑΒΓ.
Let ZE be the same [small] a part of ΖΑ as ΚΛ is of the whole circumference of the circle, and let ΕΓ be joined ; then the arc ΒΓ will be the same part of the arc ΑΒΓ.& But ΘΟ is the same part of ΘΟΛ as ΚΛ is of the whole circumference [by the property of the spiral]. And arc ΘΟΛ =arc ΑΒΓ [ex construc-tione]. Therefore ΘΟ = ΒΓ. Let there be described through O about the pole θ the arc ON, and through Β about centre Γ the arc BH. Then since the [sector of the] spherical surface ΛΚΘ bears to the [sector] ΟΘΧ the. same ratio as the whole surface of the hemisphere bears to the surface of the segment with pole θ and circular base ON,® while the surface of the hemisphere bears to the surface of the segment the same ratio as ΘΛ2 to 0O2,d or ΕΓ2 to ΒΓ2, therefore the sector ΚΑΘ on the surface [of the sphere] bears to ΟΘΝ the same ratio as the sector ΕΖΓ [in the plane] bears to the sector ΒΗΓ. Similarly we may show that all the sectors [on the surface of] the hemi-
*	For arc ΖΑ: arc ZE = angle ΖΓΑ: angle ΖΓΕ. But
angle ΖἙΑ = £. angle ΑΔΓ, and angle ΖΓΕ = £. angle ΒΔΓ [Eucl. iii. 32, 20].	.·. arc ΖΑ : arc ZE =arc ΑΒΓ : arc ΒΓ.
*	Because the arc ΛΚ is the same part of the circumference ΚΛΜ as the arc ON is of its circumference.
*	The square on ΘΛ is double the square on the radius of the hemisphere, and therefore half the surface of the hemisphere is equal to a circle of radius ΘΛ [Archim. De sph. et cyl. i. 33]; and the surface of the segment is equal to a circle of radius Θ0 [ibid. ϊ. 42]; and as circles are to one another as the squares on their radii [Eucl. xii. 2], the surface of the hemisphere bears to the surface of the segment the ratio ΘΛ2: Θ0*.
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είσιν ή ολη του ημισφαιρίου επιφάνεια, προς τους περιγραφομένους περί την έλικα τομέας ομοταγεΐς τω ΟΘΝ, ούτως πάντες οι εν τω ΑΖΓ τομείς οι ίσοι τω ΕΖΓ, τουτεστιν ολος 6 ΑΖΓ τομεύς, προς τούς περιγραφομενους περί το ΑΒΓ τμήμα τούς ομοταγεΐς τω ΓΒΗ. τω δ’ αύτω τρόπω Βειχθη-σεται και ως η του ημισφαιρίου επιφάνεια προς τούς εγγραφομενους τη ελικι τομέας, ούτως ο ΑΖΓ τομεύς προς τούς εγγραφομενους τω ΑΒΓ τμηματι τομέας, ώστε καί ώς η του ημισφαιρίου επιφάνεια προς την υπό της ελικος απολαμβανόμενη ν επιφάνειαν, ούτως 6 ΑΖΓ τομεύς, τουτεστιν τό ΑΒΓΔ τεταρτημόριον, προς τό ΑΒΓ τμήμα., συνάγεται δε διά τούτου η μεν από της ελικος απολαμβανόμενη επιφάνεια προς την ΘΝΚ περιφέρειαν όκταπλασία του ΑΒΓ τμήματος (επει και η του ημισφαιρίου επιφάνεια τοΰ ΑΒΓΔ τομεως), η δἐ μεταξύ της ελικος και της βάσεως τοΰ ημισφαιρίου επιφάνεια όκταπλασία τοΰ ΑΓΔ τριγώνου, τουτεστιν ίση τω από της διαμέτρου της σφαίρας τετραγώνω.
β This would be proved by the method of exhaustion. It is proof of the great part played by this method in Greek geometry that Pappus can take its validity for granted.
b For the surface of the hemisphere is double of the circle of radius ΑΔ [Archim. De sph. et cyl. i. 33] and the sector ΑΒΓΔ is one-quarter of the circle of radius ΑΔ.
c For the surface between the spiral and the base of the hemisphere is equal to the surface of the hemisphere less the surface cut off from the spiral in the direction ΘΝΚ, i.e. Surface in question = surface of hemisphere -
8 segment ΑΒΓ, b8 sector ΑΒΓΔ - 8 segment ΑΒΓ
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sphere equal to ΚΛΘ, together making up the whole surface of the hemisphere, bear to the sectors described about the spiral similar to ΟΘΝ the same ratio as the sectors in ΑΖΓ equal to ΕΖΓ, that is the whole sector ΑΖΓ, bear to the sectors described about the segment ΑΒΓ similar to ΓΒΗ. In the same manner it may be shown that the surface of the hemisphere bears to the [sum of the] sectors inscribed in the spiral the same ratio as the sector ΑΖΓ bears to the [sum of the] sectors inscribed in the segment ΑΒΓ, so that the surface of the hemisphere bears to the surface cut off by the spiral the same ratio as the sector ΑΖΓ, that is the quadrant ΑΒΓΔ, bears to the segment ΑΒΓ.α From this it may be deduced that the surface cut off from the spiral in the direction of the arc ΘΝΚ is eight times the segment ΑΒΓ (since the surface of the hemisphere is eight times the sector ΑΒΓΔ)γ’ while the surface between the spiral and the base of the hemisphere is eight times the triangle ΑΓΔ, that is, it is equal to the square on the diameter of the sphere.®
= 8 triangle ΑΓΔ = 4ΑΔ*
= (2ΑΔ)\
and 2ΑΔ is the diameter of the sphere.
Heath (H.G.M. ii. 384-385) gives for this elegant proposition an analytical equivalent, which I have adapted to the Greek lettering. If p, ω are the spherical co-ordinates of O with reference to Θ as pole and the arc ΘΝΚ as polar axis, the equation of the spiral is ω —ip. If A is the area of the spiral to be measured, and the radius of the sphere is taken as unity, we have as the element of area
dA =άω( 1 - cos p) = idp{ 1 - cos p).
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(i)	ISOPERIMETRIC FIGURES Ibid, v., Praef. 1-3, ed. Hultsch 304. 5-308. 5
"Σοφίας και μαθημάτων έννοιαν άρίστην μεν καί . τελειοτάτην ανθρώπους θεός εδωκεν, ώ κράτιστε Μ εγεθίον, εκ μέρους δε που και των αλόγων ζώων μοίραν άπενειμεν τισιν. ανθρώπους μεν οΰν άτε λογικούς οΰσι τό μετά λόγου και άποδείξεως 7ταρεσχεν εκαστα ποιεϊν, τους δε λοιπούς ζώοις άνευ λόγου τό χρήσιμον και βιωφελες αυτό μόνον κατά τινα φυσικήν πρόνοιαν εκάστοις €χειν εδωρη-σατο. τούτο δε μάθοι τις αν ύπάρχον και εν ετεροις μεν πλείστοις γενεσιν των ζώων, ούχ ήκιστα δε καν ταΐς μελίσσαις- η τε γάρ ευταξία καί προς τάς ηγούμενοις της εν αύταΐς πολιτείας εύπείθεια θαυμαστή τις, η τε φιλοτιμία καί καθαριότης η περί την του μελιτος συναγωγήν και η περί την φυλακήν αύτοΰ πρόνοια καί οικονομία πολύ μάλλον θαυμασιωτερα. πεπιστευμεναι γάρ, ως εικος, παρά θεών κομίζειν τοΐς των ανθρώπων μουσικούς
= 27γ-4.
_________Α__________=27r-i
surface of hemisphere 2π
_ segment ΑΒΓ — sector ΑΒΓΔ *
• The whole of Book ν. in Pappus’s Collection is devoted to isoperimetry. The first section follows closely the exposition of Zenodorus as given by Theon (v. supra, pp. 386-395),
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(Ϊ) ISOPERIMETRIC FIGURES a Ibid, v., Preface 1-3, ed. Hultsch 301. 5-308. 5
Though God has given to men, most excellent Megethion, the best and most perfect understanding of wisdom and mathematics, He has allotted a partial share to some of the unreasoning creatures as well. To men, as being endowed with reason, He granted that they should do everything in the light of reason and demonstration, but to the other unreasoning creatures He gave only this gift, that each of them should, in accordance with a certain natural forethought, obtain so much as is needful for supporting life. This instinct may be observed to exist in many other species of creatures, but it is specially marked among bees. Their good order and their obedience to the queens who rule in their commonwealths are truly admirable, but much more admirable still is their emulation, their cleanliness in the gathering of honey, and the forethought and domestic care they give to its protection. Believing themselves, no doubt, to be entrusted with the task of bringing from the gods to the more cultured part of mankind a share of
except that Pappus includes the proposition that of all circular segments having the same circumference the semicircle is the greatest. The second section compares the volumes of solids whose surfaces are equal, and is followed by a digression, already quoted (supra, pp. 194-197) on the semi-regular solids discovered by Archimedes. After some propositions on the lines of Archimedes’ De sph. et cyl., Pappus finally proves that of regular solids having equal surfaces, that is greatest which has most faces.
The introduction, here cited, on the sagacity of bees is rightly praised by Heath (II.O.M. ii. 389) as an example of the good style of the Greek mathematicians when freed from the restraints of technical language.
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τής αμβροσίας άπόμοιράν τινα ταύτην ου μάτην εκχεΐν εις γην καί ξύλον η τινα ετεραν άσχήμονα και ατακτον ύλην ήξίωσαν, ἀλλ’ εκ των ήδίστων επί γης φυόμενων άνθεων σννάγουσαι τα κάλλιστα κατασκευάζουσιν εκ τούτων εις την του μελιτος υποδοχήν αγγεία τα καλούμενα κηρία πάντα μεν άλλήλοις ΐσα και ὅμοια και παρακείμενα, τω δε σχήματι εξάγωνα.
Τούτο δ* οτι κατά τινα γεωμετρικήν μηχανώνται πρόνοιαν ούτως αν μάθοιμεν. πάντως μεν γάρ ωοντο δεΐν τα σχήματα παρακεΐσθαί τε άλλήλοις και κοινωνεΐν κατά τάς πλευράς, ΐνα μή τοΐς μεταξύ παραπληρώμασιν εμπίπτοντά τινα ετερα λυμήνηται αυτών τα έργα’ τρία δε σχήματα ευθύ-γράμμα το προκείμενον επιτελεΐν εδύνατο, λέγω δε τεταγμενα τα ισόπλευρά τε και ισογώνια, τα δ’ ανόμοια ταΐς μελίσσαις ούκ ήρεσεν. τα μεν ούν ισόπλευρα τρίγωνα και τετράγωνα και τα εξάγωνα χωρίς άνομοίων παραπληρωμάτων άλλή-λοις δύναται παρακείμενα τάς πλευράς κοινάς εχειν \ταϋται γάρ δύναται συμπληρούν εξ αυτών τον περί το αυτό σημεΐον τόπον, ετερω δε τεταγ-μενω σχήματι τούτο ποιεΐν αδύνατον].1 6 γάρ περί τό αυτά σημεΐον τόπος υπό Γ μεν τριγώνων ισοπλεύρων καί διά Γ γωνιών, ών εκάστη διμοίρου εστίν ορθής, συμπληρούται, τεσσάρων δε τετραγώνων και S ορθών γωνιών [αύτοΰ],* τριών δε εξαγώνων και εξαγώνου γωνιών τριών, ών εκάστη α γ' εστιν ορθής, πεντάγωνα δε τα τρία μεν ου φθάνει συμπληρώσαι τον περί τό αυτό σημεΐον τόπον, υπερβάλλει δε τα τεσσαρα· τρεις μεν γάρ του πενταγώνου γωνίαι δ ορθών ελάσσονες είσιν
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ambrosia in this form, they do not think it proper to pour it carelessly into earth or wood or any other unseemly and irregular material, but, collecting the fairest parts of the sweetest flowers growing on the earth, from them they prepare for the reception of the honey the vessels called honeycombs, [with cells] all equal, similar and adjacent, and hexagonal in form.
That they have contrived this in accordance with a certain geometrical forethought we may thus infer. They would necessarily think that the figures must all be adjacent one to another and have their sides common, in order that nothing else might fall into the interstices and so defile their work. Now there are only three rectilineal figures which would satisfy the condition, I mean regular figures which are equilateral and equiangular, inasmuch as irregular figures would be displeasing to the bees. For equilateral triangles and squares and hexagons can lie adjacent to one another and have their sides in common without irregular interstices. For the space about the same point can be filled by six equilateral triangles and six angles, of which each is £. right angle, or by four squares and four right angles, or by three hexagons and three angles of a hexagon, of which each is 1| . right angle. But three pentagons would not suffice to fill the space about the same point, and four would be more than sufficient ; for three angles of the pentagon are less than four right angles (inasmuch * *
1 ταΰτα . . . αδύνατον om. Hultsch.
* “ αντου spurium, nisi forte αστών dedit scriptor ”— Hultsch.
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(έκαστη γάρ γωνία μιας καί ε' ἐστιν ορθής)» τεσσαρες 8e γωνίαν μείζους των τεσσάρων ορθών, επτάγωνα δε ουδέ τρία περί το αυτό σημενον δύναταν τίθεσθαν κατά τάς πλευράς άλλήλονς παρακείμενα· τρεΐς γάρ επταγώνου γωνίαν τεσσάρων ορθών μείζονες (εκάστη γάρ εστνν μνας ορθής καν τρνών εβδόμων), ετν δε μάλλον επί τών πολυγωνο-τερων 6 αυτός εφάρμοσαν δυνήσεταν λόγος, οντων δη ούν τρνών σχημάτων τών εξ αυτών δυναμενων συμπληρώσαι τον περί τό αυτό σημενον τόπον, τρνγώνου τε καν τετραγώνου καί εξαγώνου, τό πολυγωνότερον ενλαντο δνά την σοφίαν αν μελνσσαν προς την παρασκευήν, άτε καί πλενον εκατερου τών λονπών αυτό χωρενν ύπολαμβάνουσαν μέλι.
Και αν μελνσσαν μεν τό χρήσιμον αύταΐς επί-στανταν μόνον τοΰθ’ ὅτι τό εξάγωνον του τετραγώνου καν του τρνγώνου μένζόν εστνν καν χωρήσαι δύναται πλενον μέλι τής Ισης εις την εκάστου κατασκευήν αναλισκόμενης ύλης, ημείς δε πλέον τών μελισσών σοφίας μέρος εχενν ύπνσχνούμενον ζητήσομεν τι και περισσότερον, τών γάρ ΐσην εχόντων περίμετρον ισοπλεύρων τε καν ισογωνίων επίπεδων σχημάτων μεΐζόν εστνν αει τό πολυγωνότερον, μέγιστος δ’ εν πάσνν 6 κύκλος, όταν Ϊσην αύτονς περίμετρον εχη.
(J) Apparent Form of α Circle Ibid. vi. 48. 90-91, ed. Hultsch 580. 12-27
’Έστω κύκλος 6 ΑΒΓ, ου κέντρον τό E, και από του E προς όρθάς έστω τω του κύκλου επι-592
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as each angle is 1 \ . right angle), and four angles are greater than four right angles. Nor can three heptagons be placed about the same point so as to have their sides adjacent to each other ; for three angles of a heptagon are greater than four right angles (inasmuch as each is If . right angle). And the same argument can be applied even more to polygons with a greater number of angles. There being, then, three figures capable by themselves of filling up the space around the same point, the triangle, the square and the hexagon, the bees in their wisdom chose for their work that which has the most angles, perceiving that it would hold more honey than either of the two others.
Bees, then, know just this fact which is useful to them, that the hexagon is greater than the square and the triangle and will hold more honey for the same expenditure of material in constructing each. But we, claiming a greater share in wisdom than the bees, will investigate a somewhat wider problem, namely that, of all equilateral and equiangular plane figures having an equal perimeter, that which has the greater number of angles is always greater, and the greatest of them all is the circle having its perimeter equal to them.
(J) Apparent Form of a Circle Ibid. vi.° 48. 90-91, ed. Hultsch 580. 12-27
Let ΑΒΓ be a circle with centre E, and from E let EZ be drawn perpendicular to the plane of the circle;
a Most of Book vi. is astronomical, covering the treatises in the Little Astronomy (v. supra, p. 408 n. b). The proposition here cited comes from a section on Euclid’s Optics.
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7τεδω ἡ ΕΖ· Aeycu, ὅτι ίἀν ἐπι τῆς ΕΖ τό ομμα τεθ-fj ΐσαι αΐ διάμετροι φαίνονται τον κύκλου.
Τούτο 8e δῆλον άπασαι γάρ αι άπο του Ζ πρός τἡν τοι; κύκλου περιφέρειαν προσπίπτονσαι εύθεΐαι ϊσαι εισιν άλληλαις καί ΐσας γωνίας περιεχουσιν.
Μἡ έστω δε η E Ζ προς όρθάς τω τοΰ κύκλου επιπεδω, ίση δε έστω τῆ εκ τοΰ κέντρον τοΰ κύκλον λέγω, δτι τοΰ δμματος οντος προς τω Ζ σημείω και ούτως αι διάμετροι ΐσαι όρώνται.
*Ηχθωσαν γάρ δύο διάμετροι αι ΑΓ, ΒΔ, και επεζεύχθωσαν αι ΖΑ, ΖΒ, ΖΓ, Ζ Δ.	επεϊ αι
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I say that, if the eye be placed on EZ, the diameters of the circle appear equal.®
This is obvious ; for all the straight lines falling from Ζ on the circumference of the circle are equal one to another and contain equal angles.
Now let EZ be not perpendicular to the plane of the circle, but equal to the radius of the circle ; I say that, if the eye be at the point Z, in this case also the diameters appear equal.
For let two diameters ΑΓ, ΒΔ be drawn, and let ΖΑ, ZB, ΖΓ, ΖΔ be joined. Since the three straight
• As they will do if they subtend an equal angle at the eye.
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τρεις αι EA, ΕΓ, EZ ΐσαι είσίν, ορθή apa ή into ΑΖΓ γωνία, διά τα αυτά δη καί η υπό ΒΖΔ ορθή ἐστιν ΐσαι άρα φανήσονται αι ΑΓ, ΒΔ διάμετροι. ομοίως δη δείξομεν δτι και ττάσαι.
(k) The “ Treasury of Analysis ”
Ibid, vii., Praef. 1-3, ed. Hultsch 634. 3-636. 30
Ό καλούμενος αναλυόμενος, 'Ερμόδωρε τέκνον, κατά συλληφιν Ιδία τις ἐστιν υλη παρεσκευασμένη μετά την των κοινών στοιχείων ποίησιν τοΐς βουλομενοις άναλαμβάνειν εν γραμμαίς δύναμιν εύρετικήν των ττροτεινομενών αύτοΐς προβλημάτων, και εις τούτο μόνον χρησίμη καθεστώσα. γέγρα-πται δε ύπό τριών άνδρών, Εύκλείδου τε του Σιτοιχειωτοΰ και * Απολλώνιου του Τίεργαίου και Άρισταίου του πρεσβυτέρου, κατά άνάλυσιν και σΰνθεσιν έχουσα την έφοδον.
Άνάλυσις τοίνυν εστίν οδός από του ζητούμενου ως όμολογουμένου διά τών έξης ακολουθών επί τι όμολογούμενον συνθέσει■ εν μεν γάρ τη αναλύσει τό ζητούμενου ως γεγονός ύποθέμενοι τό εξ οδ τοΰτο συμβαίνει σκοπού μέθα και πάλιν εκείνου τό προηγουμένου, έως αν ούτως άναποδίζοντες καταντησωμεν εις τι τών ήδη γνωριζόμενων η τάξιν αρχής εχόντων’ και την τοιαύτην έφοδον άνάλυσιν καλοΰμεν, οΐον άνάπαλιν λύσιν.
Έν δε τη συνθέσει εξ υποστροφής τό εν τη αναλύσει καταληφθέν ύστατον ύποστησάμενοι γεγονός ήδη, και επόμενα τά εκεί [ενταύθα]1 προ-1 ενταύθα om. Hultsch.
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lines EA, ΕΓ, EZ are equal, therefore the angle ΑΖΓ is right. And by the same reasoning the angle ΒΖΔ is right; therefore the diameters ΑΓ, ΒΔ appear equal. Similarly we may show that all are equal.
(&) The “Treasury of Analysis”
Ibid, vii., Preface 1-3, ed. Hultsch 634. 3-636. 30
The so-called Treasury of Analysis, my dear Hermo-dorus, is, in short, a special body of doctrine furnished for the use of those who, after going through the usual elements, wish to obtain power to solve problems set to them involving curves,0 and for this purpose only is it useful. It is the work of three men, Euclid the writer of the. Elements, Apollonius of Perga and Aristaeus the elder, and proceeds by the method of analysis and synthesis.
Now analysis is a method of taking that which is sought as though it were admitted and passing from it through its consequences in order to something which is admitted as a result of synthesis ; for in analysis we suppose that which is sought to be already done, and we inquire what it is from which this comes about, and again what is the antecedent cause of the latter, and so on until, by retracing our steps, we light upon something already known or ranking as a first principle ; and such a method we call analysis, as being a reverse solution.
But in synthesis, proceeding in the opposite way, we suppose to be already done that which was last reached in the analysis, and arranging in their natural
e Or, perhaps, “ to give a complete theoretical solution of problems set to them ”; v. supra, p. 414 n. o.
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ηγούμενα κατά φυσιν τάξαντες και άλλήλοις επισυνθεντες, els τέλος άφικνουμεθα της τοΰ ζητούμενου κατασκευής· και τοϋτο καλοΰμεν σύνθεσιν.
Διττόν δ’ ἐστιν άναλύσεως γένος τό μεν ζητητικόν τάληθοΰς, ο καλείται θεωρητικόν, τό δε ποριστικόν τοΰ προταθεντος [λέγειν],1 ο καλείται προβληματικόν. επί μεν ον ν τοΰ θεωρητικοΰ γένους τό ζητούμενον ως ον ύποθεμενοι και ως αληθές, ειτα διά των εξής ακολουθών ως αληθών και ως εστιν καθ' ύπόθεσιν προελθόντες επί τι όμολογουμενον, εάν μεν αληθές τ} εκείνο τό όμολογουμενον, αληθές εσται και το ζητούμενον, και ή άπόδειξις αντίστροφος τῆ αναλύσει, εάν δε φευδει όμολογουμενω εντνχομεν, φεΰδος εσται και τό ζητούμενον. επι δε τοΰ προβληματικού γένους τό προταθεν ώς γνωσθεν ύποθεμενοι, εΐτα διά των εξής ακολουθών ως αληθών προελθόντες επί τι όμολογουμενον, εάν μεν τό όμολογουμενον δυνατόν ή και ποριστόν, δ καλοΰσιν οι από τών μαθημάτων δοθεν, δυνατόν εσται και τό π ροταθεν, και πάλιν ή άπόδειξις αντίστροφος τή αναλύσει, εάν δε άδυνάτω όμολογουμενω εντνχομεν, αδύνατον εσται και τό πρόβλημα.
Τοσαΰτα μεν ούν περ'ι άναλύσεως και συνθεσεως.
Ύών δε προειρημενών τοΰ άναλυομενου βιβλίων ή τάξις εστιν τοιαυτη.	E ύκλείδου Δεδομένων
βιβλίον α, 'Απολλώνιου Αόγου άποτομής β, Χωρίου άποτομής β, Διωρισμενης τομής δυο, 'Επαφών δυο, Ευκλείδου Πορισμάτων τρία, 'Απολλώνιου Νεάσεων δυο, τοΰ αύτοΰ Τόπων επίπεδων δυο, 1 λέγειν οπι. Hultsch.
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order as consequents what were formerly antecedents and linking them one with another, we finally arrive at the construction of what was sought ; and this we call synthesis.
Now analysis is of two kinds, one, whose object is to seek the truth, being called theoretical, and the other, whose object is to find something set for finding, being called problematical. In the theoretical kind we suppose the subject of the inquiry to exist and to be true, and then we pass through its consequences in order, as though they also were true and established by our hypothesis, to something which is admitted ; then, if that which is admitted be true, that which is sought will also be true, and the proof will be the reverse of the anatysis, but if we come upon something admitted to be false, that which is sought will also be false. In the problematical kind we suppose that Avhich is set as already known, and then we pass through its consequences in order, as though they were true, up to something admitted ; then, if what is admitted be possible and can be done, that is, if it be what the mathematicians call given, what was originally set will also be possible, and the proof will again be the reverse of the analysis, but if we come upon something admitted to be impossible, the problem will also be impossible.
So much for analysis and synthesis.
This is the order of the books in the aforesaid Treasury of Analysis. Euclid’s Data, one book, Apollonius’s Cutting-off of a Ratio, two books, Cutting-off of an Area, two books, Determinate Section, two books, Contacts, two books, Euclid’s Porisms, three books, Apollonius’s Vergings, two books, his Plane Loci, two books, Conics, eight books, Aristaeus’s
599
GREEK MATHEMATICS
Κωνικών η, *Aρισταίου Τόπων στερεών πέντε, Ενκλείδου Τόπων τών προς επιφάνεια δυο, Έρατοσθε'νους Περί μεσοτήτων δυο. γίνεται βιβλία λγ, ών τ ας περιοχάς μόχρι τών * Απολλώνιου Κωνικών εζεθεμην σοι προς επίσκεφιν, καί τό πλήθος τών τόπων καί τών διορισμών καί τών πτώσεων καθ' έκαστον βιβλίον, άλλα καί τα λήμματα τα ζητούμενα, καί ουδεμίαν εν ττ} πραγματεία τών βιβλίων καταλελοιπα ζητησιν, ως ενόμιζον.
(Ζ) Locus with Respect to Five or Six Links Ibid. vii. 38-10, ed. Hultsch 680. 2-30
*Εάν από τινος σημείου επί θεσει δεδομενας ευθείας πέντε καταχθώσιν εύθεΐαι εν δεδομεναις γωνίαις, καί λόγος ἡ δεδομένος του υπό τριών κατηγμενων περιεχομένου στερεού παραλληλεπίπεδου ορθογωνίου προς τό υπό τών λοιπών δυο κατηγμενων καί δοθείσης τινός περιεχόμενον παραλληλεπίπεδον ορθογώνιον, άφεται τό σημεΐον θεσει δεδομένης γραμμής, εάν τε επί Γ, καί λόγος fj δοθείς του υπό τών τριών περιεχομένου προειρημένου στερεού προς τό υπό τών λοιπών τριών, πάλιν τό σημεΐον άφεται θεσει δεδομένης, εάν δε επί πλείονας τών Γ, ούκετι μεν εχουσι λέγειν, “ εάν λόγος η δοθείς τοΰ υπό τών δ περιεχομένου τινός προς τό ύπό τών λοιπών,” επεί ούκ εστι τι
• These propositions follow a passage on the locus with respect to three or four lines which has already been quoted (w. vol. i. pp. 486-489). The passages come from Pappus’s 600
REVIVAL OF GEOMETRY : PAPPUS
Solid Loci, five books, Euclid’s Surface Loci, two books, Eratosthenes’ On Means, two books. In all there are thirty-three books, whose contents as far as Apollonius’s Conics I have set out for your examination, including not only the number of the propositions, the conditions of possibility and the cases dealt with in each book, but also the lemmas which are required; indeed, I believe that I have not omitted any inquiry-arising in the study of these books.
(Z) Locus with Respect to Five or Six Lines ° Ibid. vii. 38-40, ed. Hultsch 680. 2-30
If from any point straight lines be drawn to meet at given angles five straight lines given in position, and the ratio be given between the volume of the rectangular parallelepiped contained by three of them to the volume of the rectangular parallelepiped contained by the remaining two and a given straight line, the point will lie on a curve given in position. If there be six straight lines, and the ratio be given between the volume of the aforesaid solid formed by three of them to the volume of the solid formed by the remaining three, the point will again lie on a curve given in position. If there be more than six straight lines, it is no longer permissible to say “ if the ratio be given between some figure contained by four of them to some figure contained by the remainder,” since no figure can be contained in more
account of the Conics of Apollonius, who had worked out the locus with respect to three or four lines. It was by reflection on this passage that Descartes evolved the system of co-ordinates described in his Geometric.
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GREEK MATHENiATICS περιεχόμενον υπό πλειόνων ή τριών διαστάσεων, συγκεχωρήκασι δε εαυτοΐς οι βραχύ προ ημών ερμηνεύειν τα τοιαΰτα, μηδε εν μηδαμώς διάληπτον σημαίνοντες, τό υπό τώνδε περιεχόμενον λεγοντες επί τό από τήσδε τετράγωνον η επί τό υπό τώνδε. παρήν δε διά τών συνημμένων λόγων ταΰτα καί λέγειν και δεικνύναι καθόλου και επί τών προειρημενών προτάσεων και επι τούτων τον τρόπον τούτον* εάν από τινος σημείου επί θεσει δεδομενας ευθείας καταχθώσιν εύθεΐαι εν δεδομεναις γωνίαις, καί δεδομένος ἡ Aoyo? ό συνημμένος εξ ου εχει μία κατηγμενη προς μίαν καί ετερα προς ετεραν, καί άλλη προς άλλην, καί ή λοιττη προς δοθεΐσαν, εάν ώσιν ζ, εάν δε η, καί η λοιπή προς λοιπήν, τό σημεΐον άφεται θεσει δεδομένης γραμμής’ καί ομοίως ὅσαι αν ώσιν περισσαί ή άρτιαι τό πλήθος, τούτων, ως εφην, επόμενων τω επί τόσσαρας τόπω ούδε εν συντεθείκασιν, ώστε την γραμμήν
είδεναι.
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than three dimensions. It is true that some recent writers have agreed among themselves to use such expressions,*1 but they have no clear meaning when they multiply the rectangle contained by these straight lines with the square on that or the rectangle contained by those. They might, however, have expressed such matters by means of the composition of ratios, and have given a general proof both for the aforesaid propositions and for further propositions after this manner : If from any point straight lines he drawn to meet at given angles straight lines given in position, and there be given the ratio compounded of that which one straight line so drawn hears to another, that which a second hears to a second, that which a third hears to a third, and that which the fourth hears to a given straight line—if there he seven, or, if there he eight, that which the fourth bears to the fourth—the point will lie on a curve given in position ; and similarly, however many the straight lines be, and whether odd or even. Though, as I said, these propositions follow the locus on four lines, [geometers] have by no means solved them to the extent that the curve can be recognized.6
* As Heron in his formula for the area of a triangle, given the sides (supra, pp. 476-477).
b The general proposition can thus be stated : If px, p2 Pz ... ρ» be the lengths of straight lines drawn to meet n given straight lines at given angles (where n is odd), and a be a given straight line, then if
where λ is a constant, the point will lie on a curve given in position. This will also be true if n is even and

Pi' Ρ* β
Pi Pi Pi’Pt
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(m) Anticipation of Guldin’s Theorem Ibid. vii. 41-42, ed. Hultsch 680. 30-682. 20
Ταΰ0’ οι βλέποντας ήκιστα έπ αίρονται, καθάπερ οι πάλαι και των τα κρείττονα γραψάντων έκαστοι' εγώ 8e και προς άρχαΐς έτι των μαθημάτων και της υπό φύσεως π ρο κείμενης ζητημάτων ΰλης κινούμενους ορών άπαντας, αίδούμενος εγώ και δείξας γε πολλώ κρείσσονα και πολλην προφερό-μενα ωφέλειαν . . . ϊνα δε μη κεναΐς χερσι τούτο φθεγξάμενος ώδε χωρισθώ του λόγου, ταυτα δώσω ταΐς άναγνοΰσιν· ό μεν των τελείων άμφοι-στικών Λόγος συνήπταν εκ τε των άμφοισμάτων και των επί τούς άξονας ομοίως κατηγμένων ευθειών από τών εν αύτοΐς κεντροβαρικών σημείων, ὅ δε τών ατελών έκ τε τών άμφοισμάτων καί τών περιφερειών, όσας εποίησεν τα εν τούτοις κεντρο-βαρικά σημεία, 6 δέ τούτων τών περιφερειών λόγος συνηπται δηλον ως εκ τε τών κατηγμένων καί ών περιέχουσιν αι τούτων άκραι, ει καί εΐεν προς τοΐς άξοσιν άμφοιστικών, γωνιών. περι- •
• Paul Guldin (1577-1643), or Guldinus, is generally credited with the discovery of the celebrated theorem here enunciated by Pappus. It may be stated : If any plane figure revolve about an external axis in its plane, the volume of the solid figure so generated is equal to the product of the area of the figure and the distance travelled by the centre of gravity of the figure. There is a corresponding theorem for the area.
b The whole passage is ascribed to an interpolator by Hultsch, but without justice; and, as Heath observes (H.O.M. ii. 403), it is difficult to think of any Greek mathematician after Pappus’s time who could have discovered such an advanced proposition.
Though the meaning is clear enough, an exact translation 604
REVIVAL OF GEOMETRY : PAPPUS (im) Anticipation of Guldin’s Theorem a Ibid. vii. 41-42, ed. Hultsch 680. 30-682. 20 6
The men who study these matters are not of the same quality as the ancients and the best writers. Seeing that all geometers are occupied with the first principles of mathematics and the natural origin of the subject matter of investigation, and being ashamed to pursue such topics myself, I have proved propositions of much greater importance and utility . . . and in order not to make such a statement with empty hands, before leaving the argument I will give these enunciations to my readers. Figures generated by a complete revolution of a plane figure about an axis are in a ratio compounded (a) of the ratio [of the areas] of the figures, and (b) of the ratio of the straight lines similarly drawn to c the axes of rotation from the respective centres of gravity. Figures generated by incomplete revolutions are in a ratio compounded (a) of the ratio [of the areas] of the figures, and (b) of the ratio of the arcs described by the centres of gravity of the respective figures, the ratio of the arcs being itself compounded (1) of the ratio of the straight lines similarly drawn [from the respective centres of gravity to the axes of rotation] and (2) of the ratio of the angles contained about the axes of revolution by the extremities of these straight lines.d These propositions, which are practi-
is impossible; I have drawn on the translations made by Halley (». Papp. Coll., ed. Hultsch 683 n. 2) and Heath (H.G.M. ii. 402-403). The obscurity of the language is presumably the only reason why Hultsch brackets the pass-
X, as he says: “ exciderunt autem in eodem loco pauciora rave genuina Pappi verba.”
* i.e., drawn to meet at the same angles.
* The extremities are the centres of gravity.
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εχουσι δε αΰται αι πρότασις, σχεδόν ονσαι μία, πλεΐστα όσα και παντόία Θεωρήματα γραμμών τε και επιφανειών καί στερεών, πάνθ' άμα καί μια δείξει καί τα μήπω δεδειγμενα καί τα ήδη ως καί τα εν τω δωδεκάτω τώνδε τών στοιχείων.
(n) Lemmas to the Treatises (i.) To the “ Determinate Section ” of Apollonius Ibid. vii. 115, ed. Hultsch, Prop. 61, 756. 28-760. 4
τρ ιών δοθεισών ευθειών τών ΑΒ, Β Γ, ΓΔ, εαν γενηται ως τό υπό ΑΒΔ προς τό υπό ΑΤΑ,
ούτως τό από BE προς τό από E Γ, μοναχός λόγος καί ελάχιστος ἐστιν ό τοΰ υπό ΑΕΔ προς τό υπό
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REVIVAL OF GEOMETRY : PAPPUS cally one, include a large number of theorems of all sorts about curves, surfaces and solids, all of which are proved simultaneously by one demonstration, and include propositions never before proved as well as those already proved, such as those in the twelfth book of these elements.®
(n) Lemmas to the Treatisbs b (i.) To the “ Determinate Section " of Apollonius Ibid. vii. 115, ed. Hultsch, Prop. 61, 756. 28-760. 4
Given three straight lines AB, ΒΓ, ΓΔ,β if AB . ΒΔ : ΑΓ . ΓΔ = BE2 : ΕΓ2, then the ratio AE . ΕΔ : BE . ΕΓ
*	If the passage be genuine, which there seems little reason to doubt, this is evidence that Pappus’s work ran to twelve books at least.
*	The greater part of Book vii. is devoted to lemmas required for the books in the Treasury of A nalysis as far as Apollonius’s Conics, with the exception of Euclid’s Data and with the addition of two isolated lemmas to Euclid’s Surface-Loci. The lemmas are numerous and often highly interesting from the mathematical point of view. The two here cited are given only as samples of this important collection ι the first lemma to the Surface-Loci, one of the two passages in Greek referring to the focus-directrix property of a conic, has already been given (vol. i. pp. 492-503).
*	It is left to be understood tnat they are in one straight line ΑΔ.
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ΒΕΓ· λέγω δἡ ὅτι 6 αυτός εστιν τω του απο της Α Α ττ ρος το από της υπεροχής ἡ ύπερεχει^ η δυναμενη το υπό ΑΓ, ΒΔ τής δυναμενης το ύπο
ΑΒ, ΓΔ*
Γεγράφθω περί την ΑΔ κύκλος, καί ήχθωσαν όρθαί al ΒΖ, ΓΗ. επει οΰν εστιν ως το ύπο ΑΒΔ προς τό υπό ΑΓΔ, τουτεστιν ως τό από ΒΖ προς τό από ΓΗ, ούτως τό από BE προς τό από E Γ, καί μήκει άρα εστιν ως ή ΒΖ προς την ΓΗ, ούτως ή BE προς την ΕΓ* ευθεία άρα εστιν ή διά των Ζ, E, H. έστω ή ΖΕΗ, και εκβεβλήσθω ή μεν H Γ επί τό Θ, επιζευχθεΐσα δε ή ΖΘ εκβεβλήσθω επί τό Κ, και επ' αυτήν κάθετος ήχθω ή ΔΚ. και διά δη τό προγεγραμμενον λήμμα γίνεται τό μεν ύπο AF, ΒΔ ίσον τω από ΖΚ, τό δε ύπο ΑΒ, ΓΔ τω από ΘΚ* λοιπή άρα η ΖΘ εστιν ή υπεροχή ή ύπερεχει ή δυναμενη τό ύπο ΑΓ, ΒΔ τής δυναμενης τό ύπο ΑΒ, ΓΔ. ήχθω οΰν διά τού κέντρου ή ΖΑ, και επεζευχθω ή ΘΛ. επει οΰν ορθή ή ύπο Ζ ΘΛ ορθή τή ύπο E ΓΗ εστιν ΐση, εστιν 8e και ή προς τω Α τή προς τω H γωνία ΐση, ισογώνια άρα τα τρίγωνα’ εστιν άρα ως ή ΛΖ προς τήν ΘΖ, τουτεστιν ως ή ΑΔ προς τήν ΖΘ, ούτως ή ΕΗ προς τήν EP* καί ως άρα τό από ΑΔ προς τό από ΖΘ, ούτως τό από ΕΗ προς τό από ΕΓ, καί τό ύπο HE, ΕΖ, τουτεστιν τό ύπο ΑΕ, ΕΔ, προς τό ύπο BE, ΕΓ. καί εστιν 6 μεν τ ου ύπο ΑΕ, ΕΔ προς τό ύπο BE,
β For, because ΒΖ : ΓΗ=ΒΕ : ΕΓ, the triangles ΖΕΒ, ΗΕΓ are similar, and angle ZEB=angle ΗΕΓ; .·. Γ is in the same straight line with Β, E [Eucl. i. 13, Conv.].
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is singular and a minimum ; and I say that this ratio is equal to ΑΔ2 : (λ/ΑΓ . ΒΔ - λ/ΑΒ . ΓΔ)2.
Let a circle be described about ΑΔ, and let BZ, ΓΗ be drawn perpendicular [to ΑΔ]. Then since
AB . ΒΔ : ΑΓ . ΓΔ = BE2: ΕΓ2, [ex hyp. i.e.,	BZ2 : ΓΗ2 = BE2 : ΕΓ2,
[Eucl. x. 33, Lemma BZ : ΓΗ = BE : ΕΓ.
Therefore Ζ, E, H lie on a straight line.® Let it be ZEH, and let ΗΓ be produced to θ, and let ΖΘ be joined and produced to K, and let ΔΚ be drawn perpendicular to it. Then by the lemma just proved [Lemma 19]
ΑΓ . ΒΔ = ΖΚ2,
ΑΒ.ΓΔ = ΘΚ2;
[on taking the roots and] subtracting,
[ZK - ΘΚ = ]ΖΘ = σ Α Γ . ΒΔ - VAlTfA'.
Let ΖΛ be drawn through the centre, and let ΘΛ be joined. Then since the right angle Z0A = the right angle ΕΓΗ, and the angle at A=the angle at H, therefore the triangles [ΖΘΛ, ΕΓΗ] are equiangular;
ΛΖ : ΘΖ = ΕΗ : ΕΓ, i.e.,	ΑΔ : ΖΘ = ΕΗ : ΕΓ ;
ΑΔ2 : ΖΘ2 = ΕΗ2: ΕΓ2
= ΗΕ . ΕΖ : BE . ΕΓ6 = ΑΕ . ΕΛ : BE . ΕΓ.
[Eucl. iii. 35
And [therefore] the ratio ΑΕ . ΕΔ : BE . ΕΓ is
‘ Because, on account of the similarity of the triangles ΗΓΕ, ZBE, we have HE : ΕΓ = ΕΖ : EB.
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ΕΓ μοναχός καί ἐλάσσων λόγος, ή 8ε ΖΘ ή υπεροχή fj ύπερεχει ή Βυναμενη τό υπό των ΑΓ, ΒΔ της 8υναμενης τό υπό ΑΒ, ΓΔ [τουτε'στιν τό από τής ΖΚ του από τής ΘΚ],1 ώστε 6 μοναχός και ελάσσων λόγος ό αυτός εστιν τω από τής ΑΔ προς τό από τής υπεροχής ή ύπερεχει ή όυναμενη τό υπό ΑΓ, ΒΔ τής Βυναμενης τό υπό ΑΒ, ΓΔ, όπερ :~
(ii.) To the “ Porisms ” of Euclid
Ibid. vii. 198, ed. Hultsch, Prop. 130, 872. 23-874. 27
Καταγραφή ή ΑΒΓΔΕΖΗΘΚΑ, έστω 8ε ως τό υπό ΑΖ, ΒΓ προς τό υπό ΑΒ, ΓΖ, ούτως τό
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υπό ΑΖ, ΔΕ προς τό υπό ΑΔ, ΕΖ· ότι ευθεία εστιν ή διά των Θ, H, Ζ σημείων.
REVIVAL OF GEOMETRY : PAPPUS singular and a minimum, while [, as proved above,] Ζθ = γΆΓ . ΒΔ -	. ΓΔ, so that the same
singular and minimum ratio =»
ΑΔ2 : (y'XTTM - y Α Β . Γ Δ)2.	q.e.d.0
(ii.) To the “ Porisms ” of Euclid b
Ibid. vii. 198, ed. Hultsch, Prop. 130, 872. 23-874. 27
Let ΑΒΓΔΕΖΗΘΚΛ be a figure,® and let AZ . ΒΓ : AB . ΓΖ *■ AZ . ΔΕ : ΑΔ . EZ ; [I say] that the line through the points θ, Η, Ζ is a straight line.
*	Notice the sign used in the Greek for ἔδὲι δείξω. In all Pappus proves this property for three different positions of the points, and it supports the view (ν. supra, p. 34.1 η. a) that Apollonius’s work formed a complete treatise on involution.
*	v. vol. 1. pp. 478-485.
*	Following Breton de Champ and Hultsch I reproduce the second of the eight figures in the mss., which vary according to the disposition of the points. 1
1 τουτίστιν . . . rrjs ΘΚ om. Hultsch.
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'Έ,πεί εστιν ως τό ύπο AZ, Β Γ προς το υπό ΑΒ, ΓΖ, ούτως το ύπο ΑΖ, ΔΕ προς τό ύπο ΑΔ, ΕΖ εναλλάξ εστιν ως το ύπο ΑΖ, ΒΓ προς το ύπο ΑΖ, ΔΕ, τουτεστιν ως ή Β Γ προς την ΔΕ, όντως το ύπο ΑΒ, ΓΖ προς το ύπο ΑΔ, ΕΖ. ἀλλ’ ό μεν της Β Γ προς την ΔΕ συνήπται λόγος, εάν διά του Κ τη ΑΖ παράλληλος άχθη η ΚΜ, εκ τε τον της BF προς ΚΝ και της ΚΝ προς ΚΜ καί ετι του της ΚΜ προς ΔΕ, ο 8ε του υπ ο ΑΒ, ΓΖ προς τό ύπο ΑΔ, ΕΖ συνήπται εκ τε τον της ΒΑ προς ΑΔ καί τον της ΓΖ προς την ΖΕ. κοινός εκκεκρουσθω ό της ΒΑ προς ΑΔ ό αντος ων τω τής ΝΚ προς ΚΜ· λοιπόν άρα ό της ΓΖ προς την ΖΕ συνηπται εκ τε τοΰ της ΒΓ προς την ΚΝ, τουτεστιν του τής Θ Γ προς την ΚΘ, και τοΰ τής ΚΜ προς την ΔΕ, τουτεστιν τοΰ τής ΚΗ προς την HE* ευθεία άρα ή διά των Θ, H, Ζ.
Έά^ γάρ διά τοΰ E τή Θ Γ παράλληλον άγάγω την ΕΞ, και επιζευχθεΐσα ή Θ H εκβληθή επί τό Ξ, ό μεν τής ΚΗ προς την HE λόγος ό αντος εστιν τω τής ΚΘ προς την ΕΞ, ό 8ε συνημμένος εκ τε τοΰ τής Γ Θ προς την ΘΚ και τοΰ τής ΘΚ προς την ΕΞ μεταβάλλεται είς τον τής Θ Γ προς ΕΞ λόγον, και ό τής ΓΖ προς ΖΕ λόγος ό αυτός τω τής ΓΘ προς την ΕΞ· παραλλήλου ούσης τής ΓΘ τή ΕΞ, ευθεία άρα εστιν ή διά των Θ, Ξ, Ζ (τοΰτο γάρ φανερόν), ώστε και ή διά των Θ, H, Ζ εύθεΐά εστιν.
° It is not perhaps obvious, but is easily proved, and is in fact proved by Pappus in the course of iv. 21, ed. Hultsch 212. 4-13, by drawing an auxiliary parallelogram.
b Conversely, if ΗΘΚΛ be any quadrilateral, and any 612
REVIVAL OF GEOMETRY : PAPPUS Since AZ . ΒΓ : AB . ΓΖ = AZ . ΔΕ : ΑΔ . EZ,
permutando
AZ . ΒΓ : AZ . ΔΕ = AB . ΓΖ : ΑΔ . EZ, i.e.,	ΒΓ : ΔΕ = AB . ΓΖ : ΑΔ . EZ.
But, if ΚΜ be drawn through Κ parallel to AZ,
ΒΓ : ΔΕ - (ΒΓ : KN) . (KN : ΚΜ).
(ΚΜ : ΔΕ),
and
AB . ΓΖ : ΑΔ . EZ = (BA : ΑΔ) . (ΓΖ : ZE).
Let the equal ratios BA : ΑΔ and NK : ΚΜ be eliminated ;
then the remaining ratio
ΓΖ : ZE = (ΒΓ : KN) . (ΚΜ : ΔΕ), i.e.,	ΓΖ : ZE = (ΘΓ : ΚΘ) . (ΚΗ : HE) ;
then shall the line through θ, Η, Ζ be a straight line.
For if through E I draw E£? parallel to ΘΓ, and if ΘΗ be joined and produced to £7,
ΚΗ : HE = ΚΘ :E£?, and (ΓΘ : ΘΚ). (ΘΚ : E£?) = ΘΓ : E£7,
ΓΖ : ZE = ΓΘ : ES ;
and since ΓΘ is parallel to Είε, the line through θ, S, Ζ is a straight line (for this is obvious a), and therefore the line through θ, Η, Ζ is a straight line.6
transversal cut pairs of opposite sides and the diagonals in the points Α, Ζ, Δ, Γ, Β, E, then ΒΓ : ΔΕ = ΑΒ . ΓΖ : ΑΔ . EZ. This is one of the ways of expressing the proposition enunciated by Desargues: The three pairs of opposite sides of α complete quadrilateral are cut by any transversal in three
gjirs of conjugate points of an involution (v. L. Cremona, lements of Projective Geometry, tr. by C. Leudesdorf, 1835, pp. 106-108). A number of special cases are also proved by Pappus.
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(o) Mechanics
Ibid, viii., Praef. 1-3, ed. Hultsch 1022. S-1028. 3
*H μηχανική θεωρία, τεκνον 'Ερμόδωρε, προς πολλά καί μεγάλα των ἐν τω βίω χρήσιμος ύπ-άρχουσα πλείστης εικότως αποδοχής ήξίωται προς των φιλοσόφων και πάσι τοΐς από των μαθημάτων περισπούδαστος εστιν, επειδή σχεδόν πρώτη της περί την ϋλην των εν τω κόσμω στοιχείων φυσιολογίας άπτεται. στάσεως γάρ και φοράς σωμάτων και της κατά τόπον κινησεως εν τοΐς ολοις θεωρηματική τυγχάνουσα τα μεν κινούμενα κατά φυσιν αιτιολογεί, τα δ’ άναγκάζονσα παρά φυσιν εξω των οικείων τόπων εις εναντίας κινήσεις μεθίστησιν επιμηχανωμενη διά των εξ αυτής της ύλης ύπο-πιπτόντων αυτή θεωρημάτων. της δε μηχανικής τό μεν είναι λογικόν τό δε χειρουργικόν οι περί τον "Ηρωνα μηχανικοί λεγουσιν καί τό μεν λογικόν συνεστάναι μέρος εκ τε γεωμετρίας και αριθμητικής καί αστρονομίας καί των φυσικών λόγων, τό δε χειρουργικόν εκ τε χαλκευτικής καί οικοδομικής καί τεκτονικής καί ζωγραφικής και τής εν τουτοις κατά χεΐρα άσκήσεως' τον μεν ουν εν ταῖς προειρημεναις επιστήμαις εκ παιδός γενό-μενον καν ταΐς προειρημεναις τεχναις εξιν είληφότα προς δε τουτοις φυσιν ευκίνητον εχοντα, κράτιστόν εσεσθαι μηχανικών έργων εύρετην καί άρχιτεκτονά φασιν. μη δυνατοΰ δ’ οντος τον αυτόν μαθημάτων •
• After the historical preface here quoted, much of Book viii. is devoted to arrangements of toothed wheels, already encountered in the section on Heron (supra, pp. 488-497). A 614
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(o) Mechanics α
Ibid, viii., Preface 1-3, ed. Hultsch 1022. 3-1028. 3
The science of mechanics, my dear Hermodorus, has many important uses in practical life, and is held by philosophers to be worthy of the highest esteem, and is zealously studied by mathematicians, because it takes almost first place in dealing with the nature of the material elements of the universe. For it deals generally with the stability and movement of bodies [about their centres of gravity],& and their motions in space, inquiring not only into the causes of those that move in virtue of their nature, but forcibly transferring [others] from their own places in a motion contrary to their nature ; and it contrives to do this by using theorems appropriate to the subject matter. The mechanicians of Heron’s schoolc say that mechanics can be divided into a theoretical and a manual part ; the theoretical part is composed of geometry, arithmetic, astronomy and physics, the manual of work in metals, architecture, carpentering and painting and anything involving skill with the hands. The man who had been trained from his youth in the aforesaid sciences «as well as practised in the aforesaid arts, and in addition has a versatile mind, would be, they say, the best architect and inventor of mechanical devices. But as it is impossible for the same person to familiarize himself with such
number of interesting theoretical problems are solved in the course of the book, including the construction of a conic through five points (viii. 13-17, ed. Hultsch 1072. 30-1084. 2), 6 It is made clear by Pappus later (vii., Praef. 5, ed. Hultsch 1030. 1-17) that φορά has this meaning.
c With Pappus, this is practically equivalent to Heron himself: cf. vol. i. p. 184 n. b.
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τε τοσουτων περιγενεσθαι καί μαθεΐν άμα τάς προειρημένας τεχνας παραγγελλουσι τω τα μηχανικά έργα μεταχειρίζεσθαι βουλομενω χρησθαι ταΐς οίκείαις τεχναις υποχείριος εν ταῖς παρ' εκαστα χρείαις.
Μάλιστα 8e πάντων άναγκαιόταται τεχναι τυγ-χάνονσιν προς την του βίου χρείαν [μηχανική προηγούμενη της άρχιτεκτονής]1 η τε των μαγ-γαναρίων, μηχανικών καί αυτών κατά τούς αρχαίους λεγομένων (μεγάλα γάρ ουτοι βάρη διά μηχανών παρά φύσιν εις ύφος άνάγουσιν ελάττονι δυνάμει κινοΰντες), καί η τών όργανοποιών τών προς τον πόλεμον αναγκαίων, καλούμενων δε καί αυτών μηχανικών (βέλη γάρ καί λίθινα και σιδηρά καί τά παραπλήσια τουτοις εξαποστελλεται εις μακράν όδοΰ μήκος τοΐς υπ' αυτών γινομενοις όργάνοις καταπαλτικοΐς), προς δἐ ταυταις η τών ιδίως πάλιν καλούμενων μηχανοποιών (εκ βάθους γάρ πολλοΰ ύδωρ ευκολώτερον ανάγεται διά τών άντλη-ματικών οργάνων ών αυτοί κατασκευάζουσιν). καλοΰσι δε μηχανικούς οι παλαιοί καί τους θαυμασιουργους, ών οι μεν διά ττνευμάτων φιλο-τεχνουσιν, ως °ΐίρων ΐΐνευματικοΐς, οι δε διά νευρίων καί σπάρτων εμφύχων κινήσεις δοκοΰσι μιμεΐσθαι, ως °Ηρων Αντομάτοις καί Ζυγίοις, άλλοι δε διά τών εφ' νδατος όχου μενών, ως 'Αρχιμήδης Όχουμενοις, η τών δι' νδατος ωρολογίων, ως "Hρων Ύδρείοις, α δη καί τη γνωμονικη
1 μηχανική . . . άρχιτίκτονης om. Hultsch. •
• μάγγανον is properly the block of a pulley, as in Heron's 616
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mathematical studies and at the same time to learn the above-mentioned arts, they instruct a person wishing to undertake practical tasks in mechanics to use the resources given to him by actual experience in his special art.
Of all the. [mechanical] arts the most necessary for the purposes of practical life are : (1) that of the makers of mechanical powers,a they themselves being called mechanicians by the ancients—for they lift great weights by mechanical means to a height contrary to nature, moving them by a lesser force ; (2) that of the makers of engines of war, they also being called mechanicians—for they hurl to a great distance weapons made of stone and iron and suchlike objects, by means of the instruments, known as catapults, constructed by them ; (3) in addition, that of the men who are properly called makers of engines —for by means of instruments for drawing water which tney construct water is more easily raised from a great depth ; (4) the ancients also describe as mechanicians the wonder-workers, of whom some work by means of pneumatics, as Heron in his Pneumatica,b some by using strings and ropes, thinking to imitate the movements of living things, as Heron in his Automata and Balancings,b some by means of floating bodies, as Archimedes in his book On Floating Bodies,c or by using water to tell the time, as Heron in his Hydria,* which appears to have affinities with the
Belopoeica, ed. Schneider 84. 12, Greek Papyri in the British Museum iii. (ed. Kenyon and Bell) 1164 n. 8.
6 υ. supra, p. 466 n. o.	c υ. supra, pp. 242-257.
<* This work is mentioned in the Pneumatica, under the title Ilepi. ὰδρἴων ωροσκοπίων, as having been in four books. Fragments are preserved in Proclus (Hypotyposis 4) and in Pappus’s commentary on Book v. of Ptolemy’s Syntaxis.
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Θεωρία κοινωνοΰντα φαίνεται. μηχανικούς δἐ καλοΰσιν καί τους τάς σφαιροποιΐας [ποιεΐν]1 επισταμενους, νφ* ών εικών τον ουρανού κατασκευάζεται δι’ ομαλής και εγκυκλίου κίνησε ως ὅδατος.
Παντων 84 τούτων την αιτίαν και τον λόγον επεγνωκεναι φασίν τινες τον Συρακόσιον Αρχιμήδη- μόνος γάρ οδτος iv τω καθ* ημάς βίω ποικίλη προς πάντα κεχρηται τή φύσει καί τη επίνοια, καθώς καί Γεμινος 6 μαθηματικός εν τφ Περί, της των μαθημάτων τάξεώς φησιν. Κάρπος δε πού φησιν ό Άντιοχεύς ’Αρχιμήδη τον Συρα-κόσιον εν μόνον βιβλίον συντεταχεναι μηχανικόν τό κατά την σφαιροποιΐαν, των δε άλλων ούδεν ήξιωκεναι συντάζαι. καίτοι παρά τοΐς πολλοΐς επί μηχανική δοξασθείς καί μεγαλοφυής τις γενόμενος 6 θαυμαστός εκείνος, ώστε διαμεΐναι παρά πάσιν άνθρώποις υπερβαλλόντως υμνούμενος, των τε προηγουμένων γεωμετρικής καί αριθμητικής εχομενων θεωρίας τἀ βραχύτατα δοκοΰντα εΐναι σπουδαίως συνεγραφεν ος φαίνεται τάς ειρημενας επιστήμας ούτως άγαπήσας ως μηδέν εξωθεν ύπομενειν αύταΐς επεισάγειν. αυτός δε Κάμπος καί άλλοι τινες συνεχρήσαντο γεωμετρία καί εις τεχνας τινας εύλόγως- γεωμετρία γάρ ούδεν βλάπτεται, σωματοποιεΐν πεφυκυΐα πολλάς τεχνας, διά του συνεΐναι αύταΐς [μήτηρ ούν ώσπερ ουσα τεχνών ου βλάπτεται διά του φροντίζειν οργανικής καί αρχιτεκτονικής- ουδέ γάρ διά τό συνεΐναι γεωμορία καί γνωμονική καί μηχανική και σκηνογραφία βλάπτεται τι]/ τουναντίον δε π ροάγουσα
1 ποιεΐν om. Hultsch.	3 μήτηρ ... τι om. Hultsch.
618
REVIVAL OF GEOMETRY : PAPPUS
science of sun-dials ; (5) they also describe as mechanicians the makers of spheres, who know how to make models of the heavens, using the uniform circular motion of water.
Archimedes of Syracuse is acknowledged by some to have understood the cause and reason of all these arts ; for he alone applied his versatile mind and inventive genius to all the purposes of ordinary life, as Geminus the mathematician says in his book On the Classification of Mathematics.a Carpus of Antioch 6 says somewhere that Archimedes of Syracuse wrote only one book on mechanics, that on the construction of spheres,® not regarding any other matters of this sort as worth describing. Yet that remarkable man is universally honoured and held in esteem, so that his praises are still loudly sung by all men, but he himself on purpose took care to write as briefly as seemed possible on the most advanced parts of geometry and subjects connected with arithmetic; and he obviously had so much affection for these sciences that he allowed nothing extraneous to mingle with them. Carpus himself and certain others also applied geometry to some arts, and with reason ; for geometry is in no way injured, but is capable of giving content to many arts by being associated with them, and, so far from being injured, it is obviously, while itself •
•	For Geminus and this work, v. supra, p. 370 n. c.
•	Carpus has already been encountered (vol. i. p. 334) as the discoverer (according to Iambiichus) of a curve arising from a double motion which can be used for squaring the circle. He is several times mentioned by Proclus, but his date is uncertain.
•	This work is not otherwise known.
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μεν ταυτας φαίνεται, τιμώμενη δε και κοσμούμενη δεόντως υπ’ αυτών.
β With the great figure of Pappus, these selections illustrating the history of Greek mathematics may appropriately come to an end. Mathematical works continued to be written in Greek almost to the dawn of the Renaissance, and
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advancing those arts, appropriately honoured and adorned by them.®
they serve to illustrate the continuity of Greek influence in the intellectual life of Europe. But, after Pappus, these works mainly take the form of comment on the classical treatises. Some, such as those of Proclus, Theon of Alexandria, and Eutocius of Ascalon have often been cited already, and others have been mentioned in the notes.
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Abacus, 35 and nn. b and c
Achilles and the Tortoise, 369-371
Adam, James:	The	Re-
public of Plato, 399 nn. α and c
Addition in Greek mathematics, 46-48
Adrastus, on the geometric mean, 125 η. α Aeschylus, 258 η. α AStius:	Placita, 217 and
n. c
Agorastes, character in Lucian’s Auction of Souls, 91
Alexander Aphroclisicnsis, 173, 236 n. a, 315 Alexander the Great, 155 n. b, 175
Algebra :
Geometrical algebra of Pythagoreans, 186-215 Pure determinate equations, ii. 525
Quadratic equations: geometrical solution by Pythagoreans, 186-215;
solutions by Heron, ii. 503-505 (ind. n. a); by Diophantus, ii. 527-535 (esp. ii. 533 n. 1); v. also Square root, extraction of
Simultaneous equations leading to a quadratic, ii. 537
Cubic equations: Archimedes, ii. 127-163 (ind. n. a); Diophantus, ii. 539-511 ; v. also Cube root
I ndeterminate equations: Pythagorean and Platonic formulae for right-angled triangles, 90-95 ; side- and diameter-numbers, 132-139; “bloom” of Thymaridas, 139-141; “ cattle problem ” of Archimedes, ii. 203-205; Heron, ii. 505-509 ; Diophantus, ii. 541-551
Sums of squares, ii. 551-559
Allman, J. G., his Greek
INDEX
Geometry from Thales to Euclid, 237 n. b Almagest: Arabic name for Ptolemy’s Syntaxis, ii. 409 n. b
Alphabet, Greek:	use as
numerals, 42-44 Ameristus, 147 and n. b Amthor, A., on Archimedes* cattle problem, 17 n. c, ii. 205 n. b
Amyclas (recte Amyntas) of Heraclea, 153 and n. b Amyntas: v. Amyclas Analemma : of Ptolemy, 301 n. b, ii. 409 n. b ; of Diodorus, 301 and n. b Analysis:	discussion by
Pappus, ii. 597-599 ; applied by Eudoxus to theory of “ the section,” 153 ana η. a; v. also Leodamas Anatolius, bishop of Lao-dicea : on the meaning of the name mathematics, 3 ; on the Egyptian method of reckoning, 3 n. a, ii. 515-517; the classification of mathematics, 19 and n. b; his relation to Dio-phantus, ii. 517 η. α Anaxagoras: wrote on squaring of circle while in prison, 308, 149 n. d; character in Plato’s Rivals, 149 n./
Anchor-ring, v. Tore Angle : angle in semi-drcle, 167-169; mixed angles, 429 n. c; equality of right-angles, 443 and n. δ Aiiharmonic ratios, 485 η. β
Anthemius of Tralles, ii.
357 η. α Anticleides, 175 Antiphon, 311 and n. a, 313 and n. a, 315 and n. σ, 317 η.α
Apollodorus the Calculator, 169 and η. α Apollonius of Perga ϊ Life: ii.277(esp. η.a)-281 Works :
Conics:	Relation to
previous works, 487-489 (ind. n. a), ii. 277-281 ; scope of the work, ii. 281-285; terminology, ii. 285-289, ii. 309 and n. a, ii. 817 and n. a, ii. 323; construction of the sections, ii. 289-305; fundamental properties, ii. 305-329—parabola, ii. 305 - 309, hyperbola, ii. 309-317, ii. 323-329, ellipse, ii. 317-323 ; transition to new diameter, ii. 329-335; introduction of axes, ii. 289 n. a, ii. 331 η. a; generality of his methods, ii. 289 η. a; form of his proofs, ii. 289 n. a; contrast with Archimedes’ treatment, ii. 323 a, and terminology, ii. 283 n. o; his distinctive achievement to have based his treatment on the theory of applied
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areas, ii. 309 η. α; first to have recognized two branches of hyperbola, ii. 329 n. a; focus - directrix property not used, 495 n. a, ii. 281 η. a
On the Cutting-off of a Ratio, ii. 337-339; included in Treasury of Analysis, ii. 337 ; Halley’s Latin translation, ii. 337 η. α
On the Gutting-off of an Area, ii, 339 and n. 6 ; included in Treasury of Analysis, ii. 337
On Determinate Section, ii. 339-341 (ind. n. a) ; included in Treasury of Analysis, ii. 337 ; lemma by Pappus, ii. 607-611
On Tangencies, ii, 311-343 (ind. n. b); problem of three circles and Newton’s solution, ii. 343 n. b ; included in Treasury of Analysis, ii. 337
On Plane Loci, ii. 345 and η. β ; included in Treasury of Analysis, ii. 337 ; reconstructions by Fermat, van Schooten and Simson, ii. 345 n. c
On Vergings, ii. 345-347 (ind. η. a) ; included in Treasury of Analysis, ii. 337 ; described the datum as the
assigned, ii. 349 ; restoration by Samuel Horsley, ii. 347 η. a On the Dodecahedron and the Icosahedron, ii. 349 General Treatise, ii. 349-351 (ind. n. a)
On the Cochlias, ii. 351; “ sister of the coch-loid,” 335 and n. c On Unordered Irrationals, ii. 351-353 (ind. η. a)
Quick-deliverer (on the measurement of a circle), ii. 353 and nn. b, c
On the Burning Mirror, ii. 357 and n. 6 Other mathematical achievements:
Two mean proportionals, 267 n. b Continued multiplications, ii. 353-357 Astronomy, ii. 357 n. 6 Otherwise mentioned : ii. 363
Application of Areas, 186-215 ; explanation and history, 186-187 ; a Pythagorean discovery, 187; Euclid’s theorems, 189-215 ; equivalence to solution of quadratic equations, 195 n. a, 107 n. a, 211 n. a, 215 η. a ; possible use by Hippocrates, 245 n. α ; use by Apollonius in his treatment of the conic sections, ii. 305-323 (esp. ii, 309 n. a)
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Approximations to π, 321-333 (ind. η. a), ii. 353 Archibald, R. C., his Euclid's Book on Divisions of Figures, 157 n. c Archimedes
Life: A Syracusan, ii. 19 ; born about 287 b.c., ii. 19 and n. c·, his mechanical devices used in the defence of Syracuse, ii. 19-21, ii. 25-31 ; his death at the hands of a Roman soldier in 212 b.c., ii. 23, ii, 33-35 ; his sayings, ii. 21, ii. 23, ii. 35 ; his contempt for the utilitarian, ii. 31, ii. 619 ; his request for a cylinder enclosing a sphere as a monument, ii. 33 and η. α; his absorption in his work, ii. 31-33, ii. 37 ; his solution of the problem of the crown, ii. 37-39, ii. 251 η. α; his Doric dialect, ii. 21 and n. b, ii. 137 Works :
On the Sphere and Cylinder, ii. 41-127 ; preface,ii. 41-43; axioms, ii. 43-45 ; postulates, ii. 45-47 ; surface of cylinder, ii. 67-77 ; surface of cone, ii. 77-81; surface of sphere, ii. 113-1 ΙΤ; volume of sphere, ii. 119-127 ; trigonometrical equivalents, ii. 91 n. b, ii.
101 η. a, ii. 109 η. a ;
equivalence to integration, ii. 41 n. a, ii. 117 n. 6; problem leading to solution of cubic equation, ii. 127-1G3 (ind. n. a); cited by Zenodorus, ii. 393, ii. 395 ; Euto-cius’s commentaries, ii. 73 n. a, ii. 77 n. a, ii. 127 η. a, ii. 135-163 ; otherwise mentioned, ii. 165 η. a
On Conoids and Spheroids, ii. 165-181 ; preface, ii. 165; lemmas, ii. 1G5-169 ; volume of segment of paraboloid of revolution, ii. 171-181 ; equivalence to integration, ii. 181 η. a
On Spirals, ii. 183-195 ; definitions, ii. 183-185; fundamental property, ii. 185-187 ; vergings assumed, ii. 187-189 (ind. n. c), ii. 195 η. a ; property of sub-tangent, ii. 191-195, and comments of Pappus, Tannery and Heath, ii. 195 n. b; curve used to square the circle, 335 ana n. b
On the Measurement of a Circle, 317-333; Eutoeius’s commentary, 333 η. α ; cited by Zenodorus, ii. 395 and η. α
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Quadrature of a Parabola, ii. 229-2Ί3 ; prefatory letter to Dosi-theus, ii. 229-233; first (mechanical) proof of area of parabolic segment, ii. 233-239 ; equivalence to integrations, ii. 239 n. b; second (geometrical) proof, ii. 239-243 ; otherwise; mentioned, ii. 41 n. 6, ii. 221 η. a, ii. 225 and n. b
Method, ii. 221C220 ; discovery by Heiberg, ii. 221 n. b ; prefatory letter to Eratosthenes, ii. 221-223; mechanical proof of area of parabolic segment, ii. 223-229; gives Democritus credit for finding volume of cone and pyramid, 229-231, 411 η.α
Sand-reclconer, ii. 199-201 (ind. n. a)
Cattle Problem, 17 n. c, ii. 203-205 (ind. n. a)
On Plane Equilibriums, ii. 207-221 ; postulates, ii. 207-209 ; principle of lever, ii. 209-217 ; centre of gravity of parallelogram, ii. 217-221 ; of a triangle, ii. 227 and η. α
On Floating Bodies, ii. 243-257 ; discovery of
Greek text by Heiberg, ii. 242 η. α; William of Moer-beke’s Latin translation, ii. 242 η. α; postulates, ii. 243-245 ; surface of fluid at rest, ii. 215-249; loss of weight of solid immersed in a fluid— “ Archimedes’ principle,” ii. 249-251 ; use of this principle to solve problem Gf crown, ii. 251 n. a; stability of paraboloid of revolution, ii. 253-257 s Heath’s tribute to Book ii., ίί. 252 η. α Liber Assumptorum, ii. 581 η. α
Other achievements: Discovery of 13 semi-regular solids,217 n.a, ii. 195-197 (ind. n. b) Circles inscribed in the αρβηλος, ii. 591 η. a Solution of cubic equations, ii. 127-163 (ind. n. a)
Inequalities, ii. 165-169 Summation of scries, ii. 165-169, ii. 241 and η. a
“ Archimedes’ Axiom,” 321 n.a, 411 n. a, 455 n. a, ii. 47 and n. o, ii. 195 n. b, ii. 231 Otherwise mentioned t Vitruvius on his proficiency in all branches of science, ii. 3 n. o;
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Pappus’s tribute to his versatility, ii. 619 ; his method of evaluating areas, ii. 585 η. α Archytas, δη. α; on the branches of mathematics (Pythagorean quadri-vium), 5 and n. 6; on means, 113-Π5, 153 η. a; his proof that a super-articular ratio cannot be ivided into equal parts, 131-183; Proclus’s comments on his work in geometry, 151 ; his solution of the problem of two mean proportionals, 285-289 ζ nis work in stereometry, 7 n. a, 13 n. 6 ; his method of representing the sum of two numbers, 131 η. β, 429 n. c
Aristaeus: his five books of Solid Loci (conic sections), 487 and n. a, ii. 281 n. a, ii. 255 η. α; first demonstrated focus-directrix property, 495 η. a; his (?) Comparison of the Five Regular Solids, 487 n. b Aristarchus of Samos, ii. 3-15; a pupil of Strato of Lampsacus, ii. 3 and η. α; his theory of the nature of light, ii. 3 ; his heliocentric hypothesis, ii. 3-5 (ind. n. 6); on the sizes and distances of the sun and moon, ii. S-15; use of continued fractions (?), ii. Ιδ and n. 6
Aristophanes < reference to
the squaring of the circle, 309 and η. a
Aristotle : use of term mathematics, 3 n. c, 401 η. α; did not know how to square the circle, 335 ; on first principles of mathematics, 419-423; on the infinite, 425-429; proofs differing from Euclid’s, 419 η. a, 429-431 ; method of representing angles, 429 n. c; on the principle of the lever, 431-433 ; on the parallelogram of velocities, 433 ; irrationality of y/2, 111; on odd, even and prime numbers, 75 n. a, 78 η. α; on oblong and square numbers, 95 and n. 6 ; on Zeno’s paradoxes of motion, 366-375; on nature of geometrical proof, ii. 369
Aristoxenus:	on Plato’s
lecture on the Good, 389-391 ; his pupil Cleonides, 157 n. c
Arithmetic s
Its place in the Pythagorean quadrivium, 5 and n. b ; in the education of Plato's Guardians, 7-9; in Plato’s Laws, 21-23 ; in Anatolius and Geminus, 19 and n. b; difference from logistic, 7 and n. a, 17-19 (ind. n. 6); Greek arithmetical notation and the chief arithmetical operations, 41-63
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Pythagorean arithmetic: first principles, 67-71 ; classification of numbers, 73-75; perfect numbers, 75-87; figured numbers, 87-99 ; some properties of numbers— the “ sieve ” of Eratosthenes, 101-103, divisibility of squares, 103-105 ; a theorem about cube numbers, 105-107 ; a property of the pyth-men, 107-109 ; irrationality of -y/2,111; theory of proportion and means —arithmetic, geometric and harmonic means, 111-115, seven other means, 115-125, Pappus’s equations between means, 125-129, Plato on means between two squares or two cubes, 129-131, Archytas’s proof that a superparticular ratio cannot be divided into equal parts, 131-133
See also Theory of numbers ; Algebra; Irrational, the; Approximations to π; Inequalities Anthmetica, v. Diophantus Armillary sphere, 229 η. α Arrow of Zeno, 367, 371 Astronomy:	a full notice
excluded, x; identical with sphaeric in the Pythagorean quadrivium, 5 n. 6; in the education of Plato’s Guardians, 15; in Ana-
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tolius and Geminus, 19 and n. b ; Isocrates’ views, 29 ; work of Thales, 147 η. α; of Pythagoras, 149 n. b; of Ecphantus, ii. 5 n. 6 ; of Oenopidcs, 149 n. e ; of Philippus of Opus, 155 η. α ; of Eudoxus, 15 η. a, 411-415; of Hera-clides of Pontus, 15 n. a, ii. 5 n. 6 ; of Autolycus of Pitane and Euclid, 490 n. a; of Aristarchus of Samos, ii. 3-15; of Eratosthenes, ii. 261 η. a, ii. 263 and n. c, ii. 267-273; of Apollonius of Perga, ii. 277 η. a, ii. 357 n. b ; of Posidonius, ii. 371 n. b; of Hypsicles, ii. 395-397 ; of Cleomedes, ii. 399-401 ; of Hipparchus, ii. 407 η. a, 414 η. a ; of Menelaus, ii. 407 η. α ; of Ptolemy, ii. 409 and n. b, ii. 447 ; of Pappus, ii. 593 η. α; knowledge of astronomy necessary for reading Plato, ii. 401
Athenaeus of Cyzicus, 153 and n. e
“ Attic ” numerals, 41-42
August, E. F., 397 η. a
Autolycus of Pitane, 491 η. α
Axioms and postulates: Aristotle’s discussion, 419-423; Euclid’s postulates, 443 ; attempt to prove the parallel-postulate, ii. 367-385; Archimedes’ postulates in his work On the Sphere and Cylinder, ii.
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45-47, in his work On Plane Equilibriums, ii. 207-209, in his work On Floating Bodies, ii. 243-245 (ind. η. a) ; “ Archimedes’ Axiom,” 321 n. a, 411 n. a, 455 n. a, ii. 47 and η. a, ii. 231
Bachet, ii. 537 n. b Barlaam, 14th century Calabrian monk: his formula for approximation to a square root, ii. 472 η. α Bede, the Venerable, 31 n. c Bees, Pappus on their choice of shape for cell, ii. 589-593
Benecke, A., his Ueber die Geometrische Hypothesis in Platons Menon, 397 η. α Besthorn, R. O. : his edition of an-Nairizi’s commentary on Euclid’s Elements, 185 n. b
BjOrnbo, A. A., on Hippocrates’ quadratures, 311 n. b
Blass, C.: his De Platone mathematico, 387 η. α Boeckli, A., 221 η. a Boethius, citation of Archy-tas’s proof that a superparticular ratio cannot be divided into equal parts, 131-133
Breton de Champ, P., ii. 611 n. c
Bretschneider, C. A., his Die Ceometrie und die Geometer vor Eukleides, 153 η. α
Brochard, V., on Zeno’s paradoxes, 367 η. α Bryson, attempt to square the circle, 315-317 Burnet, J., on the astronomy in Plato’s Republic, 15 η. α Butcher, S. H., on the hypothesis in Plato’s Meno, 397 η. a
Callimachus, ii. 261 and n. b Canonic, theory of musical intervals, 19 and n. b Cantor, G., 42
Carpusof Antioch, 335, ii. 619 Case (τττώσι?), ii. 317 Casting out of nines, 107-109 Catasterismi, work by Eratosthenes, ii. 263 η. a Catoptrics, v. Euclid: Works Cattle-problem, v. Archimedes : Works Centre of gravity:	Archi-
medes’ postulates, ii. 209 ; of a lever, ii. 209-217 ; of a parallelogram, ii. 217-221 ; of a triangle, ii. 217 n. b, ii. 227 and η. α ; of a trapezium and parabolic segment, ii. 217 n. b ; of a segment of a paraboloid, ii. 225
Chaldaeans, ii. 397 η. α Chasles, M., 485 n. e, ii. 581 n. c
Chords, Table of: Hipparchus and Menelaus, ii. 407, ii. 409 and η. α ; Ptolemy, ii. 443-445
Chrysippus, 229 η. α Cicero : restored monument to Archimedes, ii. 33 η. a
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INDEX
Circle s
Division into degrees, ii. 395-397
Squaring of the circle: Anaxagoras’s work in prison, 309 ; a reference by Aristophanes, 309 ; approximation by polygons— Antiphon, 311-315, Bryson, 315-317, Archimedes, 317 - 333 ; solutions by higher curves — Simplicius’s summary, 335, the quadratrix, 337 - 347; closer approximations by Archimedes, 333 n. a, and Apollonius, ii. 353 ; Pappus’s collection of solutions, ii. 581 n. b Apparent form of circle, ii. 593-597
Cissoid, viii; discovered by Diodes, 271 n. a, ii. 365 η. a ; and by him used for finding two mean proportionals, 271-279 Cleanthes, ii. 5 Cleomedes : life and works, ii. 267 n. b, ii. 397 η. a; on the measurement of the earth, ii. 267-273 ; on paradoxical eclipses, ii. 397-401
Cleonides, 157 n. c Cochlias, 335, ii. 351 Cochloids, 301 η. a, 335 and n. c, 297 n. c
Commandinus, his edition of Pappus’s Collection. 499 n. a, ii. 581 n. c Concentrio spheres, Eu-
doxus’s theory of, 411-415
Conchoid, 297, 301 η. a; used by Nicomedes to trisect an angle, 297-309
Cone : double cone defined by Apollonius, ii. 285-287 ; single cone defined, ii. 287 ; volume enunciated by Democritus, 229-231 ; and proved by Eudoxus, 229-231, 409-411 ; sub-contrary section a circle, ii. 301 η. α
Conic sections: discovered by Menaechmus, 279-283 (ind. η. a), 297, ii. 281 n. a; originally called sections of a right-angled, acute-angled and obtuse-angled cone, 283 n. a, ii. 279 ; by Apollonius renamed parabola, ellipse and hyperbola, 283 η. α; treatises written by Aris-taeus and Euclid, 487 and n. a, ii. 255 n. a, ii. 281 n. a ; “ locus with respect to three or four lines,” 487-489; Euclid on generation of ellipse, 491 ; focus-directrix property assumed by Euclid, 495 and n. α ; terminology of Archimedes, ii. 281 n. a, ii. 283 η. α; area of parabolic segment found by Archimedes mechanically, ii. 223-227, ii. 233-239, geometrically, ii. 239-245; properties assumed by Archimedes, ii. 171, ii. 175,
6S0
INDEX
ii. 253, ii. 255 ; relation of Apollonius’s treatise to previous works, ii. 277-281 ; scope of his treatise, ii. 281-285 ; definitions, ii. 285-239 ; construction of the sections, ii. 289-305; fundamental properties, ii. 305-3J9 ; meaning of diameter, ii. 287 ; ordinates, ii. 289 ; conjugate diameters, ii. 289 ; transition to new diameter, ii. 329-335 ; principle axes, ii. 289 and n. a, ii. 331 η. α ; conjugate axes, ii. 289 ; opposite branches of hyperbola, ii. 323-329 (ind. n. a); basis of Apollonius’s treatment the application of areas,ii.309 n.a; “figure” of a conic section, ii. 317 n. α; latus rectum, ii. 309 and n. a, ii. 317 and η. a ; transverse side, ii. 317 and η. α; Cartesian equivalents, 283 n. a, ii. 323 n. α ; use of conic sections to solve cubic equations—by Archimedes, ii. 137-159 ; by Dionysodorus and Diocles, ii. 163 η. α ; to find two mean proportionals, 279-283; to trisect an angle, 357-363
Conon of Samos, ii. 35 n. b, ii. 229
Conversion, in geometry, 159 and η. a
Cube: one of five regular solids, 217, 223, 379, 467-475 ; inscription in sphere
by Pappus, ii. 575 n. a; duplication of cube — task set to Delians and Plato’s advice sought, 257 ; a poetic version, 257-259 ; reduced to finding of two mean proportionals, 259 ; collection of solutions by Eutocius, 263 η. α; by Pappus, ii. 581_n. 6
Cube root: 3 y'lOO found by
Heron, 61-63j_____Heron’s
valuefor3-\/97050,63 η. a; approximations by Philem of Byzantium, 63 η. α
Cubic equations : c.e. arising out of Archimedes’ De Sph. et Cyl., ii. 133 n. d% solved by Archimedes by use of conics, ii. 137-159 (esp. 141 n. a); also by Dionysodorus and Diocles, ii. 163 n. a; Archimedes able to find real roots of general cubic, ii. 163 η. a; cubic equation solved by Diophantus, ii. 539-541
Damianus of Larissa, ii. 497 η. α; his book On the Hypotheses in Optics, ii. 49 Τ ; an abridgement of a larger work based on Euclid, ii. 497 η. a
Definitions:	discussed by
Plato, 393; by Aristotle, 423; Euclid’s d., 67-71, 437-441,	445-453,	479 ;
Archimedes’ d., ii. 43-45, ii. 165, ii. 183-185 ; Apollonius’s d., ii. 285-289 ;
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Heron’sd.,ii. 467-471; Dio-phantus’s d., ii. 519-523 De Fortia D’Urban, Comte, his Traits d'Aristarque de Samos, ii. 15 n. 6 Deme], Seth : his Platons Verhaltnis zur Mathe-maiik, 387 η. a Demetrius of Alexandria, 349 and n. b
Democritus : life and works, 229 η. α; reflections on the indefinitely small, 229 ; enunciated formulae for volumes of cone and pyramid, 229-231, 411 η. α De Morgan, 447 η. a Descartes, system of co-ordinates conceived through study of Pappus, ii. 601 η. a Dichotomy of Zeno, 369 and n. b
Diels, IT.:	his	Die Frag-
mente der Vorsokrat iker, xvi, 5, 73, 75, 113, 173,‘217 Digainma: use as numeral, 43 Dimension, 85, ii. 411-413, ii.
515, ii. 601-G03 Dinostratus, 153 and n. d Diodes: his date, ii. 365 η. a; his discovery of the cissoid, viii, 270-279 ; his solution of a cubic equation, ii. 135, ii. 163 η. a
Diodorus of Alexandria : his Analemma, 301 and n. b Diodorus Siculus:	his ac-
count of the siege of Syracuse, ii. 23 and η. α Dionysius, a friend of Heron, ii. 467
Dionysodorus : of Caunus ?,
ii. 364 η. α ; his solution of a cubic equation, ii. 135, ii. 163 η. α ; his book On the Spire, ii. 481
Diophantus of Alexandria: life, ii. 513, ii. 517 n. b ; on the unit, ii. 515 ; on the Egyptian method of reckoning, ii. 515; his Arithmetica, ii. 517 and n. b ; his work (?) entitled Porisms, ii. 517 and n. c; his treatise On Polygonal Numbers, ii. 515, ii. 561 ; his contributions to algebra—notation, ii. 519-525 ; pure determinate equations, ii. 525 ; quadratic equations, ii. 527-535, esp. ii. 533; simultaneous equations leading to a quadratic, ii. 537 ; cubic equation, ii. 539-541 ; indeterminate analysis, 139 n. b ; indeterminate equations of the second degree, ii. 541-517 ; indeterminate equations of higher degree, ii. 519-551 ; theory of numbers—sums of squares, ii. 551-559
Dioptra: ancient theodolite, ii. 467 ; Heron’s book, ii. 485-489
Diorismi, 151 and n. A, 395-397, ii. 135 η. a
Division in Greek mathematics, 51-61
Division of Figures: Euclid’s book, 157 n. c ; a problem in Heron’s Metrica, ii. 483-485
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Dodecahedron : one of the five regular solids, 217, 223 and n. b ; Hippasus said to have been drowned for revealing it, 223-225 ; comparison with the icosahedron, ii. 349 Dositheus of Pelusium: works dedicated to him by Archimedes, ii. 41, ii. 229 Dyad, 75 and η. a, 427 n. b
Earth: circumference calculated by Posidonius, ii. 267; by Eratosthenes, ii. 267-273 Ecliptic, 149 n. e Ecphantus, ii. 5 n. b Eecke, Paul Ver, v. Ver Eecke
Egyptian method of reckoning, 17, 21, ii. 515-517 Egyptian papyri, calculations in, 45-47 Egyptian se-qet, 165 n. b Elements : meaning of term, 151 n. c; Leon’s collection, 151 ; Euclid’s Elements, 157,	437-479 ;
Elements of Conics, 487 n. a, ii. 151, ii. 153; Pappus’s Collection so described, ii. 607 EnestrOm, G., 63 η. α Enneagon : relation of side of enneagon to diameter (=sin 20°), ii. 409 η. a Epanthema, “ bloom,” of Thymaridas, 139-141 Equations : v. Cubic equations, Quadratic equations Eratosthenes:	Life and
achievements, 156 and n.a,
ii. 261 and η. a ; his work On Means included in the Treasury of Analysis, ii. 263 and n. d; discussed loci with reference to means, ii. 263 n. d, ii.265 and n.a; his Platonicus, 257 and ii. 265-267 ; his sieve for finding successive odd numbers, 100-103; letter of pseudo - Eratosthenes to Ptolemy Euergetes, 257-261 ; his solution of the problem of two mean proportionals, 291-297 ; his solution derided by Nico-medes, 297-299 ; his measurement of the circumference of the earth, ii. 267-273 ; Archimedes’ Method dedicated to him, ii. 221 ; Cattle Problem said to have been sent through him, ii. 203 ; his teachers and pupils, ii. 261-263 ; his nicknames, ii. 261-263 ; his other works, ii. 263
Erycinus, Paradoxes of, ii.
571-573 Euclid :
Life :	Born in time of
Ptolemy I, 155 and n. b ·, not to be confused with Euclid of Megara, 155 n. b ; his school at Alexandria, 437 n. a, 489, ii. 35 n. δ; told Ptolemy there was no royal road in geometry, 155 (but v. n. b) ; contempt for those who
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studied mathematics for
monetary gain, 437 Works:
Elements: meaning of the name, 151 n. c, Proclus’s notice, 155-157 ; definitions, postulates and common notions,	437-445;
“ Pythagoras’s Theorem,” 179-185; application of areas, 187-215; theory of proportion,	445-451 ;
arithmetical definitions, 67-71 ; theory of incommensurables, 451-459 ; method of exhaustion, 459-465 ; regular solids, 467-479 ; Proclus’s commentary on Book i., 145 η. a ; an-Nairizi’s commentary, 185 n. b; Scholia, 215-217, 379, 409; T. L. Heath, The Thirteen Books of Euclid's Elements: v. Heath, T. L.:	The
Thirteen Books, etc.
Data: General character, 479 η. a ; definitions, 479 ; included in Treasury of Analysis, 479 n. a, ii. 337 ; cited, ii. 455
Porisms:	Proclus’s
notice, 481 ; included in Treasury of Analysis, 481 and n. c, ii. 337 ; Pappus’s comprehensive enuncia-
tion, 481-483; developments in theory of conics, 487 η. a; modern reconstructions, 485 n. e ; a lemma by Pappus, ii. 611-613
Conics: a compilation based on Aristaeus, ii.281 η.a; Pappuson Apollonius’s debt, 487-489 ; ellipse obtained as section of cone or cylinder by a plane not parallel to the base, 491 and n. b j focus-directrix property assumed without proof, 495 η. a; cited by Archimedes, ii. 225
Surface Loci: 399 n. a, 487 η. a ; included in Treasury of Analysis, 491 and n. c; Pappus’s lemmas, 363 n. a, 493-503
Optics:	Euclid’s text
and Theon’s recension, 503 and n. b, 157 and n. c ; proof that tan α : tan β < α ι β, 503-505
On Divisions of Fig ures s Proclus’s notice, 157 ; Woepcke’s discovery of Arabic text, 157 n. c; R. C. Archibald’s restoration, 157 n. c; a medieval Latin translation (by Gherard of Cremona?),
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157 η. c ϊ similarity of Book iii. of Heron’s Metrics, ii. 485 n. a ·, division of a circle into three equal parts, ii. 485 η. α
Pseudaria: attributed to Euclid by Proclus, 161 and η. α Catoptrics:	attributed
to Euclid by Proclus, 157 ; but not otherwise known, and possibly written by Theon of Alexandria, 157 n. c Phenomena:	astrono-
mical treatise, 491 η. α Sectio Canonis, musical treatise doubtfully attributed to Euclid, 157 n. c
Introductio Harmonica, musical treatise by Cleonides, wrongly-attributed to Euclid, 157 n. c
Elements of Music : attributed to Euclid by Proclus, 157
Euclidean geometry, viii; its nature defined in the postulates—space an infinite, homogeneous continuum, 443 and πη. a, b, the parallel-postulate, 443 and n. c ; Proclus’s objection to the postulate, ii. 367-371 ; attempts to prove the postulate—Posidonius and Geminns, ii. 371-373, Ptolemy, ii. 373-383, Proclus, ii. 383-385 ;
Euclid’s genius in making it a postulate, 443 n. c, ii. 367 η. α ; non-Euclidean geometry, 443 n. c
Eudemus:	pupil of Aris-
totle, 145 n. a, ii. 281 ; his History of Geometry, 145 η. α; his account of Hippocrates’ quadrature of lunes, 235-253 ; on sum of angles of a triangle, 177-179 ; attributed Eucl. xii. 2 to Hippocrates, 239, 459 η. α
Eudemus, correspondent of Apollonius:	Conics de-
dicated to him, ii. 281
Eudoxus of Cnidos:	Pro-
clus’s notice, 151-153; discovered three snbeontrary means, 153; increased theorems about “ the section,” 153; established theory of proportion, 409 ; credited with discovery of three subcontrary means, 121 η. α; gave proofs of volume of pyramid and cone, 409-411 ; must have used “ Axiom of Archimedes,” 411 n. a, ii. 231; established method of exhausting an area by polygons, 411 η. α ; his theory of concentric spheres to account for planetary motions, 411-415; Me-naechmus his pupil, 153; his work continued by Hermotimus of Colophon, 153; otherwise mentioned, 319 n. c
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Eugenius Siculus, Admiral, translated Ptolemy’s Optics into Latin, ii. 411 η. α Euripides, 259 η. α Eutocius: On Archimedes' Sphere and Cylinder, 263 nn. α and b, 277 n. a, 299 n. a, ii. 159 n. a, ii. 163 n. a, ii. 621 η. a; On A's Measurement of a Circle, 323 η. a Exhaustion, method of: originated by Antiphon, 315 η. α; or possibly by Hippocrates, 411 η. a; established by Eudoxus, 315 n. a, 411 η. α ; used to prove that circles are to one another as the squares on their diameters, 239 n. b, 459-465; used for approximating to area of circle, 313-315
Fermat:	reconstruction of
Apollonius’s On Plane Loci, ii. 345 n. c ; his notes on Diophantus, ii. 551 η. a; sums of squares, ii. 559 n. b
Fractions in Greek mathematics, 45
Gelponicus, Liber, ii. 467 n. a, ii. 505 n. b Geminus : life and works, ii. 371 n. c; on the classification of curves, ii. 3til-363, ii. 365 nn. a and b ; his attempt to prove the parallel-postulate, ii. 371 n. c
Geometric mean : v. Means Geometry: origins of, 145 (ind. η. l)-146 ; Proclus’s summary, 145-161 ; Plato on its nature, 9-11 ; included in theoretical part of mechanics by Heron, ii. 615 ; for detailed subjects v. Table of Contents Gnomon:	in sundials, 87
n. a, ii. 269-271 ; gnomons of dots in figured numbers, 87 n. a, 93 n. a, 95 and n. b, 99 and η. α ; gnomon of a parallelogram, 193 and n. b, 197 η. α Gow, J., A Short History of Greek Mathematics, 43 n.b Guldin, Paul, ii. 605 η. α Guldin’s Theorem, ii. 605 (ind. n. a)
Halley, E., 485 n. b, ii. 337 n. a, ii. 339 n. b Harmonic mean: v. Means Heath, T. L. (later Sir
Thomas):
A History of Greek Mathematics, x, xvi, 5 n. b, 23 n. a, 27 n. c, 35 nn. α and b, 43 n. b, 93 n. a, 107 n. a, 117 n. a, 139 n. b, 145 nn. α and b, 153 n. σ, 155 n. b, 157 n. a, 165 nn. α and b, 169 n. a, 237 n. b, 247 n. a, 271 n. a, 311 n. b, 315 n. a, 337 n. a, 357 n. a, 457 n. a, 485 n. e, ii. 163 n. a, ii. 253 n. σ, ii. 273 n. c, ii, 341 n. a, ii. 313 n. b, ii. 347 n. σ.
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ii. 351 n. a, ii. 357 n. a, ii. 371 n. c, ii. 407 n. a, ii. 467 n. a, ii. 489 n. a, ii. 525 n. b, ii. 587 n. c, ii. 589 n. a, ii. 605 n. b A Manual of Greek Mathematics, 181 η.α The Thirteen Books of Euclid’s Elements, 67 n. a, 71 n. b, 85 n. a, 155 n. b, 159 n. b, 167 n. b, 181 n. a, 195 n. a, 211 n. σ, 215 n. a, 437 nn. a and c, 441 n. a, 447 n. a, 457 n. a, ii. 367 η. α Aristarchus of Samos, 411 n. 6, 415 n. c, ii. 3 η. α
The Works of Archimedes, 17 n. c, 61 n. b, 323 n. a, 351 n. b, 493 n. b, ii. 25 n. a, ii. 117 n. b, ii. 163 n. a, ii. 181 n. a, ii. 205 n. b
The Method, ii. 19 η. a Apollonius of Perga, ii. 281 η. α
Diophantus of Alexandria, 139 n. b, ii. 513 n. a, ii. 517 n. c, ii. 519 n. a, ii. 523 n. a, ii. 537 n. b Greek Astronomy, 157 n. a, 411 n. b
Heiben, J. L., 333 η. α Heiberg, J. L., 19 n. c, 297 n. a, 311 n. δ,, 487 n. b, 503 n. b, ii. 81 n. a, ii. 85 n. a, ii. 89 n. a, ii. 159 n. a, ii. 173 n. a, ii. 221 n. b, ii. 243 n. a, ii. 285 n. a, ii. 353 n. c, ii. 357 n. a, ii. 466 □. α
Helicon of Cyzicus, 263 n. b Hendecagon, ii. 409 η. α Heraclides of Pontus, ii. 5 n. b Hermodorus, correspondent of Pappus, ii. 597 Hermotimus of Colophon, 153 and n. e
Herodotus, on the abacus, 35 Heron of Alexandria:
Life: his date a disputed question, ii. 467 η. α; described as “ the father of the turbine,” ii. 467 η. α
Works, ii. 467 η. a : Definitions s based on Euclid, ii. 467; definition of a point, ii. 469 ; of a spire, ii. 469 ; his terminology different from Pro-clus’s, ii. 471 η. α Metrica: discovery by R. Schone and edited by his son H. Schene, ii. 467 η. α ; has preserved its original form more closely than Heron’s other geometrical works, ii. 467 η. α; formula Va(s - a)(s - 6)(i - c) for area of a triangle, ii. 471-477, ii. 603 η. α; formula for approximation to a square root, ii. 471-472 (ind. n. a); volume of a spire, ii. 477-483; division of a circle into three equal parts, ii. 483-
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485; similarity between Book iii. and Euclid’s book On Divisions of Figures, ii. 485 η. α ; extraction of a 3 -γ/ΐΟΟ, 60-63 ; Archimedes’ approximation to ττ, 333 Dioptra: the dioptra, an instrument like a theodolite, ii. 467 η. a; measurement of an irregular area, ii. 485-489 ; problem of moving a given force by a given weight using an arrangement, of toothed wheels, ii. 489 - 497 ; similar solutions found in the Mechanics and in Pappus, ii. 489 n. a; proof of formula for area of a triangle, ii. 477 η.a
Mechanics:	has sur-
vived in Arabic, ii.
488	n. a, and in a few fragments of the Greek, ii. 467 η. a ; problems discussed, ii.
489	η. a
Geometrical quadratic equations, ii. 503-505; indeterminate analysis, ii. 505-509 rneumatica, Automata, etc., ii. 467 n. a, ii. 617 Otherwise mentioned : his addition to “ Pythagoras’s Theorem,” 181 η. a and 185 n. b ; his
solution of the problem of two mean proportionals, 267-271 ; possible censure by Pappus, ii. 603 and η. α; on branches of mechanics, ii. 615
Hexagon, its use by bees, ii. 589-593
Hipparchus :	life and
achievements, ii. 407 η. α ; founded the science of trigonometry, ii. 407 η. a; drew up a table of sines, ii. 407 and η. α; discovered precession of the equinoxes, ii. 407 n. a\ his Commentary on the Phenomena of Eudoxus and Aratus, ii. 407 n. a, ii. 415 η. α
Ilippasus, a Pythagorean: credited with discovery of means, 153 η. a; said to have been drowned at sea for revealing secret of inscribing a dodecahedron in a sphere, 223-225 (ind. n. aj
Hippias of Elis: life and achievements, 149 η. α; his praise of Ameristus, 149 ; discovered the quad-ratrix, 149 n. a, 337 η. α
Hippocrates of Chios t life and achievements, 235; his quadrature of limes, 235-253; the views of Aristotle and the commentators on his quadratures, 311 and n. b; first reduced the problem of doubling the cube to the
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problem of finding two mean proportionals, 253, 259; possibly able to solve a quadratic equation, 245 η. α; discovered that circles are to one another as the squares on their diameters, 239 and n. 6, 459 η. α
Hippopede (“ horse-fetter ”), name given by Eudoxus to a curve, 415 Homer, 31 η. α Horsley, S., ii. 347 n. σ Hultsch, F.: his edition of Pappus’s Collection, ii. 565 n. a, ii. 581 n. c, ii. 605 n. 6, ii. 611 n. c Hypatia: daughter of Theon of Alexandria, 48 η. α; helped him in revision of commentary on Ptolemy, 48 η. a ; her commentary-on Apollonius’s Conics, ii. 285 η. a; her commentary-on Diophantus’s Arith-metica, ii. 517 n. b Hypotenuse: square on, 179-185; parallelogram on, ii. 575-579
Hypsicles : date, ii. 397 η. α; his division of the circle into 360 degrees, ii. 395-397 ; his continuation of Euclid’s Elements, ii. 349 nn. a and c, ii. 397 η. a; his definition of a polygonal number, ii. 397 n. a, ii. 515 and n. b
Iamblichus s on squaring of the circle, S35; on the
“ bloom ” of Thymaridas, 139 n. b ; on a property of the pythmen, 109 η. a
Icosahedron, 221 and η. β, ii. 349
Incommensurable: v. Irrational
Indeterminate analysis: Pythagorean and Platonic formulae for right-angled triangles, 90-95 ; side- and diameter - numbers, 133-139 ; Archimedes’ Cattle Problem, ii. 202-205; Heron’s problems, ii. 505-509 ; Diophantus’s problems, ii. 541-551
Indian mathematics, 181 η. α
Involution, ii. 341 n. a, ii. 611 η.α
Irrational: Pythagoreans and the irrational, 149 n. e, 215-217, 225 η. α; “ irrational diameters,” 133-137 (esp. η. a), 399 n. c; proof by Theodorus and Theae-tetus of irrationality of-y/^* y/~5 . . . y i7, 381-383; Plato on irrational numbers, 401-403 ; Aristotle’s proof of irrationality of^2, 111 ; Euclid’s theory, 451-459 ; Apollonius’s theory of unordered irrationals, ii. 351
Isocrates:	on mathematics
in Greek education, 27-29
Isoperimetric figures, ii. 387-395, ii. 589-593
Karpinski, L. C., 75 η. α
639
INDEX
Keil, 43 n. b
Kepler, his investigation of semi - regular solids, ii. 197 n. 6; on planets,411 n.l Koppa, used as numeral, 43 Kubitschek, 35 n. b
Laird, A. G., on Plato’s nuptial number, 399 n. b Larfcld, λν., on Greek alphabet, 42 n. b
Lemmas : Pappus’s collection, ii. 607 (ind. n. δ) -613, ii. 565 n. a, 493-503; lemmas to Menelaus’s Theorem, ii. 447-459 Leodamas of Thasos : Pro-clus’s notice, 151 ; Plato said to have communicated method of analysis to him, 151 η. e Leon : made collection of Elements, and discovered diorismi, 151 and n. h Line: defined, 437 ; straight line, 439 and n. o; different species of curved lines ii. 361-363
“ Linear ” loci and problems, 349
“ Linear ” numbers, 87 n. σ Loci: line loci, surface loci, and solid loci, 491 - 493 (ind. n. a); Surface Loci of Euclid, 349 and n. a, 487 n. a, ii. 601 ; Solid Jjoci of Aristaeus, 487, ii. 601 Ixkuis with respect to three or four lines, 487-489; with respect to five or six lines, ii. 601-603 Logistic, 7, 17-19
Loria, G.: his Le scienze esatte nell' antica Grecia, 47 n. a, 109 η. a, 139 n. b, 271 η. a Lucian, 91 η. α
Mamercus, 147 n.b Marinus, his commentary on Euclid’s Data, ii. 349, ii. 565 η. a
Mathematics, meaning of the term, 3, 401 η. a Means: three Pythagorean means — arithmetic, geometric, subcontrary, 111-115 ; subcontrary renamed harmonic, 113; three subcontrary means added, 119-121 (ind. η. a); five further means discovered, 121-125; Pappus’s equations between means, 125-129 ; Plato on means between two squares or two cubes, 129-131 ; duplication of cube reduced to problem of two mean proportionals, 259 and n. b; solutions, 261-309 ; Eratosthenes’ work On Means, ii. 263 ; loci with reference to means, ii. 265 and η. α ; representation of means by lines in a circle, ii. 569-571 (ind. n, a)
M echanics:	Pappus on
branches of mechanics, ii. 615-621; principle of lever, 431-4.33,ii.209-217; parallelogram of velocities, 433; centres of gravity, ii. 207-221 ; five mechanical
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powers, ii. 489 η. α; Archimedes’ mechanical inventions, ii. 19-31 ; movement of larger weight by smaller by use of engaging wheels, ii. 489-497 : Plato’s dislike of mechanical solutions, 263 n. b; Archimedes’ preference for theoretical mathematics, ii. 31, ii. 619; pseudo-Aristotelian Mechanics, 431-433 ; Archimedes’ On Plane Equilibriums, ii. 207 - 221 ; his mechanical method in mensuration, ii. 221-229, ii. 233-239 ; Heron’s Mechanics, ii. 467 n. a, ii. 489 (inch n. a) -497
Menaechmus:	solution of
problem of two mean proportionals, 261, 279-283 ; discovered the conic sections, 283 n. a, 297 and n. b, ii. 281 η. a
Menelaus of Alexandria: made an observation under Trajan, ii. 407 η. α; discovered a curve called “ paradoxical,” 348 - 349 (ind. n. c) ; his Sphaerica, ii. 407 n. a, ii. 463 η. a ; drew up a table of sines, ii. 407 ; “ Menelaus’s Theorem,” ii. 459-463
Mensuration:	area of tri-
angle given the sides, ii. 471-477 ; volume of spire, ii. 477-4-83 ; measurement of irregular area, ii. 485-489; area of parabolic segment, ii. 223-229, ii. 243
Meton, 309 and η. α Metrodorus, ii. 513 η. α Minus, Diophantus’s sign for, ii. 525 Moeris, 175
Multiplication in Greek mathematics, 4·8; Apollonius’s continued multiplications, ii. 353-357 Music:	theoretical music
(canonic) included by Greeks in mathematics, x, 3 n. b, 19 n. 6; full discussion excluded, χ; included in Pythagorean qaadri-vium, 5 ; in Plato’s curriculum for the Guardians, 17 ; popular music, 3, 19 Musical interval, 3 n. b, 113 n. b, 175
Myriad ; notation, 44-45 ; orders and periods of myriads in Archimedes’ notation, ii. 199-201
Nagl, A., 35 n. b an-Nairiz!, Arabic commentator on Euclid’s Elements, 185 n. b, ii. 467 η. a Neoclides, 151 and n. h Nesselmann, G. F., his Die Algebra der Griechen, 139 n. b, ii. 513 n. a, ii. 517 n. b Newton, Sir Isaac, ii. 343 n. b Nicolas Rhabdas : v. Rhab-das
Nicomachus of Gerasa, 67 n. b, 69 nn. α and c, 75 n. a, 79 n. a, 81 n. a, 87 n. a, 95 n. b, 101 n. a, 103 η. a, 105 n. a, 107 η. a, 121 n. a, 123 n.c
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Nicomedes : date, 297 n. c ; his conchoid and its use for finding two mean proportionals, 297-309
Nix, Li., ii. 285 η. α
Number : defined by Euclid, 67 ; by Nicomachus, 73 ; fundamental concepts, 67-71 ; Plato on nature of number, 7 ; his nuptial number, S99; on generation of numbers, 401-405; odd and even numbers, 67-69, 101, 391 ; prime numbers, 69, 87 η. a, 101-103; classification of numbers, 71, 73-75; perfect numbers, 71,75-87; figured numbers, 87-99; some properties of numbers, 101-109 ; Diophantus on sums of squares, ii. 551-559; on polygonal numbers, ii. 515, ii. 561
Numerals, Greek, 41-45
“ Oblong ” numbers, 95 (inch n. b)
Octads, in Archimedes’ system of enumeration, ii. 199-201
Octahedron, one of the five regular solids, 217, 221 and n. d
Odd and even numbers : v. Number
Oenopides of Chios, 149 and n. c
Olympiodorus, proof of equality of angles of incidence and reflection, ii. 503 η. α
Optics:	Euclid’s treatise,
157 n. c, 503 n. b; his theorem about apparent sizes of equal magnitudes, 503-505; Ptolemy’s treatise, ii. 411 and n. a, ii. 503 η. α ; Heron’s treatise, ii. 503 η. α; his proof of equality of angles of incidence and reflection, ii. 497 - 503 ; Damianus’s treatise, ii. 497 η. a
Pamphila, 167-169 (ind. η. a)
Pappus of Alexandria:
Life : Suidas’s notice, ii. 565-567; date, ii. 565 and η. α Works:
Synagoge or Collection, 145 n. a, ii. 565 n. α ; contents—Apollonius’s continued multiplications, ii. 353-357; problems and theorems, ii. 567-569; theory of means, ii. 569-571 ; equations between means, 125-129; paradoxes of Erycinus, ii. 571-573; regular solids, ii. 573-575 ; extension of Pythagoras’s theorem, ii. 575-579; circles inscribed in the άρβνλος, ii. 579-581 ; duplication of the cube, 299-309 ; squaring of the circle, 337-347} spiral on a
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sphere, ϋ. 581-587 ; trisection of an angle, 347-363 ; isoperimet-ric figures, ii. 589-593; apparent form of a circle, ii. 593-597 ; “ Treasury of Analysis,” ii. 597, ii. 599-601,479 η. a,48In. c, 491 n. c, ii. 263, ii. 337; on the works of Apollonius, ii. 337-317, 487-489; locus with respect to five or six lines, ii. 601-603 ; anticipation of Guldin’s theorem, ii. 60.5-607 ; lemmas to the Determinate Sectionof Apollonius, ii. 607-611 ; to the Porisms of Euclid, ii. 611-613; to the Surface Loci of Euclid, 493-503; mechanics, ii. 615-621 Commentary on Ptolemy’s Syntaxis, 48, ii. 409 n. δ, ii. 565-567, ii. 617 n. d
Commentary on Euclid’s Elements, ii. 565 n. a, 457 η. a
Commentary on Ana-lemma of Diodorus, 301, ii. 565 η. α Other works, ii. 565 (ind. n. a), 567
Paradoxes of Erycinus, ii. 571-573
Parallelogram of velocities, 433
Varmenides, 367 η. α
Pebbles, used for calculating,
35
Pentagon, regular, 223 n. b Pentagram, Pythagorean figure, 225 and n. b “ Perfect” numbers, 71,75-87 Perseus: life, ii. 365 n. a; discovered spiric curves, ii. 363-265
Phenomena of Eudoxus and Aratus, ii. 407 η. a; for Euclid’s Phenomena, v. Euclid : Works Philippus of Opus (or Medina), 155 and η. α Philolaus, ii. 3 η. α Philem of Byzantium : solution of problem of two mean proportionals, 263 η. a, 267 n. b; cube root, G3 η. a
Philoponus, Joannes, on quadrature of lunes, 311 n. b
Planisphaerium·. v. Ptolemy Plato: his inscription over the doors of the Academy, 387 and n. b ; his belief that “ God is for ever playing the geometer,” 387 ; his dislike of mechanical constructions, 263 n. δ, 389 ; his identification of the Good with the One, 389; his philosophy of mathematics, 391-393 ; the problem in the Meno, 395-397 ; the Nuptial Number in the Republic, 399 ; on the generation of numbers, 401 - 405 ; his reported ' solution of the problem of
643
INDEX
two mean proportionals, 263-267; his application of analysis to theorems about “the section,” 153 and η. a; his knowledge of side- and diameter-numbers, 137 n. a, 399 n. c ; his formula for the sides of right-angled triangles, 9S-95, his definition of a point, ii. 469 η. a; his use of the term mathematics, 3 n. c, 401 η. α; his curriculum for the Guardians in the Republic, 7-17 ; Proclus’s notice, 151 ; taught by Theo-dorus, 151 n. b ; his pupils —-Eudoxus, 151, Amyclas of Heraclea, 153, Men-aechmus, 153, Philippus, 155; Euclid said to have been a Platonist, 157 and n. b; modern works on Plato’s mathematics, 387 n. a, 397 n. a, 399 n. a, 405 n. b “ Platonic ” figures : v. Regular Solids
“ Playfair’s Axiom,” ii. 371 n. c
Plutarch:	on parallel sec-
tion of a cone, 229 and η. α; on Plato’s mathematics, 263 n. b, 387-389 Point, 437, ii. 469 arid η. α Polygonal numbers, 95-99, ii. 396 n. a, ii. 515, ii. 561 Pontus, paradoxical eclipses near, ii. 401 Porism, 479-481 Porisms: υ. Euclid: Works, and Diophantus of Alexandria
Posidonius : life and works, ii. 371 n. b ; on the size of the earth, his definition of parallels, ii. 371-373 Postulates: υ. Axioms and postulates
Prime numbers : v. Number Problems:	plane, solid,
linear, 849; distinction between problems and theorems, ii. 567 Procliis : life, 145 η. α ; his Commentary on Euclid i., 145 η. α ; summary of history of geometry, 145-161; his Commentary on Plato's Rejmblic, 399 n. o; his criticism of the parallel-postulate, ii. 367-371 ; his attempt to prove the parallel-postulate, ii. 383-385 Proof: Aristotle on rigour of geometrical proof, ii. 369 ; Archimedes on mechanical and geometrical proofs, ii. 221-223, ii. 229 Proportion:	Pythagorean
theory of proportion and means, 111-125, 149; Eudoxus’s new treatment, applicable to all magnitudes, 409 and 447 η. α; Euclid’s treatment, 445-451 ; v. also Means
Psammites : υ. Archimedes : Works s Sand-reckoner Psellus, Michael, 3 η. a, ii.
515 and n. c, ii. 517 η. α Pseudaria: υ. Euclid s Works Pseudo-Eratosthenes, letter to Ptolemy Euergetes, 257-261
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Ptolemies : Euergetes I, 257 and η. a, ii. 261 and n. c ; Philopator, 257 n. a, 297 ; Epiphanes, ii. 261 and n. d Ptolemy, Claudius : life and works, ii. 409 and n. b ; his work On Balancings, ii. 411 ; his Optics, ii. 411 and n. a, ii. 503 η. α; his book On Dimension, ii. 411-413; his Syntaxis {Great Collection, Alma-. gest), ii. 409 and n. b; commentaries by Pappus and Theon, 48 and n. a, ii. 409 n. b, ii. 565-567, ii. 621 η. α ; his construction of a table of sines, ii. 413-445; his Planisphaerium, ii. 565 η. α; his Analemma, 301 n. b, ii. 409 n. b; his value for γ^3,61 n. b ; on the parallel-postulate, ii. 373-383 Pyramid: v. Tetrahedron Pythagoras:	life, 149 n.
b, 173; called geometry inquiry, 21 ; transformed study of mathematics into liberal education, 149; discovered theory of proportionals (possibly irrationals), 149 ; discovered musical intervals, 175; sacrificed an ox on making α discovery, 169 n. a, 175, 177, 185; “Pythagoras’s Theorem,” 179-185 ; extension by Pappus, ii. 575-579
Pythagoreans:
General:	use of name
mathematics, 3; esoteric
members called mathematicians, 3 n. d ; Λγ-chytas a Pythagorean, 5; Pythagorean quadri-vium, 5 and n. 6, 7 η. a ; stereometrical investigations, 7 η. α ; declared harmony and astronomy to be sister sciences, 17 and n. b; how geometry was divulged, 21; views on monad and undetermined dyad, 173; their motto, 175-177 Pythagorean arithmetic: first principles, 67-71 ; classification of numbers, 73-75; perfect numbers, 75-83 ; figured numbers, 87-99 ; some properties of numbers, 101-109; irrationality of \/2, 111 n. σ; ancient Pythagoreans recognized three means, 111-115; later Pythagorean list of means, 115-125; Archytas’s proof that a superparticular ratio cannot be divided into equal parts, 131-133; developed theory of side-and diameter-numbers, 137-139 ; the “ bloom ” of Thymaridas, 139-141 Pythagorean geometry: definition of point, ii. 469 ; sum of angles of a triangle, 177-179 ; “ Pythagoras’s Theorem,” 179-185 ; application of areas, 187-215 ; theirra-
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tional, 215-217 ; the five regular solids, 217, 219 n. a, 223-224 ; Archy-tas’s solution of the problem of two mean proportionals, 285-289; squaring of the circle, 335
Otherwise mentioned : 245 η. a, 403 nn. c and d
Quadratic equations : v. Algebra :	Quadratic equa-
tions
Quadratrix: discovered by IJippias, 149 n. a, 337 n. α; used to square the circle, 337-347
Quadrivium, Pythagorean, 5 and n. b, 7 η. α
Quinary system of numerals, 31 η. α
Reduction of a problem : Proclus’s definition, 253 ; Hippocrates’ reduction of problem of doubling the cube, 253 and η. α
Reflection, equality of angles of incidence and reflection, ii. 497-503
Regular solids (“ Platonic ” or “ cosmic ” figures): definition and origin, 217 η. α ; Pythagorean treatment, 217-225 ; Speiisip-pus’s treatment, 77 ; work of Theaetetus, 379 and n. α ; Plato’s use in Timaeus, 219-223 ; Euclid’s treatment, 157 and n. b, 467-479; Pappus’s treatment,
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ii. 573-575 (esp. n. a); Eva Sachs’ work, 217 η. a, 379 n. c
Rhabdas, Nicolas Artavas-das, 31 n. b; his finger-notation, 31-35 R ight - angled triangle: square on	hypotenuse
equal to sum of squares on other two sides, 179-185 ; extension by Pappus, ii. 575-579
Roberts, Colin, 45 η. α Robertson, D. S., ii. 479 η. a Rome, A., ii. 565 η. a Ross, W. D., 95 n. b, 367 n. a, 371 n. b
Rudio, F., 237 n. b
Saccheri, Euclides ab omni naevo vindicalus, 443 n. c Sachs, Eva, Die fiinf Plato-nischen Korper, 217 n. a, 379 n. c; De Theaeteto Atheniensi, 379 n .a Salaminian table, 35 n. b, 37 η. a
Sampi: use as numeral, 43 Schiaparelli, G., 411 n. b, 415 n. c
Schone, H.:	discovered
Heron’s Metrica, ii. 467 η. α Schone, R.: edited Heron’s Metrica, ii. 467 η. a Scopinas of Syracuse, ii. 8 η. α
Scctio canonis: v. Euclid: Works
Semi-circle : angle in semicircle a right angle, 167-169
Serenus:	commentary on
INDEX
Apollonius’s Conics, ii. 285 η. a
Sexagesimal system of numerals, 48-19 “ Side- ” and “ diameter-numbers,” 133-139, esp. 137 n. a, 399 n. c Simon, M.t Euclid und die seeks planimetrischen Bucher, 447 η. α Simplicius: on Hippocrates’ quadratures, 235-253, 310 n. b, 313 η. a; on Ptolemy, ii. 409 n. b ; on oblong and square numbers, 95 n. 6; on planets, 411 and n. b
Simson, R., ii. 345 n. c Sines, Table of: v. Chords, Table of
“ Solid ” loci and problems, 349, 487, ii. 601 “ Solid ” numbers : v. Number : Figured numbers Solids, five regular solids : v.
Regular solids Solon, 37
Sophocles, ix, 259 η. a Speusippus, 75-77, 81 η. a Sphaeric (geometry of sphere), 5 and n. b, 407 η. a Sphaerica: work by Theodosius, ii. 407 n. o; by Menelaus, ii. 407 n. a, ii. 462 η. α
Spiral: of Archimedes, ii. 183-195, on a sphere, ii. 581-587
Spiric sections: v. Tore Sporus, on the quadratrix, 339-341
Square numbers:	divisi-
bility of squares, 103-105; sums of squares, ii. 551-559
Square root, extraction of,
53-61
Squaring of the circle: v. Circle
Stadium of Zeno, 371-375
Star-pentagon:	v. Penta-
gram
Stenzel, Julius:	his Zahl
und Gestalt bei Platon und Aristoteles, 405 n. b
Stigma : use as numeral, 43
Subcontrary mean, 113-117, 117-119, 123
Subcontrary section of cone, ii. 301 η. α
Surface Loci:	v. Euclid:
Works
Synthesis, Pappus’s discussion, ii. 597-599
Table of Chords : v. Chords, Table of
Tannery, P., 77 n. b, 237 n. b, 261 n. b, 335 n. d, 493 n. b, ii. 513 n. σ, ii. 517 nn. a and c, ii. 523 n. b, ii. 537 n. b
Taylor, A. E., 23 n. b, 27 n. b, 115 n. b, 223 n. c, 405 n. b, 427 n. b
Tetrads, in Apollonius’s system of enumeration, ii. 355 η. α
Tetrahedron (pyramid), 83, 217 n.a, 221 n. c, 379
Thales : life, 147 η. α ; Pro-clus’s notice, 147 ; discovered that circle is bisected by its diameter, 165 and η. α ; that the angles
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at the base of an isosceles triangle are equal, 165; that the vertical and opposite angles are equal, 167 ; that the angle in a semicircle is a right angle, 167-169 ; his method of finding distance of ships at sea, 167 and n. b
Theaetetus: life, 379 and n. a; Proclus’s notice, 151 ; Suidas’s notice, 379 ; his work on the regular solids, 379 and n. c; on the irrational, 381-383
Themistius: on quadrature of lunes, 310 n. b ; on oblong and square numbers, 95 n. b
Theodoras of Cyrene : life, 151 n. b, 381 n. b; Proclus’s notice, 151 ; his proof of incommensurability of λ/3, λ/5 ...\/17, 381 and n. c
Theodosius: his Sphaerica, ii. 407 η. α
Theodosius I, Emperor, ii. 565 and η. α
Theon of Alexandria : flourished under Theodosius I, 48 n. a, ii. 565 ; father of Hypatia, 48 ; to be distinguished from Theon of Smyrna, ii. 401 η. α; his commentary on Ptolemy’s Syntaxis, 48, ii. 409 n. b, ii. 565-567, ii. 621 η. α
Theon of Smyrna : referred to as “Theon the mathematician ” by Ptolemy, ii. 401 } made observations
under Hadrian, ii. 401 and n. σ ; referred to as “ the old Theon ” by Theon of Alexandria, ii. 401 η. α Theophrastus, 217 n. c Theorems, distinction from problems, ii. 567 Theudius of Magnesia, 153 Thymaridas: an early Pythagorean, 139 n. b; his “bloom,” 139-141 ; on prime numbers, 87 η. α Timaeus of Locri, 219 η. α Tore (also spire, or anchor-ring) : defined, ii. 365, ii. 469 ; used by Archytas for the doubling of the cube, 285-289 ; sections of (Perseus), ii. 363-365; volume of (Dionysodorus and Heron), ii. 477-483 Treasury of Analysis :	υ.
Pappus: Works Triangle: angles at base of an isosceles triangle equal, 165 and n. b ; equality of triangles, 167 and n. b; sum of angles equal to two right angles, 177-179, ii. 279; “ Pythagoras’s Theorem,” 179-185; extension by Pappus, ii. 575-579 ; Heron’s formula ■y/s{s - a)(s - b)(s - c) for area, ii. 471-477, ii. 603 η. α Triangular numbers, 91-95 Trigonometry:	origins in
sphaeric, ii. 407 η. a; developed by Hipparchus and Menelaus, ii. 407 and η. α ; their tables of sines, ii. 407 n. a, ii. 409 and η. α;
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Ptolemy’s terminology, ii. 421 η. α ; his construction of a table of sines, ii. 413-445 ; value of sin 18° and sin 36°, ii. 415-419, ii. 421 η. α; of sin 60°, sin 90°, sin 120°, ii. 419-421 (ind. n. a); proof of sin* θ + cos* θ = 1, ii. 421-423; of “ Ptolemy’s Theorem,” ii. 423-425; of sin (θ-ψ) =sin θ cos ψ - cos θ sin φ, ii. 425-427; of sin2 £θ = |(1 - cos θ), ii. 429-431; of cos (θ + ψ) = cos θ cos ψ -sin θ sin ψ, ii. 431-435; a method of interpolation, ii. 435-443; the table of sines, ii. 443-445 ; “Mene-laus’s Theorem ” and lemmas, ii. 447-463; proof that tan α : tan β<α : β, 503-505 (ind. n. a), ii. II n. 6, ii. 389 and n. b; proof that sin α : sin β<α : β, ii. 439 η. α
Trisection of an angle:	a
“ solid ” problem, 353; solution by means of a verging, 353-357 ; direct solution by means of conies, 357-363; Pappus’s collection of solutions, ii. 581 n. 6
Unit, 67, 73, 89-91, ii. 469, ii. 515
Usener, 237 n. b
Valckenaer, 259 η. α
Ver Eecke, Paul, ii. 19 η. a, ii. 285 n. a, ii. 513 η. a
Vergings:	Definition, 244
η. a ; use by Hippocrates of Chios, 245 ; by Pappus, 355-357 ; by Archimedes, ii. 189 and n. c; Apollonius’s treatise, ii. 345-347, ii. 337
Vieta’s expression for 2/w, 315 η. α
Vitruvius, ii. 3 n. a, ii. 251 η. α
Viviani’s curve of double curvature, 349 n. c
Wescher, C., his Poliorce-tique des Grecs, 267 n. 6
Wilamowitz - Moellendorf, U. v., 257 η. α
William of Moerbeke; his trans. of Archimedes’ On Floating Bodies, ii.242 n. a, ii. 245 n. b\ De Speculis, ii. 503 η. α
Xenocrates, 75, 425 n. b
Zeno of Elea: life, 367 η. α ; a disciple of Parmenides, ii. 367 η. a; four arguments on motion, 367-375
Zenodorus, ii. 387 n. 6; on isoperimetric figures, ii. 387-397
Zero, 47 and η. α
Zeuthen : Die Lehre von den Kegelschnitten irn Alter-tum, 493 n. b, ii. 265 n. o, ii. 281 η. α; Geschichte der Mathematik, 245 η. α ; otherwise mentioned, 381 n. a, 505 η. α
Zodiac circle : division into S60 parts, ii. 395-397; signs of Zodiac, 223 n. e
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In Ptol. Math. Syn. i. S, ed. Rome 354.19-357.22 (ii. 386-395); i. 10, 451. 4-5 (ii. 406); I. 10, 453. 4-6 (ii. 514); i. 10, 461. 1-462. 17 (50-52); i. 10,469. 16-473. 8 (52-60)
Theon of Smyrna
Ed. Hiller 1. 1-2.2 (ii. 400-402),	2.	3-12	(256),
35. 17-36. 2 (102-104), 42. 10-44. 17 (132-136), 45. 9-46. 19 (84-86), 81. 17-82. 5 (ii. 264-266)
TZChil. ii. 103-144 (ii. 18-22) ; viii. 972-973 (386)
Vitruvius
De Archit. ix., Praef. 9-12 (ii. 36-38)
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The purpose of this index is to give one or more typical examples of the use of Greek mathematical terms occurring in these volumes. Non· mathematical words, and the non-mathematical uses of words, are ignored, except occasionally where they show derivation. Greek mathematical terminology may be further studied in the Index Graecitatis at the end of the third volume of Hultsch’s edition of Pappus and in Heath’s notes and essays in his editions of Euclid, Archimedes and Apollonius. References to vol. i. are by page atone, to vol. ii. by volume and page. A few common abbreviations are used. Words should be sought under their principal part, but a few cross-references are given for the less obvious.
"Ay«v, to draw; ευθείαν γραμμήν άγαγεΐν, to draw a straight line, 442 (Eucl.);
εάν επιφανονσαι άχθώσιν, if tangents be drawn, ii. 64 (Archim.); παράλληλος ήχθω ή AK, let AK be drawn parallel, ii. 312 (Apollon.)
αγεωμέτρητος, ον, ignorant of or unversed in geometry, 386 (Tzetzes)
αδιαίρετος, ον, undivided, indivisible, 366 (Aristot.)
ὰδόνατο?, ον, impossible, 394 (Plat.)» ϋ· 566 (Papp.); οπερ ἔστιν α., often without ἔστιν, which is impossible, a favourite conclusion to reasoning based on false premises,ii. 122 (Archim.); οἱ διὰ του ά. ττεραίνοντες.
those who argue per impossible, 110 (Aristot.) άθροισμα, ατος, τό, collection·, ά. φιλοτεχνότατον, a collec~ tion most skilfully framed, 480 (Papp.)
Αιγυπτιακός, ή, 6v, Egyptian; αἱ Αἱ. καλούμενοι μέθοδοι εν ττολλαπλασιασμοϊς, 16
(Schol. in Plat. Charm.) σΧρειν, to take away, subtract, ii. 506 (Ileron) αιτεΐν, to postulate,	442
(Eucl.), ii. 206 (Archim.) αίτημα, ατος, τό, postulate, 420 (Aristot.), 440 (Eucl.), ii. 3O'ti (Procl.)
ακίνητος, ον, that cannot be moved, immobile, fixed, 391. (Aristot.), ii. 246 (Archim.) άκολουθεΐν, to follow, ii. 414
(Ptol.)
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ακόλουθος, ον, following, consequential, corresponding, ii. 580 (Papp.); as subst., ακόλουθον, τό, consequence, ii. 566 (Papp.) ακολούθως, adv., consistently, consequentially, in tum, 458 (Eucl.), ϋ· 384 (Prod.)
άκουσματικός, ή, ον, eager to hear; as subst., a., 6, hearer, exoteric member of Pythagorean school, 3 n. d (Iambi.)
ακριβής, ες, exact, accurate, precise, ii. 414 (Ptol.) άκρος, a, ον, at the farthest end, extreme, ii. 270 (Cleom.) ; of extreme terms in a proportion, 122 (Nicom.) ; α. και μύσος λόγος, extreme and mean ratio, 472 (Eucl.), ii. 416 (Ptol.)
άλλως, alternatively, 356 (Papp.)
άλογος, ον, irrational, 420 (Aristot.), 452 (Eucl.), 456 (Eucl.); δι’ αλόγου, by irrational means, 388 (Plut.) αμβλυγώνιος, ον, obtuse-angled ; α. τρίγωνον, 410 (Eucl.); ὰ. κώνος, ii. 278 (Eutoc.)
αμβλύς, εϊα, ύ, obtuse;	<χ.
γωνία, often without γωνία, obtuse angle, 438 (Eucl.) αμετάθετος, ον, unaltered, immutable ; μονάδος α. οΰσης, ii. 514 (Dioph.) αμήχανος, ον, impracticable, 298 (Eutoc.)
άμφοισμα, ατος, τό, revolving figure, ii. 604 (Papp.) άμφοιστικός, ή, όν, described by revolution; άμφοιστικόν, τό, figure generated by revolution, ii. 604 (Papp.) άναγράφειν, to describe, construct, 180 (Eucl.), ii. 68 (Archirn.)
ανακλάν, to bend back, incline, reflect (of light), ii. 496 (Damian.)
άνάλλημμα, ατος, τό, a representation of the sphere of the heavens on a plane, analemma ; title of work by Diodorus, 300 (Papp.) αναλογία, η, proportion, 446 (Eucl.); κυρίως a. καί πρώτη, proportion par excellence and primary, i.e., the geometric proportion, 125 η. α; συνεχής a., continued proportion, 262 (Eutoc.)
άνάλογον, adv., proportionally, but nearly always used adjectivally, 70 (Eucl.), 446 (Eucl.) άναλύειν, to solve by analysis, ii. 160 (Archim.); ό αναλυόμενο? τόπος, the Treasury of Analysis, often without τόπος, e.g., ό καλούμενος αναλυόμενος, ii. 596
εως, ή, solution of a problem by analytical methods, analysis, ii. 596
, Ογ’ΦΡ;) , ,	.	.
αναλυτικός, ή, ον, analytical, 158 (Prod.)
, (I’app
αναλυσις.
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άναμετρησις, εως, ή, measurement ; Ilepi τής a. της γης, title of work by Eratosthenes, ii. 272 (Heron) άνάπαλιν, adv., in a reverse direction ; transformation of a ratio known as in-vertendo, 448 (Eucl.) άναποδεικτικώς, adv., independently of proof, ii. 370 (Procl.)
ὰνα στρεφειν, to convert a ratio according to the rule of Eucl. v. Def. 16; ὰνα-στρέψαντι, lit. to one who has converted, convertendo, > 466 (Eucl.)
αναστροφή, ή, conversion of a ratio according to the rule of Eucl. v. Def. 16, 448 (Eucl.)
ανεπαίσθητος, ον, unperceived, imperceptible; hence, negligible, ii. 482 (Heron) άνισος, ον, unequal, 444 (Eucl.), ii. 50 (Ar-chim.)
άνιστάναι, to set up, erect, ii. 78 (Archim.)
άντακολουθία, ή, reciprocity, 76 (Theol. Arith.) άντικειαθαι, to be opposite, 114 (Nicom.) ; τομα'ι άντι-κείμεναι, opposite branches of a hyperbola, ii. 322 (Apollon.)
άντιπάσχειν, to be reciprocally proportional, 114 (Nicom.); άντιπεπονθότως, adv., reciprocally, ii. 208 (Archim.)
αντιστροφή, ή, conversion,
converse, ii. 140 (Archim. ap. Eutoc.)
αξίωμα, ατος, τό, axiom, postulate, ii. 42 (Archim.) άξων, ονος, 6, axis; of a cone, ii. 286 (Apollon.) ; of any plane curve, ii. 288 (Apollon.) ; of a conic section, 282 (Eutoc.) ; συζυγείς a., conjugate axes, ii. 288 (Apollon.)
αόριστος, ον, without boundaries, undefined, πλήθος μονάδων α., Η. 522 (Dioph.)
απαγωγή, ή, reduction of one problem or theorem to another, 252 (Procl.) άπαρτίζειν, to make even; οἱ άπαρτίζοντες αριθμεί, factors, ii. 506 (Heron) απειραχώς, in an infinite number of ways, ii. 572 , (Papp.)	.
ἄπειρος, ον, infinite; as subst., άπειρον, τό, the infinite, 424 (Aristot.); εις άπειρον, to infinity, indefinitely, 440 (Eucl.); επ’ α., ii. 580 (Papp.) άπεναντίον, adv. used adjectivally, opposite; αἱ ὰ. 7τλευραί, 444 (Eucl.) άπεχειν, to be distant, 470 (Eucl.), ii. 6 (Aristarch.) απλανής, ες, motionless, fixed, ii. 2 (Archim.)
απλανής, ες, without breadth, 436 (Eucl.)
άπλόοϊ, η, ον, contr, άπλοΰς, ή, οΰν, simple', α. γραμμή, ii. 360 (Procl.)
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απλώς, simply, absolutely, 424 (Aristot.) ; generally, ii. ^ 132 (Archim.) άπλωσις, εως, ή, simplification, explanation ; "Λ. επιφάνειας σφαίρας, Explanation ofi the Surface ofi a Sphere, title of work by Ptolemy, ii. 408 (Suidas)
από, from ; τὰ από της διαμέτρου τετράγωνον, the square on the diameter, 332 (Archim.); τὰ από ΓΗ (sc. τετράγωνον), the square on 1Ή,	268
(Eutoc·.)
αποδεικτικός, ή, ον, affording proof, demonstrative, 420 (Aristot.), 158 (Prod.)
άποδεικτικώς, adv., theoretically, 260 (Eutoc.) άπάδειξις, εως, ή, proof, demonstration, ii. 42 (Ar-chim.), ii. 566 (Papp.) άποκαθιστάναι, to re-establish, restore; pass., to return to an original position, ii. 182 (Archim.)
άπολαμβάνειν, to cut off; ή απολαμβανόμενη περιφέρεια,
440 (Eucl.)
απορία, ή, difficulty, perplexity, 256 (Theon Smyr.) απόστημα, ατος, τό, distance, interval, ii. 6 (Aristarch.) άποτομη, ή, cutting off, section·, Λόγου άποτομη, Χωρίου άποτομη, works by Apollonius, ii. 598 (Papp.) ; compound irrational straight line equivalent to binomial surd
with negative sign, apo-tome, 456 (Eucl.) άπτειν, to fasten to·, mid., άτττεσθαι, to be in contact, meet, 438 (Eucl.), ii. 106 (Archim.)
apa, therefore, used for the steps in a proof, 180 v (Eucl.)
άρβηλος, ό, semicircular knife used by leather-workers, a
Steirical figure used by imedes and Pappus, ii. 578 (Papp.)
άριθμεΐν, to number, reckon, enumerate, ii. 198 (Archim.), 90 (Luc.) άριθμητικός, ή, όν, of ΟΓ for reckoning or numbers ; ή άριθμητικη (sc. τέχνη),
arithmetic, 6 (Plat.), 420 (Aristot.); ή άριθμητικη μέση (sc. ευθεία), arithmetic mean, ii. 568 (Papp.): α. μεσάτης, 110 (Iambi.)
άριθμητός, η, ον, that can be counted, numbered, 16 (Plat.)
άριθμός, ό, number, 6 (Plat.), 66 (Eucl.) ; πρώτος a., prime number, 68 (Eucl.) ; πρώτοι, δεύτεροι, τρίτοι, τέταρτοι, πέμπτοι α., numbers of the first, second, third, fourth, fifth order, ii. 198-199 (Archim.) ; μηλίτης ά., problem about a number of sheep, 16 (Schol. in Plat. Charm.) ; φιαλίτης ό., problem about a number of bowls (ibid.)
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άριθμοστόν, to, fraction whose denominator is unknown [ϊ], ii. 522 (Dioph.) άρμοζαν, to fit together, ii. 494 (Heron)
αρμονία, η, musical scale, octave, music, harmony, 404 (Plat.); used to denote a square and a rectangle, 398 (Plat.) αρμένικός, ή, όν, skilled in music, musical; ή άρμo-viκη (sc. επιστήμη), mathematical theory of music, harmonic; ή αρμονική μίση, harmonic mean, 112 (Iambi.)
άρτιάκις, adv., an even number of times; α. άρτιο? αριθμός, even-times even number, 66 (Eucl.) άρτιόπλευρος, ον, having an even number of sides; πολύγωνον ά., ii. 88 (Ar-chim.)
άρτιος, α, ον, complete, perfect ; ά. αριθμός, even number, 66 (EucL) αρχή, ή, beginning or principle of a proof or science, 418 (Aristot.); beginning of the motion of a point describing a curve; ap. τής ἔλικος, origin of the spiral, ii. 182
αρχικός, ή, όν, principal, fundamental; α. σύμπτωμα, principal property of a curve, ii. 282 (Apollon.), 338 (Papp.) άρχικώτατος, ον, sovereign,
fundamental; α. ρίζα, 90 (Nicom.)
αρχιτεκτονικός, ή, όν, of or for an architect; ή αρχιτεκτονική (sc. τέχνη), architecture, ii. 616 (Papp.)
αστρολογία, ή, astronomy, 888 (Aristox.)
άστρολόγος, 6, astronomer, 378 (Suidas)
αστρονομία, ή, astronomy, 14
, (,Plat·)
ασύμμετρος, ον, incommensurable, irrational, 110 (Aristot.), 452 (Eucl.), ii. 214 (Archim.)
ασύμπτωτος, ον,not falling ill, non-secant, asymptotic, ii. 374 (Prod.); ά. (κ. γραμμή), ή, asymptote, ii. 282 (Apollon.)
άσύνθετος, ον, incomposite; ά. γραμμή, ϋ. 360 (Prod.)
άτακτος, ον, unordered ; Περί άτ. άλογων, title of work by Apollonius, ii 350 (Prod.)
ατελής, ες, incomplete; α. άμφοιστικά, figures generated by an incomplete revolution, ii. 604 (Papp.)	.
άτομος, ον, indivisible; ατομοι γραμμαί, 424 (Aristot.)
άτοπος, ον, out of place, absurd ·, οπερ ατοπον, which is absurd, a favourite conclusion to a piece of reasoning based on a false premise, e.g. ii. 114 (Archim.)
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ο,ύζάναν, to increase, to multiply ; τρις αυξηθείς, 398 (Plat.)
αύξη, η, increase, dimension, 10 (Plat.)
ανξησις, εως, ή, increase, multiplication, 398 (Plat.)
αυτόματος,'η, ον, self-acting·, Αυτόματα, τά, title of work by Heron, ii. 616 (Papp.)
άφαφεΐν, to cut of, take away, subtract, 444 (Eucl.)
ὰψή, ή, point of concourse of straight lines; point of contact of circles or of a straight line and a circle, ii. 04· (Archim.)
Άχ'ίλλίό?, εως, 6, Achilles, the first of Zeno’s four arguments on motion, 368 (Aristot.)
BJpos, ους, Ion. εος, τό, weight, esp. in a lever, ii. 206 (Archim.), or system of pulleys, ii. 490 (Heron); τὰ κέντρον του βάρεος, centre of gravity, ii. 208 (Ar-chim.)
β αρουλκός (SC. μηχανη), η, lifting-screw invented by Archimedes, title of work by Heron, ii. 489 η. α
βάσις, εως, η, base ; of a geometrical figure ; of a triangle, 318 (Archim.); of a cube, 222 (Plat.); of a cylinder, ii. 42 (Archim.) ; of a cone, ii. 301 (Apollon.) ; of a segment of a sphere, ii. 40 (Archim.)
Γ«ωδαισίο, ή, land dividing, mensuration, geodesy, 18 (Anatolius)
γεωμετρεΐν, to measure, to practise geometry ; αει γ. τον θεόν, 386 (Plat.); γεωμετρουμένη επιφάνεια,
geometric surface, 292 (Eutoc.), γεωμετρουμένη άπόξειξις, geometric proof, ii. 228 (Archim.)
γεωμέτρης,	ου, ό,	land
measurer, geometer, 258 (Eutoc.)
γεωμετρία, η, land measurement,	geometry,	256
(Theon	Smyr.),	144
(Prod.)
γεωμετρικός, ή, ον, pertaining to geometry, geometrical, ii. 590	(Papp.),	298
(Eutoc.)
γεωμετρικώς, adv., geometrically, ii. 222 (Archim.)
γίνεσθαι, to be brought about; γεγονέτω, let it be done, a formula used to open a piece of	analysis;	of
curves, to be generated, ii. 468 (Heron); to be brought about by multiplication, i.e., the result (of the multiplication) is, ii. 480 (Heron) ; τό γενόμενον, τα γενόμενα, the product, ii, 482 (Heron)
γλωσσόκομον, τό, chest, ii. 490
(^ΡΡ.)	,	,	,
γνωμονικος,	η,	ον, of or	con-
cerning sun-dials, ii. 616 (Papp.)
γνώμων, ονος, ό, carpenter’s
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square ; pointer of a sundial, ii. 268 (Cleom.); geometrical figure known as gnomon, number added to a figured number to get the next number, 98 (Iambi.)
γραμμή, ή, line, curve, 436 (Eucl.); ευθεία γ. (often without γ.), straight line, 438 (Eucl.) ; εκ των γραμμών, rigorous proof by geometrical arguments, ii. 412 (Ptol.)
γραμμικός, ή, όν, linear, 348 (Papp.)
γραφήν, to describe, 442 (Eucl.), ii. 582 (Papp.), 298 (Eutoc.); to prove, 380 (Plat.), 260 (Eutoc.)
γραφή, ή, description, account, 260 (Eutoc.) ; writing, treatise, 260 (Eutoc.)
γωνία, ή, angle ; επίπεδος γ., plane angle (presumably including angles formed by curves), 438 (Eucl.); ευθΰγραμμος γ., rectilineal angle (formed by straight lines), 438 (Eucl.); ορθή, αμβλεία, οξεία γ., right, obtuse, acute angle, 440 (Eucl.)
Αεικννναι, to prove; δεδεικται γὰρ τούτο, for this has been proved, ii. 220 (Archim.); δεικτέον ότι, it is required to prove that, ii. 168 (Archim.)
δεΐν, to be necessary, to be required; δέον ἔστω, let it
be required; δπερ ἔδει δεΐξαι, quod erat demonstrandum, which was to be proved, the customary ending to a theorem, 184 (Eucl.); όπερ = όπερ εδει δείξω, ii. 610 (Papp.) δεκάγωνον, τό, α regular plane figure with ten angles, decagon, ii. 196 (Archim.) δήλος, η, ον, also ος, ον, manifest, clear, obvious; ότι μεν ουν αντ α συμπίτττει, δήλον, π. 192 (Archim.) διάγειν, to draw through, 190 (Eucl.), 290 (Eutoc.) διάγραμμα, ατος, τό, figure, diagram, 428 (Aristot.) διαιρείν, to divide, cut, ii. 286 (Apollon.); δι^ρημενος, ον, divided; δ. αναλογία, discrete proportion, 262 (Eutoc.) ; διελόντι, lit. to one having divided, diri-mendo (or, less correctly, dividendo), indicating the transformation of the ratio α : b into a-b : b according to Eucl. v. 15, ii. 130 (Archim.) διαίρεσις, εως, ή, division, separation, 368 (Aristot.); δ. λόγου, transformation of a ratio dividendo, 448 (Eucl.)
διαμενειν, to remain, to remain stationary, 258 (Eutoc.)
διάμετρος, ον, diagonal, diametrical ; as subst., δ. (sc. γραμμή), ή, diagonal; of a parallelogram, ii. 218
VOL. II
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(Archim.) ; diameter of a circle, 438 (Eucl.); of a sphere, 466 (Eucl.); principal axis of a conic section in Archim., ii. 148 (Archim.) ; diameter of any plane curve in Apollon., ii. 286 (Apollon.) ; πλαγιά δ., transverse diameter, ii. 286 (Apollon.); συζυγές δ., conjugate diameters, ii. 288 (Apollon.)
διάστασις, εως, ή, dimension, 412 (Simpl.)
διαστι’λλίΐν, to separate, ii. 502 (Heron)
διάστημα, ατος, τό, interval; radius of a circle, ii. 192 (Archim.), 442 (Eucl.); interval or distance of a conchoid, 300 (Papp.); in a proportion, the ratio between terms, τὰ τών μειζόνων όρων δ.,	112
(Archytas ap. Porph.); dimension, 88 (Nicom.)
διαφορά, ή, difference, 114 (Nicom.)
διδόναι, to give ; aor. part., δοθείς, da a, έν, given, ii. 598 (Papp.); Δεδομένα, τό, Data, title of work by Euclid, ii. 588 (Papp.);
θέσει και μεγέθει δεδόαθαι, to be given in position and magnitude, 478 (Eucl.)
διελόντι, ν. διαιρεΐν
διεχης, ές, discontinuous; σπείρα δ., open spire, ii. 364 (Procl.)
διορίζειν, to determine, ii. 566 (Papp.); Διωρισμένη
τομή, Determinate Section, title of work by Apollonius, ii. 598 (Papp.)
διορισμός, 6, statement of the limits of possibility of a solution of a problem, diorismos, 150 (Procl.)
διπλασιάζειν, to double, 258 (Eutoc.)
διπλασιασμός, o, doubling, duplication ; κύβον δ., 258 (Eutoc.)
διπλάσιος, a, ον, double, 302 (Papp.); δ. λόγος, duplicate ratio, 446 (Eucl.)
διπλάσιων, ον, later form for διπλάσιος, double,	3 26
(Archim.)
διπλόος, η, ον, contr, διπλόν;, ή, οΰν, twofold, double, 326 (Archim.) ; δ. ισότης, double equation, ii. 528 (Dioph.)
δίχα, adv., in two {equal) parts, 66 (Eucl.):	δ.
τέμνειν, to bisect, 440 (Eucl.)
διχοτομία, ή, dividing in two; point of bisection, ii. 216 (Archim.); Dichotomy, first of Zeno’s arguments on motion, 368 (Aristot.)
διχοτόμος, ον, cut in two, halved, ii. 4 (Aristarch.)
δύναμις, εως, ή, power, force, ii. 488 (Heron), ii. 616 (Papp.) ; αἱ πέντε δ., the live mechanical powers (wheel and axle, lever, pulley, wedge, screw), ii, 492 (Heron); power in
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the algebraic sense, esp. square ; δυνάμει, in power,
i.	e., squared, 322 (Ar-chim.) ; δυνάμει σύμμετρος, commensurable in square, 450 (Eucl.) ; δυνάμει ασύμμετρος, incommensurable in square (ibid.)
δυναμοδύναμις, εως, η, fourth power of the unknown quantity [sc4], ii. 522 (Dioph.)
δνναμοδυναμοστόν, τό, the fraction i, ii. 522 (Dioph.)
δυναμόκνβος, 6, square multiplied by a cube, fifth power of the unknown quantity [a5], ii. 522 (Dioph.)
δυναμοκυβοστόν, τό, the fraction Jj, ii. 522 (Dioph.)
δυναμοστόν, τό, the fraction ~, ii. 522 (Dioph.)
δύνασθαι, to be able, to be equivalent to ; δΰνασθαι τι, to be equivalent when squared to a number or area, ii. 96 (Archim.); ή δυναμενη (ic. ευθεία), side of a square, 452 (Eucl.); αυξήσεις δυνάμεναι, 398 (Plat.) ; παρ’ ή ν δΰνανται αἱ καταγόμενοι τεταγμενως επι την ΖΗ διάμετρον, the parameter of the ordinates to the diameter ZH,
ii.	308 (Apollon.)
δυνάστευεiv, to be powerful;
pass., to be concerned with
powers of numbers ; αυξήσεις δυναστευόμενοι, 398 (Plat.)
δυνατός, ή, ον, possible, ii. 566 (Papp.)
δυοκαιενενηκοντάεδρον, τό, solid with ninety-two faces, ii. 196 (Archim.)
δυοκαιεξηκοντάεδρον, τό, solid with sixty-two faces, ii. 196 (Archim.)
δυοκαιτριακοντάεδρον, τό, solid with thirty-two faces, ii. 196 (Archim.)
δωδεκάεδρος, ον, with twelve faces ; as subst., δωδεκά-εδρον, τό, body with twelve faces, dodecahedron, 472 '(Eucl.), 216 (Aet.)
Έβδομηκοστόμονος,	ον,
seventy-first; τὰ l., seventy-first part, 320 (Archim.)
εγγράφειν, to inscribe, 470 (Eucl.), ii. 4G (Archim.)
εγκύκλιος, ον, also a, ον, circular, ii. 618 (Papp.)
είδος, ου ς, Ion. εος, τό, shape or form of a figured number, 94 (Aristot.); figure giving the property of a conic section, viz., the rectangle contained by the diameter and the parameter, ii. 317 n. a, 358 (Papp.), 282 (Eutoc.); term in an equation, ii. 524 (Dioph.) ; species—of number, ii. 522 (Dioph.), of angles 390 (Plat.)
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(ϊκοσάεΰρος, ον, having twenty faces ; εικοσάεδρον, τό, body with twenty faces, icosahedron, 216 (Aet.)
eΙκοσαπλάσιος,	ον, twenty-
fold, ii. 6 (Aristarch.)
ίκατοντάς, άδος, ή, the number one hundred, ii. 198 (Archim.)
εκβάλλειν, to produce (a straight line), 442 (Eucl.), Ii. 8 (Aristarch.), 352
, (PaPP·)
cKKaieiKoaaeopov, to, solid with twenty-six faces, ii. 196 (Archim.)
εκκεΐσθαι, used as pass, of eicrιθέναι, to be set out, be taken, ii. 96 (Archim.), 298 (Papp.)
εκκρούειν, to take away, eliminate, ii. 612 (Papp.)
εκπετασμα, aroj, τό, that which is spread out, unfolded ; Έκπΐτάσματα, title of work by Democritus dealing with projection of armillary sphere on a plane, 229 η. a
ίκπρισμα, ατος, τό, section sawn out of a cylinder, prismatic section, ii. 470 (Heron)
έκτιθέναι, to set out, ii. 568 (PaPP.)
έκτος, adv., without, outside; as prep., έ. του κύκλον, 314 (Alex. Aphr.) ; adv. used adjectivally, ή έ. (sc. ευθεία), external straight line, 314 (Simpl.); ή e. γωνία του τρίγωνον, the external
angle of the triangle, ii. 310 (Apollon.) έλάσσων, ον, smaller, less, 3?0 (Archim.); ήτοι μείζων εστίν η έ., ii. 112 (Archim.); έ. όρθης, less than a right angle, 438 (Eucl.); ή έ. (sc. ευθεία), minor in Euclid’s classification of straight lines, 458 (Eucl.) ίλάχιστος, η, ον, smallest, least, ii. 44 (Archim.) ελιξ, εΧικος, η, spiral, helix, ii. 182 (Archim.); spiral on a sphere, ii. 580 (PaPP·)	,	, ^
έλλειμμα, ατος, το, defect, deficiency, 206 (Eucl.) έλλείπεiv, to fall short, be deficient, 394 (Plat.), 188 (Procl.)
έλλαφις, (ως, ή, falling short, deficiency, 186 (Procl.); the conic section ellipse, so called because the square on the ordinate is equal to a rectangle whose height is equal to the abscissa applied to the parameter as base but falling short (έλλ«πον), ii. 316 (Apollon.), 188 (Procl.) εμβαδόν, τό, area, ii. 470 (Heron) .
έμβάλλειν, to throw in, insert, ii. 574 (Papp.)? multiply, ii. 534 (Dioph.)
(μπΐττταν, to fall on, to meet, to cut, 442 (Eucl.)t ii. 58 (Archim.)
έμπΧέκειν, to plait or weave in ; σπείρα εμπ (πλεγμένη,
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interlaced spire, ii. 364 (Procl.)
εναλλάξ, adv., often used adjectivally, transformation of a ratio according to the rule of Eucl. v. Def. 12, permutando, 448 (Eucl.), ii. 144 (Archim.); έ. γωνίαι, alternate angles ενάντιος, a, ον, opposite ; κατ* έ., ii. 216 (Archim.) εναρμάζειν, to fit in, to insert, 284 (Eutoc.)
έντασι?, «αι?, ή, inscription, 396 (Plat.)
εντελής, es, perfect. complete ;
τρίγωνον £., 90 (Procl.) εντός, adv. used adjectivally, within, inside, interior ; αἱ έ. γωνίαι, 442 (Eucl.) ἔνιιπάρχειν, to exist in; «ἴδη ενυπάρχοντα, τα, positive terms, ii. 524 (Dioph.) εξαγωνικός, ή, όν, hexagonal;
έ. αριθμός, 96 (Nicom.) εξάγωνος, ον, as subst. έξάγω-vov, τό, hexagon, 470 _ (Eucl.)
εξηκοστός, ή, όν, sixtieth; in astron., πρώτον εξηκοστόν, τό, first sixtieth, minute, δεύτερον £., second sixtieth, second, 50 (Theon Alex.) έήή?, adv., ira order, successively, ii. 566 (Papp.) επαφή, ή, touching, tangency, contact, 314 (Simpl.); Έπαφαί, On Tangencies, title of a book by Apol; lonius, ii. 336 (Papp.) επεσθαι, to be or come after, follow; τὰ επόμενον, con-
sequence, ii. 566 (Papp.); τὰ επόμενα, rearward elements, ii. 184 (Apollon.); in theory of proportion, τὰ επόμενα, following terms, consequents, 448 (Eucl.) επί, prep, with acc., upon, on to, on, ευθεία επ’ ευθείαν σταθεΐσα, 438 (Eucl.) επιζενγνύναι, to join up, ii. 608 (Papp.); αἱ επιζευ-χθεΐσαι εύθεΐαι, connecting lines, 272 (Eutoc.) επιλογίζεσθαι, to reckon, calculate, 60 (Theon Alex.) επιλογισμός, 6, reckoning, calculation, ii. 412 (Ptol.) επίπεδος, ον, plane; έ. επιφάνεια, 438 (Eucl.); έ. γωνία, 438 (Eucl.); έ. σχήμα, 438 (Eucl.); έ. αριθμός, 70 (Eucl.); έ. πρόβλημα, 348 (Papp.) επιπεδως, adv., plane-wise, 88 (Nicom.)
επιπλατής, 4ς, flat, broad; σφαιροειδές £., ii. 161 (Archim.)
επίταγμα, ατος, τό, injunction ; condition, ii. 50 (Archim.), ii. 526 (Dioph.); ποιείν τό £., to satisfy the condition; subdivision of a problem, ii. 340 (Papp.) επίτριτος, ον, containing an integer and one-third, in the ratio 4:3, ii. 222 (Archim.)
επιφάνεια, ή, surface, 438 (Eucl.); κωνική ε., conical surface (double cone), ii. 286 (Apollon.)
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επιφαύειν, to touch, ii. 190
iArchim.); ή επιφαύουσα sc. εύθεΐα), tangent, ii. 64 Archim.)
ίτερομήκης, ες, with unequal sides, oblong, 440 (Eucl.) ευθύγραμμος, ον, rectilinear; εν. γωνία, 438 (Eucl.); ευ. σχήμα, 440 (Eucl.); as subst., εύθύγραμμον, τό, rectilineal figure, 318 (Archim.)
ευθύς, εΐα, υ, straight; ευ. γραμμή, straight line, 438 (Eucl.); ευθεΐα(sc. γραμμή), η, straight line, ii. 44 (Archim.) ; chord of a circle, ii. 412 (Ptol.); distance (first, second, etc.) in a spiral, ii. 182 (Archim.) ; κατ’ ευθείας, along a straight line, ii. 580 ,(Papp.)
ενπαραχωρη τος, ον, readily admissible, easily obvious; ευ. λήμματα, ii. 230 (Archim.)
ενρεσις, εως, ή, discovery, solution, ii. 518 (Dioph.), 260 (Eutoc.)
εύρημα, ατος, τό, discovery, 380 (Schol. in Eucl.) ευρίσκειν, to find, discover, solve, ii. 526 (Dioph.), 310 (Papp.), 262 (Eutoc.); όπερ ἔδὲι εΰρεΐν, which was to be found, 282 (Eutoc.)
ευχερής, ίς, easy to solve, ii. 526 (Dioph.)
εφάπτεσθαι, to touch, ii. 224 (Archim.) ; εφαπτομένη, ή
(sc. ευθεία), tangent, 822 (Archim.)
εφαρμογή, ή, coincidence of ereo metrical elements, 340 , /Papp.)
εφαρμόζειν, to fit exactly, coincide with, 444 (Eucl.), ii. 208 (Archim.), 298 (Papp.); pass, εφαρμό-ζεσθαι, to be applied to, ii. 208 (Archim.)
εφεξής, adv., in order, one after the other, successively, 312 (Them.); used adjectivally, as αἱ ε. γωνίαι, the adjacent angles, 483 (Eucl.)
εφιστάναι, to set up, erect; perf., εφεστηκενα t, intr., stand, and perf. part, act., εφεστηκώς, νΐα, ος, standing, 438 (Eucl.)
έφοδος, ή, method, ii. 596 (Papp.); title of work by Archimedes
εχειν, to have ; λόγον ε., to have a proportion or ratio, ii. 14 (Aristarch.) ; γενεσιν ϊ., to be generated (of a curve), 348 (Papp.)
εως, as far as, to, ii. 290 (Apollon.)
Ζητεΐν, to seek, investigate, ii. 222 ^Archim.); ζητούμενοι1, τό, the thing sought, 158 (Procl.), ii. 596 (Papp.)
#ζήτησις, εως, η, inquiry, investigation, 152 (Procl.)
ζύγι ον, τ ό = ζυγόν, τό, ii. 234 (Archim.)
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ζυγόν, τό, beam of a balance, balance, ii. 234 (Archim.) ζφδιον, τό, dim. of ζφον, lit. small figure painted or carved ; hence sign of the Zodiac ; ό τὥν Ζ. κύκλος, Zodiac circle, ii. 394 (Hypsicles)
ΉγεΓσθαι, to lead ; ηγούμενα, τα, leading terms in a proportion, 448 (Eucl.} ημικύκλιος, ον, semicircular", as subst., ημικύκλιον, to, semicircle, 440 (Eucl.), ii. 568 (Papp.)
ημικύλινδρος, ό, half-cylinder, 260 (Eutoc.); dim. ημικν-λίνδριον, τό, 286 (Eutoc.) ήμιόλιος, α, ον, containing one and a half, half as much or as large again, one-and-a-half times, ii. 42 (Archim.) ημισυς, ει a, υ, half, ii. 10 (Aristarch.) ; as subst., ημισν, τό, 320 (Archim.)
θεσις, εως, η, setting, position, 268 (Eutoc.) ; θεσει δεδόσθαι, to be given in position, 478 (Eucl.) θεωρεΐν, to look into, investigate, ii. 222 (Archim.) θεώρημα, ατος, τό, theorem, 228 (Archim.), ii. 566 (Papp.), 150 (Procl.), ii. 366 (Prod.)
θεωρητικός, η, όν, able to perceive, contemplative, speculative, theoretical ; applied to species of analysis, ii. 698 (Papp.)
θεωρία, η, inquiry, theoretical investigation, theory, ii. 222 (Archim.), ii. 568 (Papp.)
θυρεός, ό, shield, 490 (Eucl.); η (sc. γραμμή) του θ., ellipse, ii. 360 (Procl.)
Ισάκις, adv., the same number of times, as many times; τα i. πολλαπλάσια, equimultiples, 446 (Eucl.)
Ισοβαρής, ες, equal in weight, ii. 250 (Archim.)
ἴσόγκος, ον, equal in bulk, equal in volume, ii. 250 (Archim.)
Ισογώνιος, ον, equiangular, ii. 608 (Papp.)
Ισομήκης, ες, equal in length. 398 (Plat.)
ίσοπερίμετρος, ον, of equal perimeter, ii. 386 (Theon Alex.)
Ισόπλευρος, ον, having all its sides equal, equilateral; l. τρίγωνον, 440 (Eucl.), ἱ. τετράγωνον, 440 (Eucl.), ἱ. πολύγωνον, ii. 54 (Archim.)
ίσοπληθης, ες, equal in number, 451 (Eucl.)
Ισορροπεΐν, to be equally balanced, be in equilibrium, balance, ii. 206 (Archim.)
Ίσορροπικά, τα, title of work on equilibrium by Archimedes, ii. 226 (Archim.)
Ισόρροπος, ον, in equilibrium, ii. 226 (Archim.)
ίσος, η, ον, equal, 268 (Eutoc.); εζ ίσου, evenly,
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438(Eucl.); δι’ ϊσου, ex aequali, transformation of a ratio according to the rule of Eucl. v. Def. 17, 448 (Eucl.)
Ισοσκελής, ες, with equal legs, having two sides equal, isosceles; ἱ. τρίγωνον, 440 (Eucl.) ; ΐ. κώνος, ii. 58 (Archim.)
ίσοταχεως, uniformly, ii. 182 (Archim.)
ισότης, ητος, ή, equality, equation, ii. 526 (Dioph.)
Ιστάναι, to set up ; ευθεία in' ευθείαν σταθεΐσα, 438 (Eucl.)
ϊσωσις, (ως, ή, making equal, equation, ii. 526 (Dioph.)
Κάθετος, ον, let down, perpendicular ; ή K. {sc. γραμμή), perpendicular, 438 (Eucl.), ii. 580 (Papp.)
καθολικός, ή, όν, general; κ. μέθοδος, ii. 470 (Heron)
καθολικώς, generally; καθ-ολικώτερον, more generally, ii. 572 (Papp.)
καθόλου, adv., on the whole, in general; τὰ κ. καλούμενα θεωρήματα, 152 (Prod.)
καμπύλος, η, ον, curved ; κ. γραμμαί, ii. 42 (Archim.); 260 (Eutoc.)
κανόνιον, τό, table, ii. 444 (Ptol.)
κανονικός, ή, ον, of or belonging to a rule; ή κανονική {sc. τέχνη), the mathematical theory of music, theory of musical intervals,
canonic, 18 (Anatolius); κ. εκθεσις, display in the form of a table, ii. 412 (Ptol.)
κανών, ονος, 6, straight rod, bar, 308 (Aristoph.), 264 (Eutoc.); rule, standard, table, ii. 408 (Suidas) κατάγειν, to draw down or out, ii. 600 (Papp.)
καταγραφή, ή, construction, 188 (Prod.); drawing, figure, ii. 158 (Eutoc.), ii. 444 (Ptol.), ii. 610 (Papp.) καταλαμβάνε iv, to overtake, 368 (Aristot.)
καταλείπειν, to leave, 454 (Eucl.), ii. 218 (Archim.), ii. 524 (Dioph.); τὰ κατα-λειπόμενα, the remainders, 444 (Eucl.)
καταμετρεΐν, to measure, i.e., to be contained in an integral number of times, 444 (Eucl.)
κατασκενάζειν, to construct, 261 (Eutoc.), ii. 566 (Papp.)
κατασκευή, ή, construction, ii. 500 (Heron) καταστερισμός, o, placing among the stars; Κατα-στερισμοί, οι, title of work wrongly attributed to Eratosthenes, ii. 262 (Suidas) κατατομή, ή, cutting, section; Κ. κανόνο?, title of work by Cleonides, 157 n. c κατοπτρικός, ή, ον, of or in a mirror ; Κατοπτρικά, τα, title of work ascribed to Euclid, 156 (Procl.)
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κάτοτττρον, τό, mirror, ii. 498 (Heron)
κεΐσθαι, to lie, ii. 268 (Cleom.); of points on a straight line, 438 (Eucl.); as pass, of τιθέναι, to be placed or made; of an angle, 326 (Archim.); ομοίως κ., to be similarly situated, ii. 208 (Archim.) κεντροβαρικός, ή, όν, of or pertaining to a centre of gravity ; κ. σημεία, ii. 604 (Papp.)
κέντρον, to, centre; of a circle, 438 (Eucl.), ii. 8 (Aristarch.), ii. 572 (Papp.); of a semicircle, 440 (Eucl.) ; ή (sc. γραμμή or ευθεία) εκ τον κ., radius of a circle, ii. 40 (Archim.); κ. τον βαρέος, centre of gravity, ii. 208 (Archim.) κινεΐν, to move, 264 (Eutoc.) κίνησις, εως, ή, motion, 264 (Eutoc.)
κισσοειδής, ες, Att. κιττοειδής, ές, like ivy ; κ. γραμμή, cissoid, 276 η. α κλαν, to bend, to inflect, 420 (Aristot.), 358 (Papp.) ; κλώμεναι εύθεΐαι, inclined straight lines, ii. 496 (Damian.)
κλίνεiv, to make to lean; pass., to incline, ii. 252 (Archim.)
κλίσις, εως, ή, inclination; των γραμμών κ.,	438
(Eucl.)
κογχοεώής, ες, resembling α mussel; κ. γραμμαί (often
without y.), conchoidal curves, conchoids, 296 (Eutoc.)
κοίλος, η, ον, concave ; επί τα αντά κ., concave in the same direction, ii. 42 (Archim.), 338 (Papp.) κοινός, ή, όν, common, 412 (Aristot.) ; κ. πλευρά,' ii. 500 (Heron); κ. εννοιαι, 444 (Eucl.); κ. τομή, ii. 290 (Apollon.) ; to κοινόν, common element, 306 (Papp.)
κορυφή, ή, vertex ; of a cone, ii. 286 (Apollon.) ; of a plane curve, ii. 286 (Apollon.) ; of a segment of a sphere, ii. 40 (Archim.) κοχλίας, ον, ό, snail with spiral shell; hence anything twisted spirally ; screw, ii. 496 (Heron); screw of Archimedes, ii. 34 (Diod. Sic.); Περί τον κ., work by Apollonius, ii. 350 (Procl.)
κοχλιοειδής, ες, of or pertaining to a shell fish; ή κ. (sc. γραμμή), cochloid, 334 (Simpl.) ; also κοχλοεώής, ες, as ή κ. γραμμή, 302 (Papp.) ; probably anterior to ή κογχοειδής γραμμή with same meaning
κρίκος, ό, ring; τετράγωνοι κ., prismatic sections of cylinders, ii. 470 (Heron) κνβίζειν, to make into a cube, cube, raise to the third power, ii. 504 (Heron)
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κυβικός, ή, όν, of or for a cube, cubic, 222 (Plat.) κυβόκυβος, ό, cube multiplied by a cube, sixth power of the unknown quantity [a:6], ii. 522 (Dioph.) κυβοκυβοστόν, τό, the fraction jj, ii. 522 (Dioph.) κύβος, ό, cube, 258 (Eutoc.); cubic number, ii. 518 (Dioph.); third power of unknoum, ii. 522 (Dioph.) κύβο στον, τό, the fraction I, ii. 522 (Dioph.) κυκλικός, ή, όν, circular, ii. 360 (Prod.)
κύκλος, ό, circle, 392 (Plat.), 438 (Eucl.) ; μέγιστος κ., great circle (of a sphere), ii. 8 (Aristarch.), ii. 42 (Archim.)
κυλινδρικός, ή, όν, cylindrical, 286 (Eutoc.) κύλινδρος, ου, ό, cylinder, ii. 4-2 (Archim.)
κυρίως, adv., in a special sense; κ. αναλογία, proportion par excellence, i.e., the geometric proportion, 125 η. a
κωνικός, ή, όν, conical, conic; κ. επιφάνεια, conical surface (double cone), ii. 286 (Apollon.)
kwvocιδής, ες, conical; as subst. κωνοειδές, τό, conoid; ορθογώνιον κ., right-angled conoid, i.e., paraboloid of revolution, ii. 164 ; αμβλυγώνιον κ., obtuse-angled
conoid, i.e., hyperboloid of revolution, ii. 164 κώνος, ου, ό, cone, ii. 286 (Apollon.)
κωνοτομεΐν, to cut the cone, 226 (Eratos. ap. Eutoc.)
Ααμβάνειν, to take, ii. 112 (Archim.); είλήφθω τὰ κέντρα, let the centres be taken, ii. 388 (Theon Alex.); λ· τάς μέσας, to take the means, 294 (Eutoc.) ; to receive, postulate, ii. 44 (Archim.) λέγειν, to choose, ii. 166 (Archim.)
λείπειν, to leave, ii, 62 (Archim.) ; λείποντα είδη, τα, negative terms, ii. 524 (Dioph.)
λεΐφις, εως, ή, negative term, minus, ii. 524 (Dioph.) λήμμα, ατος, τό, auxiliary theorem assumed in proving the main theorem. lemma, ii. 608 (Papp,) λημμάτιον, τό, dim. of λήμμα, lemma
λήφις, εως, ή, taking hold, solution, 260 (Eutoc.) λογικός, ή, όν, endowed with reason, theoretical, ii. 614 (Papp.)
λογιστικός, ή, ον, skilled or practised in reasoning or calculating; ή λογιστική (sc. τέχνη), the art of manipulating numbers, practical arithmetic, logistic, 17 (Schol. ad Plat. Charm.)
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λόγος, ό, ratio, 444 (Eucl.); Λόγου άποτομή, Cutting-off of a Ratio, title of work by Apollonius, ii. 598 (Papp.); λ. συνημμένος, compound ratio, ii. 602 (Papp.) ; λ. μοναχός, singular ratio, ii. 606 (Papp.); άκρος καί μέσος λ., extreme and mean ratio, 472 (Eucl.), ii. 416 (Ptol.)
λοιπός, ή, όν, remaining, ii. 600 (Papp.); as subst., λοιπόν, τό, the remainder, ii. 506 (Papp.), 270 (Eutoc.)
λοξός, ή, όν, oblique, inclined;
κατο. λ. κύκλον, ii. 4 (Plut.) λΰσις, ecus, ή, solution, ii. 596 (Papp.)
Μαγγανάριος, ό, mechanical engineer, maker of mechanical powers, ii. 616 (Papp.) μάγγανον, τό, block of a pulley, ii. 616 η. α (Heron) μάθημα, τό, study, 8 (Plat.), 4 (Archytas) ; μαθήματα, τα, mathematics ; τα δὲ καλούμενα Ιδίως μ., 2 (Anatolius); 148 (Procl.), ii. 42 (Ar-chim.), ii. 566 (Papp.) μαθηματικός, ή, ον, mathematical ; μαθηματικός, ό, mathematician, ii. 2 (Aet.), ii. 61 (Papp.) ; ή μαθηματική (sc. επιστήμη), mathematics, 4 (Archytas); τὰ μ., mathematics
μέγεθος, ονς, Ion. εος, τό, magnitude, 444 (Eucl.), ii. 60 (Archim.), ii. 412 (Ptol.)
μέθοδος, ή, following after, investigation, method, 90 (Procl.)
μείζων, ον, greater, more, 318 (Archim.); ήτοι μ. ἔστιν ή έλάσσων, ii. 112 (Archim.); μ. ορθής, greater than a right angle, 438 (Eucl.); η μ. (sc. ευθεία), major in Euclid’s classification of irrationals, 458 (Eucl.)
μένειν, to remain, to remain stationary, 98 (Nicom.), 286 (Eutoc.)
μερίζειν, to divide, τι παρά τι, 50 (Theon Alex.) μερισμός, ό, division, 16 (Schol. in Plat. Charm.), ii. 414 (Ptol.)
μέρος, ονς, Ion. εος, τό, part; of a number, 66 (Eucl.); of a magnitude, 444 (Eucl.), ii. 584 (Papp.) ; τὰ μέρη, parts, directions, έφ’ έκα-τερα τα μ., in both directions, 438 (Eucl.) μεσημβρινός, ή, όν, for μεαη-μερινός, of or for noon; μ. (sc. κύκλος), 6, meridian, ii. 268 (Cleom.) μέσος, η, ον, middle ; ή μέση (sc. ευθεία), mean (αριθμητική, γεωμετρική, αρμονική), ii. 568 (Papp.); μέση των ΔΚ, ΚΓ, mean between ΔΚ, ΚΓ, 272 (Eutoc.); άκρος καί μ. λόγο?, extreme and mean ratio, 472 (Eucl.), ii. 416 (Ptol) 5 ή μξωι] (sc. ευθεία), medial in Euclid’s classi-
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fication of irrationals, 458 (Eucl.) ; εκ δνο μέσων πρώτη, first bimedial, έκ δνο μέσων δΐντέρα, second bimedial, etc., ibid.
μΐσότης, ητος, ή, mean, ii. 566 (Papp.) ; μ, αριθμητική, γΐωμίτρική, αρμονική (ύπ-tvavTia), 110-111 (Iambi.)
μετρΐΐν, to measure, contain an integral number of times, 68 (Eucl.), ii. 54 (Archim.)
μέτρον, τό, measure, relation, ii. 294 (Prob. Bov.); κοινόν μ., common measure, ii. 210 (Archim.)
μέχρι, as far as, prep, with gen. ; ή μέχρι του αξονος (sc. γραμμή), ίί. 256 (Archim.)
μήκος, Dor. μακος, eος, τό, length, 436 (Eucl.); distance of weight from fulcrum of a lever, ii. 206 (Archim.)
μηνίσκος, ό, crescent-shaped figure, lune, 238 (Eudemus ap. Simplic.)
μηχανή, ή, contrivance, machine, engine, ii. 26 (Plut.)
μηχανικός, ή, ον, of ΟΓ for machines, mechanical, ii. 616 (Papp.) ; ή μηχανική (with or without τέχνη), mechanics, ii. 614 (Papp.) ; as subst., μηχανικός, 6, mechanician, ii. 616 (Papp.), ii. 496 (Damian.)
μηχανοποιός, 6, maker of engines, ii. 616 (Papp.)
μικρός, ά, 6v, small, little; Μ. αστρονομούμζνος (SC. τ οπος), Little Astronomy, ii. 409 n. b
μικτός, ή, ον, mixed; μ. γραμμή, ii. 360 (Procl.) ; μ. έπιφάν€ΐα, ii. 470 (Heron) μοίρα, ας, ή, portion, part; in astron., degree, 50 (Theon Alex.); μ. τοπική, χρονική, ii. 396 (Hypsicl.) μονός, άδος, ή, unit, monad, 66 (Eucl.)
μοναχός, ή, όν, unique, singular·, μ. λόγο?, ii. 606 (Papp.)
μόριον, τό, part, 6 (Plat.) μουσικος, ή, ον, Dor. μωσικός, ά, ον, musical ; ή μουσική (sc. τέχνη), poetry sung to music, music, 4 (Archytas) μυριάς, άδος, ή, the number ten thousand, myriad, ii. 198 (Archim.); μ. άπλαΐ, διπλαΐ, κτλ., a myriad raised to the first power, to the second power, and so on, ii. 355 η. α μνριοι, αι, a, ten thousand, myriad ; μ. μυριάδι ς, myriad myriads, ii. 198 (Archim.)
Neveiv, to be in the direction of, ii. 6 (Aristarch.); of a straight line, to verge, i.e., to be so drawn as to pass through a given point and make a given intercept, 244 (Eudemus ap. Simpl.), 420 (Aristot.), ii. 188 (Archim.)
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νεύσις, εως, ή, inclination, verging, problem in which a straight line has to be drawn through a point so as to make a given intercept, 245 η. a; στερεά v., solid verging, 350 (Papp.); Nevoei?, title of work by-Apollonius, ii. 598 (Papp.)
Ὁδό?, ή, method, ii, 596 (Papp.)
οικείος, α, ον, proper to a thing;	6 οἱ. κύκλος, ii.
270 (Cleom.)
οκτάγωνος, ον, eight-cornered ; as subst., οκτάγωνον, τό, regular plane figure with eight sides, octagon, ii. 196 (Archim.)
οκτάεδρος, ον, with eight faces; as subst., οκτάεδρον, τό, solid with eight faces, ii. 196 (Archim.)
οκταπλάσιος, a, ον, eightfold, ii. 584 (Papp.)
όκτωκαιδεκαπλάσιος, ον, eighteen-fold, ii. 6 (Aristarch.)
οκτωκαιτριακοντάεδρον, τό, solid with thirty-eight faces, ii. 196 (Archim.)
ολόκληρος, ον, complete, entire ; as subst., ολόκληρον, τό, integer, ii. 534 (Dioph.)
όλος, η, ον, whole; τὰ o., 444 (Eucl.)
ομαλός, ή, όν, even, uniform, ii. 618 (Papp.)
όμαλώς, adv., uniformly, 338
. (PaPP·) ...	...
ομοιος, a, ον, like, similar; o. τρίγωνον, 288 (Eutoc.);
όμοιοι επίπεδοι καί στερεοί αριθμοί, 70 (Eud.) ομοίως, adv., similarly, ii, 176 (Archim.); τὰ 6. T€-ταγμενα, the corresponding terms, ii. 166 (Archim.); ό. κεΐσθαι, to be similarly situated, ii. 208 (Archim.) όμολογεΐν, to agree with, admit; pass., to be allowed, admitted; το όμολογού-μενον, that which is admitted, premise, ii. 596 (Papp.)
iμόλογος,	ον, correspond-
ing ; ό. μεγεθεα, ii. 166 (Archim.);	6. πλενραί,
ii. 208 (Archim.) όμοταγης, ες, ranged in the same row or line, co-ordinate with, corresponding to, similar to, ii. 586 (Papp.) όνομα, ατος, τό, name ; ή (sc. ευθεία) εκ δυο ονομάτων, binomial in Euclid’s classification of irrationals, 458 > (Eucl.)
οξυγώνιος, ον, acute-angled;
6. κώνος and ό. κώνου τομή, t ii, 278 (Eutoc.) όξυς, εΐα, ύ, acute ; ό. γωνία, acute angle, often with γωνία omitted, 43S (Eucl.) οπτικός, ή, ον, of οτ for sight; οπτικά, τα, theory of laws of sight ; as prop, name, title of work by Euclid, 156 (Prod.)
οργανικός, ή, ον, serving as instruments; ο. λήφις, mechanical solution, 260 (Eutoc.)
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όργανικώς, adv., by means of instruments, 292 (Eutoc.) δργανον, τό, instrument, 294 (Eutoc.) ; dim. δργανίον, 294 (Eutoc.)
όρθιος, α, ον, upright, erect; η όρθια ($C. τον είδους πλευρά), the erect side of the rectangle formed by the ordinate of a conic section applied to the parameter as base, latus rectum, an alternative name for the parameter, ii. 316 (Apollon.), ii. 322 (Apollon.)
ορθογώνιος, ον, having all its angles right, right-angled, orthogonal; o. τετράγωνον, 410 (Eucl.) ; o. παραλληλόγραμμον, 268 (Eutoc.) ορθός, η, ον, right ; ό. γωνία, right angle, 438,	442
(Eucl.); ο. κώνος, right cone, ii. 286 (Apollon.)
όρίζειν, to separate, delimit, bound, define, 382 (Plat.); ευθεία ώρισμενη, finite straight line, 188 (Eucl.) ορος, 6, boundary, 438 (Eucl.); term in a proportion, 112 (Archytas ap. Porph.), lit (Nicom.) ovv, therefore, used of the steps in a geometrical proof, 326 (Eucl.) όχεΐσθαι, to be borne, to float in a liquid ; Ilepi τὥν οχου-με'νων, On floating bodies, title of work by Archimedes, ii. 616 (Papp.)
Παρά, beside ; παραβάλλειν π. to apply a figure to a straight line, 188 (Eucl.); τι π. τι παραβάλλειν, to divide by, ii. 482 (Heron)
παραβάλλειν, to throw beside; π. παρά, to apply a figure to a straight line, 188 (Eucl.); hence, since to apply a rectangle xy to a straight line * is to divide xy by x, π.—to divide, ii. 482 (Heron)
παραβολή, ή, juxtaposition; division (ν. παραβάλλειν), hence quotient, ii. 530 (Dioph.); application of an area to a straight line, 186 (Eucl.); the conic section parabola, so called because the square on the ordinate is equal to a rectangle whose height is equal to the abscissa applied to the parameter as base, ii. 304 (Apollon.), 186 (ProcL), 280 (Eutoc.)
παράδοξος, ον, contrary to expectation, wonderful; ή π. γραμμή, the curve called paradoxical by Menelaus, 318 (Papp.); τὰ π., the paradoxes of Erycinus, ii. 572 (Papp.)
παρακεισθαι, to be adjacent, ii. 590 (Papp.), 282 (Eutoc.)
παραλληλεπίπεδον, τό, figure bounded by three pairs of parallel planes, parallelepiped, ii. 600 (Papp.)
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παραλληλόγραμμος, ον, bounded by parallel lines; as subst., παραλληλόγραμμον, τό, 'parallelogram,	188
(Eucl.)
παράλληλος, ον, beside one another, side by side, parallel, 270 (Eutoc.); π. εινθεΐαι, 440 (Eucl.) παραμήκης, ες, Dor. παρα-μάκης, ες, oblong ; σφαιροειδές π., ii. 164 (Archim.) παραπλήρωμα, ατος, τό, interstice, ii. 590 (Papp.); complement of a parallelogram, 190 (Eucl.) παρατείνειν, to stretch out along, produce, 10 (Plat.) παραύξηαις, εως, ή, increase, ii. 412 (Ptol.)
παρύπτως, ον, hyper-supine; παρύπτιον, τό, α quadrilateral with a re-entrant angle, 482 (Papp.) πας, πάσα, πάν, all, the whole, every, any ; π. σημεΐον, any point, 442 (Eucl.) πεντάγωνος, ον, pentagonal ; π. αριθμός, 96 (Nicom.); as subst., πεντάγωνον, τό, pentagon, 222 (Iamb].) περαΐνειν, to bring to an end ; πεπερασμένος, ον, terminated, 280 (Eutoc.) ; γράμμα! πεπερασμένοι, finite Hnf», ii. 42 (Archim,) πέρας, ατος, τό, end, extremity ; of a line, 436 (Eucl.); of a plane, 438 (Eucl.) περατοΰν, to limit, bound; ευθεία περατουμένη, 438 (Eucl.)
περιγράφειν, to circumscribe, ii. 48 (Archim.)
περιέχειν, to contain, bound ; τὰ π εριεχόμενον υπό, the rectangle contained by, ii. 108 (Archim.); αἱ περι-έχουσαι τήν γωνίαν γραμμαί, 438 (Eucl.); τὰ ιτεριεχό-μενον σχήμα, 440 (Eucl.)
περιλαμβάνε ι ν, to contain, include, ii. 104 (Archim.)
περίμετρος, ον, very large, well-fitting; ή π. (sc. γραμμή) = περίμετρον, τό,
perimeter, ii. 318 (Archim.), »· 502 (Heron), ii. 386 (Theon Alex.)
περισσάκις, Att. περιττάκις, adv., taken an odd number of times; π. άρτιος αριθμός, odd-times even number, 68 (Eucl.); π. περισσός αριθμός, odd-times odd number, 68 (Eucl.)
περισσός, Att. περιττός, η, ον, superfluous; subtle; αριθμός π., odd number, 66
(Eucl.)
περιτιθέναι, to place or put around, 94 (Aristot.)
περιφέρεια, ή, circumference or periphery of a circle, arc of a circle, 440 (Eucl.), ii. 412 (Ptol.)
περιφορά, ή, revolution, turn of a spiral, ii. 182 (Archim.)
πηλικότης, ητος, ή, magnitude, size, ii. 412 (Ptol.)
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πιπτειν, to fall ; of points, ii. 44 (Archim.); of a straight line, 286 (Eutoc.)
πλάγιος, a, ον, oblique·, π. διάμετρος, transverse diameter of a conic section, ii. 286 (Apollon.) ; π. πλευρά, transverse side of the rectangle formed by the ordinate of a conic section applied to the parameter as base, ii. 316 (Apollon.) and ii. 322 (Apollon.)
πλάσσειν, to form ; of numbers, ii. 528 (Dioph.)
πλάτος, ονς, Ion. eo?, τό, breadth, 438 (Eucl.)
7τλατυνειν, to widen, broaden, 88 (Nicom.)
πλευρά, ας, ή, side ; of a triangle, 440 (Eucl.); of a parallelogram, ii. 216 (Archim.); of a square, hence, square root, ii. 530 (Dioph.) ; of a number, 70 (Eucl.); πλαγιά π., latus rectum of a conic section, ii. 322 (Apollon.); π. καί διάμετρος, 132 (Theon Smyr.)
πλήθος, ους, Ion. εος, τό, number, multitude, 66 (Eucl.) ^
πνευματικός, ή, όν, of wind or air ; Υίνενματικά, τά, title of work by Heron, ii. 616 (Papp.)
ποιειν, to do, construct, ii. 566 (Papp.) ; to make, π. τομήν, ii. 290 (Apollon.); to be equal to, to equal, ii. 526 (Dioph.)
πολλαπλάσιάζειν, to multiply, 70 (Eucl.)
πολλαπλάσιος, a, ον, many times as large, multiple; of a number, 66 (Eucl.) ? of a magnitude, 444 (Eucl.) ; as subst., πολλαπλάσιον, τό, multiple; τὰ Ισάκις π., equimultiples, 446 (Eucl.)
πολλαπλασίων, ον = πολλαπλάσιος, ii. 212 (Archim.)
πόλος, 6, pole; of a sphere, ii. 580 (Papp.) ; of a conchoid, 300 (Papp.)
πολύγωνος, ον, having many angles, polygonal; comp., πολυγωνότερος, ον, ii. 592 (Papp.) ; as subst., πολύγωνον, τό, polygon, ii. 48 (Archim.)
πολύεδρος, ον, having many bases; as subst., πολύεδρον, τό, polyhedron, ii. 572 (Papp.)
πολυπλασιασμός, 6, multiplication, 16 (Schol. in Plat. Charm.), ii. 414 (Apollon.)
πολύπλευρος, ον, many sided, multilateral, 440 (Eucl.)
πόριζεiv, to bring about, find. either by proof or by construction, ii. 598 (Papp.), 252 (Procl.)
πόρισμα, ατος, τό, coroil lary to a proposition, 480 (Procl.), ii. 294 (Apollon.) ; kmd of proposition intermediate between a theorem and a problem, porism, 480 (Procl.)
676
INDEX OF GREEK TERMS
ποριστικός, ή, όν, able to supply or find; ποριστικόν του προταθεντος, ii. 598 (Papp.)
πραγματεία, ή, theory, investigation, 148 (Procl.), ii. 406 (Theon Alex.)
πρίσμα, ατος, τό, prism, ii. 470 (Heron)
πρόβλημα, ατος, τό, problem,
14 (Plat.), 258 (Eutoc.), ii. 566 (Papp.)
προβληματικός, ή, όν, o f or for a problem; applied to species of analysis, ii. 598 (Papp.)
πρόδηλος, ον, clear, manifest, ii. 496 (Heron)
προηγεΐσθαι, to take the lead ; προηγούμενα, τα, forward points, i.e. those lying on the same side of a radius vector of a spiral as the direction of its motion, ii. 184 (Archim.)
π ρο κατασκεύαζε iv, to construct beforehand, 276 (Eutoc.)
προμήκης, ες, prolonged, oblong, 398 (Plat.)
π ρος, Dor. ποτέ, prep., towards ; ως ή ΔΚ προς ΚΕ, the ratio ΔΚ: ΚΕ, 272 (Eutoc.)
προσπίπτειν, to fall, 300 (Eutoc.) ; αἱ προσπίπτουσαι εύθεΐαι, 438 (Eucl.), ii. 594 (Papp.)
προστιθεναι, to add, 444 (Eucl.)
πρότασις, εως, η, proposition, enunciation, ii. 566 (Papp.)
προτείνειν, to propose, to enunciate a proposition, ii. 566 (Papp.); τὰ προτεθεν, that which was proposed, proposition, ii. 220 (Archim.)
πρώτιστος, η, ον, also oj, ον, the very first, 90 (Nicom.)
πρώτος, η, ον, first ; π. αριθμός, prime number, 68 (Eucl.) ; but π. αριθμοί, numbers of theirs/ order in Archimedes, ii. 198 (Archim.); in astron., π. εξηκοστόν, first sixtieth, minute, 50 (Theon Alex.); in geom., π. ευθεία, first distance of a spiral, ii. 182 (Archim.)
πτώαις, εως, η, case of a theorem or problem, ii. 600 (Papp.)
πυθμην, ενός, 6, base, basic number of a series, i.e., lowest number possessing a given property, 398 (Plat.) ; number of tens, hundreds, etc., contained in a number, ii. 354
(PaPp·) ,	..
πυραμις, ιδος, η, pyramid, 228 (Archim.)
‘Ρεπειν, to incline; of the weights on a balance, ii. 208
ρητός, ή, ον, rational, 398 (Plat.), 452 (Eucl.)
ρίζα, Ion. ρίζη, η, root ; άρχικωτάτη ρίζα, 90 (Nicom.)
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ρομβοειδής, ές, rhombusshaped, rhomboidal; β. σχήμα, 440 (Eucl.) ρόμβος, ό, plane figure with four equal sides but with only the opposite angles equal, rhombus,	440
(Eucl.) ; β. στερεός, figure formed by two cones having the same base and their axes in a straight line, solid rhombus, ii. 44 (Archim.)
Σημαίνει», to signify, 188 (Procl.)
σημεΐον, Dor. σαμεϊον, τό, point, 436 (Eucl.); sign, ii. 522 (Dioph.) σκαληνός, ή, όν, also ος, ον, oblique, scalene; κώνος σ., ii. 286 (Apollon.) σκέλος, ους, Ion. εος, τό, leg ;
σ, της γωνίας, 264 (Eutoc.) σπείρα, ή, surface traced by a circle revolving about a point not its centre, spire, tore, torus, ii. 468 (Heron)
σπεφικός, ή, ον, pertaining to a spire, spiric; σ. τομαί, spiric sections, ii. 364 (Procl.); σ. γραμμαί, spiric curves, ii. 364 (Procl.) στερεός, a, ον, solid ; σ. γωνία, solid angle, 222 (Plat.); σ. αριθμός, cubic number; σ. τοττοί, solid loci, ii. 600 (Apollon.); σ. πρόβλημα, solid problem, 348 (Fapp.); σ. νεύσις, solid verging, 350 (Papp.); as
subst., στερεόν, τό, solid, 258 (Eutoc.)
στιγμή, ή, point, 80 (Nicom.)
στοιχείον, to, element, ii. 596 (Papp.); elementary book, 150 (Procl.); Στοιχεία, τα, the Elements, especially Euclid’s
στοιχείωσις, εως, ή, elementary exposition, elements; Euclid’s Elements of geometry, 156 (Procl.); αἱ κατα μουσικήν σ., the elements of music, 156 (Procl.); σ. των κωνικών, elements of conics, ii. 276 (Eutoc.)
στοιχειωτής, ον, 6, teacher of elements, writer of elements, esp. Euclid, ii. 596 (Papp.)
στρογγύλος, η, ον, round, 392 (Plat.)
σνγκείσθαι, to lie together; as pass, of συντιθεναι, to be composed of, ii. 284 (Apollon.)
σνγκρισις, εως, ή, comparison; Τών πέντε σχημάτων σ.. Comparison of the Five Figures, title of work by Aristaeus, ii. 348 (Hyp-sicl.)
συζυγής, ές, yoked together, conjugate; σ. διάμετροι, σ. άξονες, ii. 288 (Apollon.)
σύμμετρος, ον, commensurate with, commensurable with; 380 (Plat.), 452 (Eucl.), il. 208 (Archim.)
σνμπαρατείνειν, to stretch out alongside of, 188 (Procl.)
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σόμπας, συμπασα, σόμπαν, all together, the sum of, ii. 514 (Dioph.)
συμπέρασμα, ατος, τό, conclusion, ii. 228 (Archim.) ανμπίπτειν, to meet, 190 (Eucl.) ; τήν μιν iv αυτή σ., of curves which meet themselves, ii. 360 (Procl.)
συμπληρουν, to fill, complete ·, σ, παραλληλόγραμμον, 268 (Eutoc.)
σύμπτωμα, ατος, τό, property of a curve, 336 (Papp.) συμπτωσις, εως, η, falling together, meeting, ii. 64 (Archim.), ii. 270 (Cleom.), 286 (Eutoc.)
συναγωγή, ή, collection ; title of work by Pappus, ii. 568
(Papp.)
συναμφοτερος, ον, the sum of, 328 (Archim.)
σννάπτειν, to collect, gather; συνημμένος λόγος, compound ratio, ii. 602 Papp.)
συνεγγίζειν, to approximate, ii. 414 (Ptol.), ii. 470 (Heron)
σύνεγγυς, adv., near, approximately, ii. 488 (Heron) συνεχής, ές, continuous, 442 (Eucl.) ; σ. αναλογία, continued proportion, ii. 566 (Papp.) ; σ. άνάλογον, 302 (Papp.); σπείρα σ., ii. 364 (Procl.)
συνθέντι, ν. συντιβέναι συνθεσις, εως, ή, putting together, composition; a.
λόγου, transformation of a ratio known as com-ponendo, 448 (Eucl.); method of reasoning from assumptions to conclusions, in contrast with analysis, synthesis, ii. 596 (Papp.)
σύνθετος, ον, composite; σ· αριθμός, 68 (Eucl.) ; σ. γραμμή, ii. 360 (Procl.)
συνιστάναι, to set up, construct, 190 (Eucl.), 312 (Them.)
σόνταξω, εως, ή, putting together in order, systematic treatise, composite volume, collection ; title of work by Ptolemy, ii. 408 (Sui-das)
συντιβέναι, to place or put together, add together, used of the synthesis of a problem, ii. 160 (Archim.); συνθέντι, lit. to one having compounded, the transformation of a ratio known as componendo, ii. 130 (Archim.)
σόστασις, εως, ή, grouping (of theorems), 150 (Procl.)
σφαίρα, ή, sphere, 466 (Eucl.), ii. 40 (Archim.), ii. 572 (Papp.)
σφαιρικός, ή, όν, spherical, ii. 584 (Papp.); Σφαιρικά, title of works by Menelaus and Theodosius
σφαιροποιία, ή, artificial sphere, making of the heavenly spheres, ii. 618 (Papp.)
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όχημα, ατος, τό, shape, figure, 438 (Eucl.), ii. 42 (Ar-chim.)
αχηματοποιεΐν, to bring into a certain form, or shape ; σχηματοποιούσα γραμμή, curve forming a figure, ii. 360 (Procl.)
Τάλαντον, τό, weight known as the talent, ii. 490 (Heron)
τάξω, εως, ή, order, arrangement, scheme, 112 (Iambi.)
Τ αράσσειν, to disturb ; τ (Ταραγμένη αναλογία, disturbed, proportion, 450 (Eucl.)
τάσσειν, to draw up in order, ii. 598 (Papp.) ; ομοίως τ (ταγμένα, ii. 166 (Ar-chim.) ; perf. part. pass, used as adv., τεταγμένως, ordinate-wise, ii. 286 (Apollon.) ; αἱ καταγόμενοι τεταγμένως (sc. εύθεΐαι), the straight lines drawn ordinate-wise, i.e., the ordinates, of a conic section, ii. 308 (Apollon.); rera-γμένως ή ΤΑ, ii. 224 (Archim.)
τέλειος, a, ον, perfect, complete, ii. 604 (Papp.) ; τ. αριθμός, 76 (Speusippus ap. Theol. Arith.), 70 (Eucl.), 398 (Plat.)
τέμνειν, to cut; of straight lines by a straight line, ii. 288 (Apollon.); of a curve by a straight line, 278 (Eutoc.) s of a solid
by a plane, ii. 288 (Apollon.)
τεσσαρεσκαιΒεκάεόρον, τό, solid with fourteen faces, ii. 196 (Archim.) τεταγμένως, υ. τάσσειν τεταραγμένος, ον, ν. ταράσ-
τεταρτημόριον,τό, fourth part, quadrant of a circle, ii. 582 (Papp.)
τετραγωνίζειν, to make square. ii. 494 (Heron) ; to square, 10 (Plat.) ; ή τετραγωνί-ζουσα (sc. γραμμή), quad-ratrix, 334 (Simpl.), 336 (Papp.)
τετραγωνικός, ή, όν, square; of numbers, ii. 526 (Dioph.); τ. πλευρά, square root, 60 (Theon Alex.) τετραγωνισμός, 6, squaring, 310 (Aristot.) ; του κύκλον τ., 308 (Plut.); του μηνίσκου τ., 150 (Procl.) τετράγωνος, ον, square, 308 (Aristophanes), ii. 504 (Heron); αριθμός τ., square number, ii. 514 (Dioph.); τ. κρίκοι, square rings, ii. 470 (Heron); as subst., τετράγωνον, τό, square, 440 (Eucl.); square number, ii. 518 (Dioph.) τετράκις, adv., four times, 326 (Archim.)
τετραπλάσιος, a, ον, four-fold, four times as much, 332 (Archim.)
τετραπλασίων, ον, later form of τετραπλάσιος τετράπλευρος, ον, four-sided,
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quadrilateral ; σχήματα τ., 440 (Eucl.)
τιθέναι, to set, put, place, ii. 224 (Archim.); θετέον, must be posited, 392 (Plat.) ; τὰ AB τεθίν όπ'ι τω Ζ, A + B placed at Z, ii. 214 (Archim.)
τμήμα, Dor. τμάμα, ατος, τό, segment; of a circle, ii. 584 (Papp.); of a sphere, ii. 40 (Archim.); in astron., T^7th part of diameter of a circle, ii. 412 (Ptol.)
τομενς, έω?, ό, sector of a circle, ii. 582 (Papp.); τ. arepeos, sector of a sphere (intercepted by cone with vertex at centre), ii. 44 (Archim.)
τομή, ή, end left after cutting, section ; section of a straight line, '268 (Eutoc.); section of a cone, conic section, ii. 278 (Apollon.) ; τ. άντικείμεναι, opposite branches of a hyperbola, ii. 322 (Apollon.); στ-ei-ρικαΧ τ., ii. 3G4 (Procl.); κοινή τ., common section, 286 (P2utoc.); Διωρισμόνη τ., Determinate Section, title of work by Apollonius, ii. 598 (Papp.); τὰ irepl την τ., theorems about the section (? of a line cut in extreme and mean ratio), 152 (Procl.)
τοπικός, ή, όν, of or pertaining to place or space ; pertaining to a locus, 490 (Papp.) ·, μοίρα τ., degree
in space, ii. 396 (Hyp-sicl.)
τόπος, o, place, region, space, ii. 590 (Papp.) ; locus, 3 IS (Papp.); Τ. επίπεδοι, Plane Loci, title of work by Apollonius, ii. Λ98 (Papp.) ; T. στερεοί, Solid Loci, title of work by Aristaeus, ii. 600 (Papp.)' τραπέζιου, τό, trapezium, 440 (Eucl.), ii. 488 (Heron) τριάς, άδος, ή, the number three, triad, 90 (Nicom.); Μεναιχμεΐαι τ., the three conic sections of Men-aechmus, 296 (Erat. ap. Eutoc.)
τρίγωνος, ον, three-cornered, triangular; αριθμοί τρίγωνοι, triangular numbers; as subst., τρίγωνον, to, triangle, 440 (Eucl.), 316 (Archim.) ; to δια του άξονος τ., axial triangle, ii. 288 (Apollon.) τριπλάσιος, α, ον, thrice as many, thrice as great as, 326 (Archim.), ii. 580 (Papp.)
τριπλασίων, ον = τριπλάσιος, 320 (Archim.) ; r. λόγος, 448 (Eucl.)
τρίττλΐνρος, ον, three-sided, trilateral; σχήματα τ., 440 (Eucl.)
τρίχα, thrice, in three parts, τ. τεμεΐν την γωνίαν, to trisect the angle, 300 (Papp.) τυγχάνα,ν, to happen to be; aor. part., τυχών, τυχοϋσα, τυχόν, any, taken at ran-
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dom, ευθεία τ., ii. 486 (Heron); as adv., τυχόν, perchance, 264 (Eutoc.)
'Ύδρεΐον, τό, bucket, pitcher; pi., 'Υδρεία, title of work on water clocks by Heron, ii. 616 (Papp.)
υπάρξω, εως, ή, existence, ii. 518 (Dioph.); positive term, ii. 524 (Dioph.)
υπεναντίος, a, ον, subcontrary; ΰ. μέσα, 112 (Archytas ap. Porph.) ; ό. τομή, ii. 304 (Apollon.)
νπεναντίως, subcontrary-wise, ii. 301-302 (Apollon.)
ΰπερβάλλειν, to exceed, 188 (Procl.)
υπερβολή, ή, exceeding, 186 (Procl.); the conic section hyperbola, εο called because the square on the ordinate is equal to a rectangle with height equal to the abscissa applied to the parameter as base, but exceeding (ύπερβάλλον), i.e., overlapping, that base, ii. 310 (Apollon.), 186 (Procl.)
ύπερεχειν, to exceed, 112 (Archytas ap. Porph.), 444 (Eucl.), ii. 608 (Papp.);
τώ αυτω μερει των άκρων αυτών ύπερεχον τε καί ύπερεχόμενον, 402 (Plat.)
υπεροχή, Dor. υπέροχά, ή, excess, 112 (Archytas ap. Porph.), 318 (Archim.), ii, 530 (Dioph.), ii. 608 (Papp.)
ΰπερπίπτειν, to fall beyond, exceed, ii. 436 (Ptol.) υπό, by ; ή ΰπό HBE γωνία, the angle HBE, 190 (Eucl.) ; το υπό ΔΕΓ (SC. ευθυγραμμον), the rectangle contained by ΔΕ, ΕΓ, 268 (Eutoc.)
ύπόθεσις, εως, ή, hypothesis, 420 (Aristot.), ii. 2 (Archim.)
ύποπολλαπλάσιος, ον, sub-multiple of another; as subst., υποπολλαπλάσιον, τό, submultiple, 78	(Theol.
Arith.)
νπόστααις, εως, ή, condition, ii. 534 (Dioph.) ύποτείνειν, to stretch under, subtend, be subtended by, ή ΰπό δυο πλευράς τ ον πολυγώνου υποτείνουσα ευθεία, the straight line subtending, or subtended by, two sides of the polygon, ii. 96 (Archim.); πλευρά υποτείνουσα μοίρας ί, side subtending sixty parts, ii. 418 (Ptol.); ή τήν ορθήν γωνίαν νποτεινοχ'κτη πλευρά, the side subtending the right angle, 178 (Eucl.); hence ή υποτείνουσα (SC. πλευρά or γραμμή), hypotenuse of a right-angled triangle, 176 (Plut.)
ύποτιθεναι, pass, υποκείσθαι, to suppose, assume, make a hypothesis, ii. 2 (Archim.), ii. 304 (Apollon.) υτΓτιος, a, ον, laid on one's
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back, supine; ίππον, τό, α quadrilateral with no parallel sides, 482 (Papp.) ύφιστάναι, to place or set under, ii. 362 (Procl.) ύφος, ovs, Ion. eos, to, height; of a triangle, ii. 222 (Ar-chim.); of a cylinder, ii. 42 (Archim.); of a cone, ii. 118 (Archim.)
Φανεράς, a, ον, clear, manifest, ii. 64 (Archim.), ii. 570 (Papp.)
φέρεiv, to bear, carry ; pass., to be borne, carried, move, revolve; σημεΐον φεράμενον, ii. 582 (Papp.); τὰ φερό-μενον, moving object, 366 (Aristot.)
φορά, η, motion, 12 (Plat.)
Χειρ, χαράς, η, band or number of men, 30 η. α χειρουργικάς, ή, όν, manual, ii. 614 (Papp.)
χρονικάς, ή, όν, of or pertaining to time; μοίρα χ., degree in time, ii. 396 (Hypsicl.)
χωρίον, τό, space, area, 391 (Plat.), ii. 532 (Dioph.)
Ῥαύειν, to touch, 264 (Eutoc.)
φευδάριον, τό, fallacy ; Teu-δάρια, τα, title of work by Euclid, 160 (Procl.)
Ώρολάγιον, τό, instrument for telling the time, clock, ii. 268 (Cleom.); το δι* ΰδατος ω., water-clock, ii. 616
t (Papp.)^
ως, as; ως ή ZE προς ΕΓ, ή ZH προς ΗΓ, i.e., ZE : ΕΓ = ZH : ΗΓ, 322 (Archim.)
ώστε, such that, ii. 52 (Archim.) ; and so, therefore, used for the stages in a proof, ii. 54 [Archim.)
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